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FOREWORD TO THE RUSSIAN EDITION 


The present book is the translation of N. M. GUNTER’s monograph “La 
théorie du potentiel et ses applications aux problémes fondamentaux de la 
physique mathématique" published in Paris in 1934. The work arose from 
a special seminar on potential theory held by the author during the early 
twenties at Leningrad University. 

Potential theory and problems of mathematical physics thereto related 
have been focal points of the mathematician's interest since the beginning 
of the 19th century. At first the properties of the different potentials were 
not subjected to rigorous investigation, and there were thus various un- 
founded results in applying potential theory to boundary value problems of 
mathematical physics. On the other hand, up to the end of the 19th century 
there were no definite, deep-seated results on the properties of the solutions 
of these problems near the boundary. 

The well-known work of Lyapunov “Sur certaines questions qui se 
rattachent au probléme de DIRICHLET” (1898) was of fundamental importance 
in overcoming these deficiencies. To a certain extent, GÜNTER's book is 
closely connected with the results of this work. His objective was a precise 
and more detailed study of the properties of various potentials and the 
boundary-value problems of mathematical physics involving them. 

In the translation the book was somewhat altered. In certain places the 
presentation was made more precise, several long proofs were simplified, 
and new material was incorporated to bring the content of the book up to 
the present level of the subject. 

The supplements and changes consist mainly in the following: 

In the second chapter an investigation of the potential of a double layer 
in the case in which the density satisfies a HÓLDER condition was added. 
In addition, the definition of the generalized LAPLACE operator according 
to I. I. PRIVALOV and a corresponding theorem were incorporated. Several 
important additions were also made at the conclusion of this chapter. The 
properties of the potential of mass occupying a certain region of space, the 
potential of the simple layer, and the potential of the double layer with 
smooth densities and boundaries were studied; under the same smoothness 
assumptions, this was followed by an investigation of the properties of the 


V 
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direct values of the double-layer potential and the normal derivative of the 
simple-layer potential. The proof of the properties mentioned is given in 
the Appendix. Moreover, certain new results on properties possessed by 
the potential of mass in space, the potential of the simple layer, and the 
potential of the double layer with summable density under the hypothesis 
that the boundary of the region is a LYAPUNOV surface are presented. 

In the third chapter the proof of the applicability of GREEN's formula to 
the potential of a simple layer with continuous density was altered. The 
proof of the uniqueness of the solution of the NEUMANN problem taken 
from a paper of M. V. KELDYSH and M. A. LAVRENTEV was added as was 
an investigation of the properties of the solution of the NEUMANN problem 
for smooth boundary values and surfaces. 

In the fourth chapter only one addition was made. This is concerned with 
the study of the properties of the solutions of the DIRICHLET problem under 
the smoothness assumptions mentioned above. 

The majority of changes occur in the fifth chapter which contains the 
theory of GREEN'S functions and integral equations related to boundary-value 
problems for the wave equation and the heat equation. The proof at the 
beginning of the chapter that GREEN's function can be represented by the 
potential of a simple layer was altered. A number of estimates for GREEN'S 
function and the function of F. NEUMANN were added. The section '*GREEN'S 
Function and PorssoN's Equation" was inserted. In this section those 
functions are studied which admit an integral representation with a GREEN 
or NEUMANN function as kernel. In connection with this, the study of the 
equation A u = Lu + K was altered somewhat. The presentation of the main 
theorem on expansion in terms of eigenfunctions and that of the theorem 
of V. A. STEKLOV were also changed. New results were presented on the 
solution of the boundary-value problem for the wave equation. At the end 
of the fifth chapter a supplement on the properties of eigenfunctions for 
regions with smooth boundaries was incorporated. 

GÜNTER presented the complicated proofs of a number of theorems in 
four appendices at the end of the book. In the present edition the proof in 
Appendix I has been simplified by making use of previous results. The 
material of Appendix III has been basically changed. Appendix IV of the 
old text, which treated the problem of closedness in the class of bounded 
and square-integrable functions, has been left out, since its content was 
taken up in the main text. In its place the direct values of the double-layer 
potentials on smooth surfaces are investigated in Appendix IV of the present 
edition. 

The changes and supplements were made by Kh. L. SMOLITSKII. 
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CHAPTER I 
LEMMATA 
81. On the Boundary of Regions 


We shall always assume that the regions considered are bounded by a 
finite number of closed surfaces which satisfy the three LYAPUNOV conditions: 


1. At each point of the surface there exists a well-defined tangent plane 
and hence a well-defined normal. 

2. If ? is the angle between the normals at the points M, and M, and r is 
the distance between these points, then 


9 Er^ (0 À <1), (1) 


where E and A are constants. 

3. For all points M of the surface there exists a single fixed number d with 
the property that the portion of the surface inside a sphere of radius d about 
M intersects lines parallel to the normal at M in at most one point. 

If d is given, then any number smaller than d has the same property, so 
that we may still adjust d in a manner appropriate to our purpose. The 
sphere mentioned we shall call the LvAPUNOV sphere. 





Fig.1 


At a point M of the surface we take the normal at that point as the ¢ axis 
and place the £ and » axes in the tangent plane at M (Fig. 1). Because of 
condition 3, the portion of the surface lying inside the LvAPUNOV sphere 
about M may be represented in the form 


f= (En. (2) 
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where Q(£, 7) is a single-valued function in a certain region (4) of the 
£y plane. 

Condition 1 implies that in (A) the function (€, y) possesses first 
derivatives with respect to £ and 7 which because of 2 are continuous. 

We shall henceforth denote the surface by (S). Let be the angle that the 
normal to (S) at a certain point a distance r from M makes with the £ axis; 
let d be chosen such that Ed^ < 1. Then for points of (S) inside the LYAPUNOV 
sphere: 

p < Er < Ed? <1 
and hence $ 
p 1 
cosp 2> 1— -y > zn 


On the other hand 














coso = 
and therefore Vi + (0) (D)? 
"(h^ L 1m’ sing g Er? 
VDE? + (Py)? = tang = cos p = p! ERE "TM 
; 1—5 1-5 Bt 
i.e. 9 
Er^ Ed^ 





VG? + (0, « 


D : EM 15 Eun l (3) 
Lemma. /f d satisfies the inequality 
Ed x, (4) 


then the intersection of the portion of (S) contained in the LYAPUNOV sphere 
with an arbitrary plane containing the © axis is a continuous curve. 


Proof. First note that from formulas (3) and (4) it follows that 





RENO Pa Er? 8 8 4 
VDH (P, < NES = GEG Et cy (5) 
2 4 


Let the plane pass through the £ axis and consider the curve of inter- 
section for é > 0. The curve passes through the point M and leaves the 
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sphere for the first time at a point M, with abscissa £, (Fig. 2). We shall 
show that no point of the curve with abscissa greater than £, can lie inside 
the sphere. 

Let us assume that such points do exist, and let M, be the one such point 
with smallest abscissa which we denote by £,. Now the angle which the 
tangent to the curve at M, makes with the £ axis is not less than the angle 
between the tangent to the meridian curve of the LYAPUNOV sphere at M, 
and the £ axis. 

Hence we have 


; 3 
Qt EE S. 
| £(£5, 0 )2 = Va2— & & a 
Therefore l 
& < d Dr (5, 0)| 
and also 
& « d |. (5, 0)|. (6) 


On the other hand 
i= O(&, 0) — (0,0) = &£@;:(9&,,0) (0<0<1) 


and hence 
d = y+ 0 =& V1 + (406,0). (7) 
From (7), (6), and (5) it follows that 
à « dl Oil, OVF (6:08; 0 <a AV 14 Baa. 8085 ca, 


which is impossible. Hence the assumption that such a e a exists 
leads to a contradiction, and the lemma is herewith proved. 
From (7) and (5) we further obtain: 


= n> Er 
" Yi (DEO 5,0)? 16 Vöö 
1+ 39 





4» d, 





i.e., the region (A) is starlike with respect to the point M and contains a 
disk of radius 7/9 d with M as origin.! 


Theorem. Jf the surface (S) satisfies the three LYAPUNOV conditions and 
condition (4), then there exists a number « with the property that any line 
forming an angle with the normal at M which is less than « can neither 
intersect the portion of (S) lying inside the LYAPUNOV sphere about M in 
more than one point nor be tangent to it. 

The lemma actually shows that the surface (S) divides the LYAPUNOV 
sphere into two parts; we shall call one part the upper part and the other 
the lower part. At the point of intersection a line which cuts the surface (S) 


1A set S in R" is said to be starlike with respect to one of its points p if for any point 
p' in S and any number A in the interval (0, 1) the point p^ = (1 — A) p + Ap’ is in S 
(Trans.). 
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either passes from one part of the sphere to the other or else is tangent 
to (S). A line cannot pass from one part of the sphere to the other without 
intersecting the surface (S). 


Proof of the Theorem. Let the normal to (S) be directed into the upper 
part of the sphere, and let cos a, cos £, and cos y be the direction cosines 
of a line which is tangent to (S) or at least cuts (S) twice inside the LYAPUNOV 
sphere. We first show that there exists a point (o,o) in (/1) such that 


cosy — Ø; (E, No) cosa — D, (Ey, No) cos B = O. (8) 


Indeed, if the line is tangent to the surface (S) then equation (8) holds at 
the point of tangency. If the line cuts the surface (S) twice, then the left 
side of equation (8) has different signs at the two successive points of 
intersection, for at one of the points of intersection the line passes from 
the lower to the upper part of the sphere and at the other from the upper 
to the lower part; hence, at the first point the line makes an acute angle 
with the normal to (S), and at the second point it makes an obtuse angle. 
Equation (8) is therefore satisfied at some point (£5,59) of the region (A), 
since the left side is continuous in (4) and assumes there values of opposite 
sign. Using (8) it follows from the BUNYAKOVSKII-SCHWARZ inequality? 
that 


cos?» = (D; cosa -+ D, cos p)? < (cos*a -+ cos? B) ((M;z)? + (9,)*) 
= (1 — cos? y) ((M;)? + (;)?) 








and hence , , 
cos?» < (Dz)? + (Pq) _ 
^ 1c (0)? + (0,)* 
so from (3) TORT) 
Er? Ed? 
[cos y | < —. .. = == << —-- peer (9) 
ES eee iere 
Let Ed 
w = are cos ———— ———— . (10) 
| Ls i Eq 


Then a line making an angle with the ¢ axis less than w can neither be 
tangent to the surface (S) nor intersect it in more than one point inside the 
LvAPUNOV sphere. 

Let us pass a line forming an angle w with the £ axis through the point 
M; the cone generated by rotating this line about the { axis we shall hence- 
forth refer to as the (2w)-cone (Fig. 3). 


2This inequality also goes by the name of the CaucHv-SCHWARZ-BUNYAKOVSKII 
inequality with one or more of the prefixed names omitted (Trans.). 
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CES 


Fig. 3 


- 
2 
. This is the case when inequality (4) is satisfied. 


As d tends to zero, w tends to =. We shall subsequently always assume 
mT 
3 
Now suppose that a Cartesian coordinate system (x,y,z) has been 


arbitrarily chosen. Since 


that w is greater than 


eos? (N x) + eos?(N y) + cos?(Nz) — 1, 


one of the angles Nx, Ny, or Nz is less than F It follows therefore that one of 


the axes of the coordinate system (x,y,z) forms an angle with the normal 
N which is less than w, so that lines parallel to this axis are neither tangent 
to (S) nor intersect (S) in more than one point inside the LYAPUNOV sphere. 
It follows that inside each LYAPUNOV sphere the equation of the surface 
may be written in at least one of the following three forms: 


z—F(zy) or z—F(yz) or y= F(z, {x). (11) 


It should be noted that if inequality (4) holds a Cartesian coordinate 
system with the point M as origin can be chosen such that all three coordinate 
axes lie within the (2w)-cone. 

We further note that the angle which the normal at an arbitrary point 
of the surface inside the LYAPUNOV sphere makes with the normal at the 
center of the sphere does not exceed the value Ed". This angle can be 
made arbitrarily small by choosing a sufficiently small d; if for example 
Ed^ < 0.017, then this angle is less than 1°, while the angle w is greater 
than 89°. 

We end this section with certain estimates which we shall subsequently 
—mainly from Chapter II on—often use. 

Let M be a point of the surface inside a LYAPUNOV sphere about Mj. 
The line MoM then meets the surface inside the sphere in two points and 
therefore forms an angle « with the normal at M, which is greater than o. 
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If we denote the length of the segment MoM by r and by o the projection 
of this segment onto the tangent plane at Mo, then 


Q—rsina« 7» r Sin c, 
and hence 





esrc « 2p. (12) 


sin w 
It then follows from inequality (5) that 


VOR OR < (LL 


7sin^o 


Je = ae. (13) 
Moreover 


C= Dé, n) = OE, n) — D0, 0) = ED: OE, On) + nO, (OF, On) (0  O <1). 
Using (13) and the BUNYAKOVSKU-SCHWARZ inequality we find 


IS] € VE + n? V(OXOE, Om + (DOE, Omy < o Va2e?4 O24 < apt *?, 
i.e. [ei motte, (14) 





Let N be the normal at an arbitrary point of the surface (S); we shall 
assume that it is directed toward the same side of the surface as the ¢ axis. 
Because of (5), the following inequality then holds for a point inside the 
LYAPUNOV sphere: 








1 1 1 
cos (NC) = PD ar uy 
yi + (®)? E (®,)? y/1 + » 
ie. cos (N 0) >b. (15) 


Let do“ be the projection onto the tangent plane é of the element do 
of the surface (S). Introducing polar coordinates o, p in the £y plane, we 
find using (15) 


dy c—1957 34g 20dpdg. (16) 
cos (N C) 
It follows finally from (9) that if r is the distance between two points of 
(S) and N is the normal at the first of these points, then the line joining 
these two points intersects the portion of the surface (S) inside a LYAPUNOV 
sphere about the first point at least twice; hence 


[cos(r N)| = icosy | < Er’, 


i.e., leos(rN)| < Er’, (17) 
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82. On Functions Defmed in the Interior of a Region 


Surfaces which satisfy the three conditions of $1 we shall call LYAPUNOV 
surfaces. 

We shall always assume that the boundary of the region (D) under 
consideration consists of a finite number of closed LYAPUNOV surfaces. 
We partition the continuous functions defined in the interior of a region 
(D) into three classes: a function f(M) = f(x,y,z) is called 

a) continuous in (D) if for every positive number e there exists for each 
point M, a number Ag such that 


| f(M) — (M| < e, whenever  |M.M,l < ha; 


b) uniformly continuous in (D) if the number Ag does not depend on the 
location of the point Mọ; it is then equal to a number A which depends 
only on e; 

c) H-continuous in (D)—or we say that the function satisfies a HOLDER 
condition in (D)—if for every pair of points Mọ and M a distance r apart, 


JM) — ft) <Ar, (0« 2 <1) 


where A and à are fixed constants which are independent of Mọ and M. 
An H-continuous function is obviously uniformly continuous. 


Theorem. Jf the function f(M) is uniformly continuous in the interior of the 
region (D), then f(M) has a definite boundary value as M tends to a point 
Mo of the boundary of (D). 


Proof. There exists an Ag such that for any pair of points M, and M; 
of (D) with | M; M;| < ho 


Uf) — f(M3)| <1. 


We denote by ¢(h) the upper bound of the numbers | AM) — /(M,) |, where 
M, and M, are any two points of the region (D) such that | M;M;| « 
with 0 < h < hg. Obviously 0 < p(k) < 1, and g(/) is a nondecreasing 
function of A. Since the function AM) is uniformly continuous, g(A) > 0 
for h +0. From the definition of ¢(A), 


(OI) — f)| < g(h), whenever |M M| Sh. 


Now let M, be a boundary point of the region ( D). The distance between 
any two points M, and M; of the region (D) lying inside a sphere of 


radius ; about M, is then less than A, and hence 


Uf — (Ma) | < pth). 
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From this it follows that when M — M, the function AM) has a boundary 
value which we denote by (Mo). If in the last inequality we let M; > My 
we obtain: 


1/043) — fUtg)| € e 09. whenever |M, Mo] <5 - 


On (S) the boundary value /(M,) is a uniformly continuous function of 
the points of (S). For if Mọ and M, are two points of the surface (S) a 
distance r apart, then the distance between the point M, and an arbitrary 
point M, in the interior of the region (D) and inside a sphere of radius 2r 
with M, as origin is at most 3r; hence 


FM) — fh) | < p(6r), 
and we thus obtain as M; — M, that 
| FM) — fOt9| < e(67, 
wherewith the assertion is proved. 
If M) is H-continuous in (D), then g(r) < Ar’, and we thus obtain 
OR) — FM) | x A(607? = 64 Ar = Brè. 


Hence the boundary values at points of (S) of a function H-continuous in 
(D) constitute an H-continuous function on the surface (S). We note that 
the function M) is bounded if it is uniformly continuous in a finite 
region (D). 


Theorem. /f the first derivatives of the function f(M) are bounded in (D), 
then f is H-continuous in (D). 


Proof. If the points M, and M; can be joined by a line which does not 
intersect (S), then the assertion is a direct consequence of the mean value 
theorem in which 


A=1, A=By3 
and B is an upper bound for the values of the first derivatives of f. If the 


distance between M, and M, is less than “and if the distance of each of 


these points from the boundary is greater than s, then they can be joined 


by a line which does not intersect (S); hence the theorem is true for these 
two points. 


: n d 
We now assume that the distance between M, and M, is less than > and 


the distance from the point M, to the boundary is not greater than M, 
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then lies on the normal to (S) at the point Mo of the boundary nearest M,, 
and the distance between Mo and M, is less than d; both points M, and M; 
are hence situated inside the LYAPUNOV sphere with origin at Mg. 

Let us consider the (2w)-cone with apex at Mo. If M; lies inside the cone 
the theorem is proved, since then M, and M, can be joined by a segment 
lying entirely in (D). It remains to consider the case in which M; does not 
lie inside the (2w)-cone. We then pass a line through the point M, parallel 
to the axis of the cone; let M' be the point of intersection of this line with 
the surface of the cone (Fig. 4). 


qs 


Fig. 4 


The point M’ lies inside the LYAPUNOV sphere about Mọ. Its distance 
from the axis of the cone is in fact not greater than |M,M,| < so that 


the following inequality holds: 


, | M, M,| d Va d 
[MM oa S E 


Since the angle ô between M,M' and M, M’ is greater than o, 

| Mj M'| sin B 1 P EE. EM 

[XQM. ~ sins “smo? MAM) a 
here r is the distance between M, and M,, and f is the angle between 
M,M, and M,M’. Similarly, 


| M, M'| < 








F 
sin w 





From this it follows that 


SM) — FM| € |f) — fM) + SM) — f06| < 273 B. — 


sino ' 
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83. The HUGONIOT-HADAMARD Theorem 
Differentiation of Functions Defined on a Surface 


We assume that the function f(x,y,z) has uniformly continuous first 


e a 
derivatives in the interior of (D). Under these conditions DA o a and "ed 
Ox Oy Oz 

have definite boundary values as M tends to a point Mọ of the surface (S). 
2 a 

We denote these boundary values by (2), (2. and (2. We join two 
ax 

points M, and M, in the interior of (D) by the curve 


z= p(t), y= p(t), z= x(t), (18) 


of which it is assumed that the functions 9(t), Y(t), and x(t) possess first 
derivatives. On the curve (18) f is a function of t which we denote by (À; 
we have 


r = gr 0*5 Ot x 0: (19) 


We now suppose that the curve (18) lies on the boundary. On this curve 


(f), (“), (2), and (2) are functions of t. 


Lemma. /f the curve (18) lies on the boundary of (D), then 
d (f) Of, OfY y of 
20 — (2) ey (2D) veo (5D) x. (20) 


Proof. In proving the lemma we may assume that the arc M,M, of the 
curve 1s so small that it is contained in a LYAPUNOV sphere with origin at 
the point M,. 

Let M' be a point of the curve (18) corresponding to parameter value t. 
Through M' we pass a line parallel to the normal at M, and lay off along 
this line a segment of length ņ in the interior of (D) (Fig. 5). The geometrical 
description of the endpoints of this segment is the curve 


z= p(t)+7 cos(Nz), 
y = y(t) +n cos (Ny), (21) 
z= x(t) + n cos (Nz). 


H^ 


M; 





Fig. 5 


83. The HucoNoiT-HADAMARD Theorem 11 


Since formula (19) is valid for the curve (21), we obtain: 


TD — fte) ) + 9 cos (Na), à y (t) + n cos (Ny), x(t) + ny cos (Nz)] p (t) +---. 


From this it follows by integration that 


t 
-- f fUzte() + mcos (N2), p(t’) + neos(Ny), 
i x(t) + meos (Nz)] p(t’) + }dr, 
where we denote by f, the value of f at the point ¢ = ¢,. Since the function 


under the integral sign tends to a limit uniformly as 7 goes to zero, we 
find by passing to the limit under the integral sign that 


uà - (0 - flats 0) + (Zw + (E ear, 


where (fi) and (f) are the boundary values of f, and f. Dividing the last 
equation by /, — t and then letting !, tend to £, we obtain equation (20). 
We now suppose that we are given two functions f and F defined in the 
regions inside a LYAPUNOV sphere bounded by a portion of the surface 
and the parts of the sphere; the functions need not be identical as long as 
they are defined in the same region, and they furthermore have the property 

that 
f=F on (S). (22) 


We further assume that in their domain of definition the functions f and 
F possess uniformly continuous first derivatives, 


ef of | of, aF ôF oF 


dz’ dy’ Oz Oz' dy’ Oz" 
which on (S) assume the values 
(5). (3): Gr (Ge) Gy Ge): 
Theorem (HUGONIOT-HADAMARD). At all points of (S) the following relation 
holds: 
(se)- Ge) _ Cm) (oy) _ Ge)-Ge) ay 
cos (N z) ~~ cos (.N y) cos (N 2) ` 


Proof. We assume that (18) is an arbitrary curve on (S). Since (f) — (F) = 
at all points of the curve, the lemma implies that 


nE - (a5) - (Ew + (8) - (Evo 


* (far) - pel] =0 
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since the curve (18) lies on (S), 
g (t) cos (N z) + y(t) cos (N y) + y (t) cos (Nz) = 0. 


Eliminating x'(f) from the last two equations, we obtain 
| ea E (57) Sues (ae) = Eaj cos (Na)} 9' (D 


2) - (] enero - (2) - (emn) =0 


Since the values of 9'(f) and y(t) may be chosen arbitrarily, it follows 
ð F 
z 
z 





that , 
lor) — Gas) e = 2) ~ (ar) evo = o, 
(as) — (ay eer — [22 7 (az) eoe arm = o, 
whence formula (23) follows immediately. 


We shall agree to call the expression 


d ð ð ð 

gh = ($5) c0s(Wa) + (50) eosa + (3E) Q4 
the normal derivative of the function f. If we choose a point M, on the 
normal to S at the point M, and determine the limit of the expression 


f( Mf) — f(M)) 





(Af,—> My), 


“MM, | 
we obtain (24). It is easily seen that relations (23) are equivalent to the 
equations 
ef ar 
Uae) ae) dba 
|». ecs(Nz) dns dn?" 


We hence obtain the following expressions equivalent to (23): 


($6) = (235) = e — 3x) cos (Nz), 


dn dn 
ime eura 


dn Tn) cos (NY), 





( 
i) — (28) = ($6 — fF ners 
or 
(35) = AL cos (Na) = (55) = F cos (Vx), 
-faang oon] o 
d (45 dF 
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The left sides of equations (25) are independent of the choice of the 
function F, and the right sides are independent of the choice of the function 
f. Since the two functions are related only through condition (22), it follows 
that the left and right sides of equations (25) depend respectively only on 
the values of f and F on (S). 

If a function „u is given on (S), if the function f satisfies the above con- 
ditions, and if in addition 


(f)= pu, 
then we define three functions D,u, D,u, and D,u by the following equations: 


D,u-— ($5) EE cos (N2), 


Ox dn 
ð d 

D,u = (2£) — tL cos (Ny), (26) 
ð d 

D, 4 = (25) — SE cos (N2). | 


Because of the conditions imposed on the function f, D,u, D,u, and D,u 
are continuous functions on (S). 

One should note that the quantities (26) are not independent: at each 
point the equation 


cos (N x) D, u + eos(N y) Dyu + cos(Nz) D;u —0 


holds, which shows that the vector with coordinates D,u, D,u, and D, 
lies in the tangent plane of the surface. 

Let us study this vector more closely. We consider the tangent plane at 
a certain point M, of the surface (S). In a suitable neighborhood of the 
point M every point P of the tangent plane is the projection of exactly 
one point M of the portion of (S) lying inside a LYAPUNOV sphere about Mo. 
A function u(P) is defined in the tangent plane in terms of the function u 
given on the surface (S) by putting u(P) = (M). If we define the function 
f such that it is equal to (P) at points of the tangent plane and takes on 
identical values along a perpendicular to the plane, then at the point Mo 


TOO" En 
the derivative i is equal to zero, and hence 
n 


ð ð ð 

Du (E), o= (0) o (4) 
The vector under consideration is therefore equal to the gradient of the 
function f at the point Mo. With our choice of the function f this gradient 
coincides with the gradient of the function u(P) which we consider to be 
defined in the tangent plane. 

If for a given function u on (S) the quantities D,u, D,u, and D,y exist, 
we shall say that the function y is differentiable on (S). The introduction 
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of the quantities D,u, D,u, and D.u facilitates the transformation of surface 
integrals. 

To conclude this section we present without proof several formulas of 
which we shall make partial use in the sequel. 

We now assume in addition that the function F in the equations of the 
surface (11) possesses continuous second derivatives. The surface (S) then 
has a continuous curvature, and the formulas 


cos? (L z) m cos? (L,z) 
R, R, 





D,cos(Nz) = 


cos (La T) cos (Lzy) (27) 


R, 








D,cos (Ny) = 208 (72) cos (Liy) 4 
1 


: I : ios 

hold, wherein x and .— are the negative principal curvatures and L, and L, 
1 2 

are the corresponding principal directions of curvature on the surface (S).° 


From formulas (27) and their analogues it follows that 
D, cos (Ny) = D, cos(Na), 
D, cos (Nz) = D, cos (Na), 
D, cos(Nz) = D, cos (Ny). 
We shall subsequently encounter the expression 
D, cos(N z) 4- D, cos(N y) + D, cos(Nz), 


which we denote by K. The first of formulas (27) implies the validity of 
the equation i i 


K is hence the mean curvature of the surface S*. 


64. A Finite Covering of a Surface 


Let (S) be a closed LYAPUNOV surface. We shall show that it is possible 
to construct a finite number of LvAPUNOV spheres such that each point of 
(S) lies inside at least one of these spheres. 

Let us consider a cube with edges paralle! to the coordinate axes which 
contains the surface (S) in its interior. The length of an edge of this cube 
we denote by /. Let be a natural number so large that the following 
inequality holds: aes d: c d 

ya 


3 The proof of formulas (27) is given in the Appendix to Chapter I. 


^ K is minus two times the mean curvature as usually defined (Trans.). 
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We subdivide the cube into n? cubes with edge length q. A certain number 
Q of these cubes will have points in common with (S), and Q is at most n°. 
If a point M, of the surface (S) lies in the interior or on the surface of a 
cube with edge length g, then the entire cube lies inside a LYAPUNOV sphere 
about Mo, since the length of the diagonal of the cube is less than d. Putting 
a sphere in this manner about each cube having a point in common with 
(S), one obtains Q LvAPUNOV spheres having the desired property. 


Fig. 6 
If the radius d of the LvAPUNOV sphere satisfies condition (4), then the 
equation for the portion of the surface lying inside the LvAPUNOV sphere, 
and hence also the equation for the portion of the surface inside the cube, 
possesses one of the forms (11). Moreover, with appropriate choice of the 
coordinate system the equation of the surface can be represented in each of 
the forms (11). We shall make use of this fact in deriving the integral 

formulas of OSTROGRADSKII and STOKES. 


$5. The Formulas of OSTROGRADSKII and STOKES 


Theorem 1. Jf a finite region (D) is bounded by a finite number of closed 
LYAPUNOV surfaces and if the functions U, V, and W have continuous and 
bounded first derivatives in (D), then 


QU oV , oW 
IG Tum + AL = f[Ucos(N z) +Vcos(Ny) + Weos(Nz)jdo, (28) 
(D) (5) 





where N denotes the direction of the outer normal to the surface (S), dr is 
the volume element, and do is the surface element. 


The proof of this theorem, which is named for OSTROGRADSKII*, can be 
found in any analysis textbook. It is proved under the hypothesis that the 
region (D) can be decomposed into a finite number of subregions in such 
a manner that parallels to coordinate axes suitably chosen for each subregion 
intersect the boundary of the subregion in at most two points. The cubes 
of §4 may be used for the decomposition of the region. For a cube which 


5 The theorem is usually referred to as Gauss’ Theorem or the Divergence Theorem 
(Trans.). 
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lies entirely in the interior of (D) formula (28) can be proved directly without 
introducing new coordinates. In subregions next to the boundary we choose 
the coordinate system such that the section of the surface (S) in question 
is cut at most once by parallels to the axes. The entire boundary of such a 
subregion will then be cut by these parallels at most twice. 

Since the functions U, V, and W are arbitrary, it follows from (28) that 


[524 = [usos Naz)do, 
[Ra = [Veos (Ny) do, (29) 


By ot = f Weos (N z) da 
(D) (S) 
Remark. It is not necessary to assume that eU PH nd W ate continuous; 
àx' dy’ oz 

it suffices to assume that these quantities are bounded and integrable. Since 
we shall make no use of this generalization, it is sufficient for our purposes 
simply to indicate the possibility of such a generalization. 

Let us now consider the integral formula of STOKEs. 

Suppose that we are given three functions g, y, and x on the surface (S) 
which are differentiable (in the sense of $3). We consider on the surface 
(S) a certain subregion (c) bounded by a curve (1). 


Theorem 2. Under the conditions given above the formula 
JUD, x — Dzp)cos( Nx) + (D,9 — D, y)eos(Ny) + (Dy — D,g)cos(N2)]do 


(e) 
= [(dz-ydy- xdz, (30) 
q) 
holds, where the boundary curve is oriented in such a manner that an observer 
standing upright in the direction of the normal N while traversing the curve 
(1) has the region (c) to his left. (It is assumed that the coordinate system in 
rectangular.) 


Proof. Suppose first of all that (c) has been decomposed into subregions 
for each of which formula (30) has been proved. Adding the left sides of the 
corresponding formulas, we obtain the integral over (c); on adding the 
right sides the integrals over the auxiliary contours drop out, since integrals 
over the same section of the auxiliary contour taken in opposite directions 
appear pairwise in the sum; therefore, only the integral over the boundary 
curve (/) remains. It therefore suffices to prove formula (30) for a section 
of (S) inside one of the Q spheres of $4. 

The hypothesis of the existence, for example, of the quantity D,o includes 
that of the existence of a function defined in a region bounded by (S) and 
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a portion of the LYAPUNOV sphere which assumes the value o on (S). In 
order to avoid introducing new notation, we denote this function also by g. 
We make a similar agreement for ) and y. We then have 


cos (Nz) D, x — cos (Ny) D; y = (54) cos (Nx) — ($4) cos (Ny), 


and formula (30) assumes the following form: 


Jer) - Genera n) - Qin 


+ ($2) - ($) cos (ara)| do = [tede + ydy + zaz). (31) 
Q 

The proof of this formula for a continuously deformed surface can be 
found in any textbook of analysis. For LYAPUNOV surfaces it must be proved 
with certain precautions. 

We consider a vector field which in a particular coordinate system has 
the coordinates o, V, and x. On transforming to another rectangular 
coordinate system the new coordinates of the vector field are expressed as 
a linear combination of o, y, and x. It is well known that the integrands 
of both the left and right sides of formula (31) hereby retain their form, 
ie., p, y, and x are simply replaced by the new coordinates of the field 
and x, y, and z by the new point coordinates. It is therefore sufficient to 
establish the validity of formula (31) in an arbitrary coordinate system. 

To avoid introducing further notation we shall assume in the proof of 
formula (31) that o, V, and x are the new coordinates of the vector field 
and x, y, and z are the new point coordinates in the system under con- 
sideration. 

We recall that if the radius d of the LYAPUNOV sphere satisfies condition 
(4) then one can choose coordinate axes in each LYAPUNOV sphere such 
that the portion of (S) inside the sphere is not cut in more than one point 
by parallels to any of the axes nor are any such parallels tangent to this 
portion of (S). We assume that in the sphere under consideration the axes 
have been thus chosen. In this case the surface may be represented in any 
one of the three forms: 


z = F(x,y), z-F(yz), y-F(5z). (117) 


The proof of formula (31) reduces to proving the following three identities: 
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TE) cL) e (32) cos (N z) dc = [v4s. 
(e) à 
Jf) ar - (ee m]ae- [wav 5 Gm 
= d) 
) ox cos (N x) — 9x cos(Ny)| do = | xdz. 
ft À (32) | J 


(e) q) 


To prove the first of these equations we consider the first of the three 
equations (11^: 


z = F(x,y). 
Recalling the relations 
ðz  __—cos(N 2) 0z __—cos (Ny) 
ðr cos (Nz) ’ oy — cos (Nz) ’ 
we obtain 
ð ð ð ð ð 
(s) eoe nn — (25) eon) = — (2) as + (37) wa 
0 (p) 
ay cos (N2), 


where (y) is the expression arising when z in (x,y,z) is replaced by F(x,y). 
From this it follows that the integral over (c) assumes the value 


9 (p) Q 
— [59 eos (v 2) do = -n |$ azdy, (7 = +1) 
(o) (v) 
where » = 1 if cos(Nz) > 0, and 7 = — 1 if cos(Nz) < 0; (a) denotes the 
projection of o on the xy plane. Now 


-q| asay = fes, 
G) (1) 

where (I) denotes the boundary of (v) and is traversed in such a manner 
that an observer upright in the direction of the positive z axis hereby has 
the region (e) to his left. If cos(Nz) > 0, then 7 = 1, and an observer 
standing upright on (S) in the direction of the normal to the surface (ø) 
finds that the integration proceeds in such a way that the surface (c) remains 
to his left; in this case when passing from (/) to (/) the formula need not 
be altered (Fig. 7, right surface). If cos (Nz) < 0, then 7 = — 1, and the 
observer finds the integration proceeding such that the surface (c) remains 
on his right; in this case it is necessary to change the sign of the integral 
when passing from (7) to (/) (Fig. 7, left surface). 

If the surface is represented by the second or third of the equations (117), 
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Fig. 7 


y 
then by similar considerations one obtains the second or third of the 
identities (32). Formula (31) is herewith proved and hence also formula (30) 
which follows from it. 


86. A Remark on the Integration of Unbounded Functions 


In this section we wish to establish the definition of the integral of an 
unbounded function over a finite three-dimensional region or over a finite 
surface. 

To have a specific case at hand, we consider a three-dimensional region 
(D). Let (2) be a surface, the points of which lie either in the interior of 
(D) or on the boundary. Let F(x,y,z) = F(M) be a function which is 
continuous at every point of (D) not belonging to (X) and may become 
unbounded in a neighborhood of any point of (Z). Further, let (w) be an 
arbitrary region containing the surface (2) in its interior which possesses 
the property that the distance of any one of its points from (2) is not greater 
than a certain number ô > 0. In the region (D — w), which consists of 
points of (D) not belonging to (w), the function F(M) is continuous and 
bounded; the integral 

[Fax (33) 
(D-0) 
therefore exists. We say that the integral (33) tends to a limit a as à —> 0 
if for every e œ> Q there exists a ô œ> O such that 

[F(4t —a| <e, 

(D-o) 
whenever the distance of each of the points of the region (w) to the enclosed 
surface (2) is less than ô. 

If as 8 — O0 the integral (33) possesses a finite limit, then this limit is 

called the integral of F(M) over the region (D), and one writes 








[Fan ds; (34) 
(D) 


one says that the integral (34) is convergent. 
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Since subsequently it will be a question mainly of integrals of functions 
which are unbounded in the neighborhood of a single point, we shall 
henceforth consider only such functions. All results carry over in an obvious 
manner to the general case in which the singular points form a surface (2). 

Let (D(8,,8,)) be the subregion of (D) enclosed between spherical surfaces 
of radii 8, and 8, (0 < 85 < 4,). 


Theorem. Jf the integral j 
T 








{\F 
(D(9, 3) 
becomes arbitrarily small as 8, — 0, then the integral (34) is convergent. 


Proof. We assume that (w) and (w’) are two arbitrary regions which 
contain the sphere of radius 8; about M, and are themselves contained in 
the sphere of radius 8, about My (8, < 8,) (Fig. 8). The regions (D — w) 
and (D — w’) then have the property that they do not contain the portion 
of (D) inside the sphere of radius 8;, but have a common region which 
includes the portion of (D) lying outside the sphere of radius 6,. Hence 











| [Pdr — [Fax =; [Fac — [Fd: 
| (D-&) (D-w) Op isa) TATE 
< [Par] + Fdtl 
(D (4,,0,)-) | (Didi, dy) — 0’) | 
s [|Fidx + [Iris <2/|Fldc, 
di, de) =w 1 fp) -=w 1» 03 
i.e., the difference (Ddi, de)=w) (DOi, d)-o') (Di, 49) 
[Edr —[Fdt 
D-o) (D -o') 


becomes arbitrarily small as 8, — 0; according to the CAUCHY criterion 
this ensures the existence of a limit for (33) as 6, — 0. 

If the integral 

[Fx 

(D) 
converges, one says that the integral (34) is absolutely convergent. From 
the theorem just proved it follows immediately that absolute convergence 
of the integral implies convergence. Without going into the proof, let us 
note that with our definition of convergence the convergence of the integral 
also implies absolute convergence. 


We similarly define the integral fF do of a function F over a surface (S) 
Li . . (S) 
when the function is continuous at all points of the surface with the 


exception of the point Mo. 
In place of the spheres which we used in investigating integrals over (D) 
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we here use subregions of (S) cut out by circular cylinders with the normal 
at My as axis. 

Example. Let My be a fixed point of the surface (S), M a variable point 
of this surface, and r, 9 the distance between M, and M. Further let N be 
the normal to (S) at the point M and (rio N) the angle between the directions 
of rio and N (Fig. 9). Finally, let p be a bounded and integrable function 
of M. We form the integral 


N 





Fig. 8 Fig. 9 


i y 8m 2 ga, (35) 


2 
Tio 
(S) 


This integral, as a function of a point M whether on (S) or not, is called 
the potential of a double layer; the function p is called the density of the 
layer. 

The integrand in (35) becomes infinite as M tends to the point Mọ on (S). 
We wish to show that the integral (35) is convergent. Let (o,) and (c,) be 
subregions of (S) lying inside a LYAPUNOV sphere about My which are cut 
out by circular cylinders with radii 8, and ôy (8, < 6,) and the normal 
at M, as axis (Fig. 10). By the theorem proved, to establish convergence 
of the integral (35) it is sufficient to show that the integral 





Fig. 10 


10 


(o1 — 903) 
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becomes arbitrarily small as 8, — 0. From estimate (17) of 81 we have: 
| cos (ru4.N) | << Er. 


If we denote by A the upper bound of || on (S), then making use of 
estimates (16) and (12) of 81 we obtain: 


fw | Leos (ro M| do « A- an | Ze do) 
Tio 


(24,—03) mI MEO 








2z dy d i 
UE SRA cm 
d 
— AxEA? zh a 62 ín 
i.e. 
, N 
raa c A0) (37) 
(01— 03) 
hence EC ae do «cAÓ, 
fle | (38) 


(o) 


where (c) is the subregion of (S) cut out by the cylinder of radius ê. We 
shall make frequent use of inequality (38) in the second chapter. 
Remark. From the preceding considerations it follows that 


cos (rig N 
pe. 


Tio 


o|«aA, 








(S) 


where A is an upper bound for ||. If uw, is a sequence which converges 
uniformly to the limit function p, it then follows that 


E cos cos (Tag) N) do =f cos (Tio N) do. (39) 
Tio (S) Tio 


EE 


Indeed, by choice of an appropriate ng we obtain for n= ng: 


gos rod) gg p S8 no P) s, =| fu gy Eo) 3.1 < at. 
Hn rd Tio a Tio 
(S) (S) (S) 











A remark on the interchange of the order of integration. Let (D) be a finite 
region of space and (S) a surface of finite area. Let us denote points of the 
region (D) by M, and points of the surface (S) by M;. Let F(1,2) be a 
function of M, and M, with the property that F(M,,M;) is continuous 
as a function of M, in (D) for each fixed point M, with the exception of 


$6. A Remark on the Integration of Unbounded Functions 23 


points of a certain surface (or of a certain curve or certain isolated points) 
which depend on the choice of M,. The integral 


]Fa,2)d« 
(D) 


is, when it exists, a possibly unbounded function of M;. If this function 
is integrable on (S), then the integral 


A 


J 


(S) 


JF, M.) du dog 
(D) 





(40) 


has meaning. 

We assume further that F(M,,M;) is continuous on (S) as a function 
of M, for each fixed point M, of (D) with the exception of points on a 
certain curve (or certain isolated points) which depend on the choice of M,. 
The integral of F(M,,M,) over (S) is, when it exists, a function of M,. 
It may happen that the integral 


2 JU; M3) do;| dv, (41) 





then also exists. 

The integrals (40) and (41) may turn out to be equal. It is possible, 
however, that only one of the integrals is meaningful, or that while both 
integrals have meaning they possess different values. 

The theory of the multiple LEBESGUE integral makes it possible to give a 
sufficient condition for the equality of the integrals (40) and (41). If one 
of the two integrals 








f ]|Fa,2)|dz, do; (40^) 
(8) (D) 

and 
J| fE, 2)|do dt, (41) 
(QD) L3) 





exists, then the other also exists, and moreover the integrals (40) and (41) 
exist and are equal. 

An analogous theorem applies when both integrals are defined on a 
surface or extend over an element of volume. 

Let F(0,1,2) be a function of points Mo, M,, and M; which may, for 
example, lie on a surface (S). We consider the integral 


/| [| JEO, 1, duo uo dun 
659 SDS 
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This integral exists and is equal to any of the integrals obtained by inter- 
changing the order of integration if the integral 
i J| (LAO, A 2) de d ds 
(Sa) (51) LCS) 
itself exists, or if one of the integrals obtained from this one by interchanging 
the order of integration exists. 


If a function F(1,2) is continuous so long as M, and M, are distinct, and 
if it satisfies the inequality 


Esser. 

where C is a constant, r the distance between the points M, and M,, and 
æ Is a constant such that O < « < 3, then one says that F(1,2) possesses a 
polar singularity. For such functions the equality of the integrals (40) and 
(41) can be proved quite easily without using the theory of the LEBESGUE 
integral. The unbounded functions which subsequently occur will for the 
most part possess polar singularities. 

If a function F(1,2) of points M, and M, of a surface (S) has a polar 
singularity, then for equality of the integrals 


J| [F0,2)do, 
(81) (Se) 
it is sufficient that « < 2. 


do, and [Fa. 2o dis 


E 





$7. On Harmonic Functions 


We begin with the following definitions: 

a) In a region (D) not containing the infinitely distant point a function 
V is called harmonic if it satisfies the following three conditions: 

1. V is defined in (D) and possesses uniformly continuous first derivatives 
in the interior of (D). 

2. In the interior of (D) V possesses second derivatives which are con- 
tinuous in every region (D,) which together with its boundary is contained 
in (D). 

3. At each interior point of (D) the second derivatives of V satisfy the 
LAPLACE equation 
ey oV oy 


uim gat Egg tga e (42) 





6 V. I. SMIRNOV, Kurs vysshei matematiki, Vol. IV, 2nd Ed., Moscow-Leningrad, 1951, 
pp. 66-68. 
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a^) A function V is called harmonic in the interior of (D) if it is harmonic 
in every region (Dj) which together with its boundary is contained in (D) 
and if it is uniformly continuous in (D). We shall subsequently see that 
the function jns 


Tio 


is harmonic in (D) if » is H-continuous on (S), while under the same 
conditions on the density u the function (35) is harmonic only in the interior 
of (D), in general. 

b) In a region (D,) lying outside of (D) and containing the infinitely 
distant point a function V is called harmonic if it satisfies the following 
four conditions: 

1. The function is defined in (D,), and its first derivatives are uniformly 
continuous in the interior of (D,). 

2. Its second derivatives are continuous in every region (D,) which 
together with its boundary is contained in (D,). 

3. At every interior point of (D,) the second derivatives of V satisfy the 
LAPLACE equation. 

4. If R is the distance of a point of the region (D,) to a certain fixed 
point, then 


oV | 
IRV|c A, F*5z|« A, Rg 


| go 
i | ay S4 |R Oz 





<A, 


where A is a constant.’ 

b^) A function is called harmonic in the interior of (D,) if it is harmonic 
in every region (D,’) containing the infinitely distant point and contained 
in (D,) and is uniformly continuous in (D,). 

From the definitions given it follows that a nonzero constant C is harmonic 
in (Dj) but not in (Dj). We shall henceforth always denote by (Dj) the 
region which does not contain the infinitely distant point and by (D,) the 
region which enlarges (D;) to the entire space. 


@ cab 


Fig. 11 Fig. 12 








7 In IV, 81 it will be proved that every function satisfying conditions 1, 2, and 3 
which tends to zero as R — oo also satisfies the inequalities 4. One could therefore replace 
condition 4 by the requirement: V — 0 for R — oo. 
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It is to be noted that we do not exclude either regions (D;) with inner 
boundaries (Fig. 11) or regions (D,) bounded by several surfaces (Fig. 12). 

We shall agree that the normals of the boundary of a region (Dj) will 
always be directed into the interior of the corresponding region (D,). 

The region (D,) corresponding to the region (D,) of Figure 11 is not 
connected, likewise the region (Dj) corresponding to the region (D,) of 


Figure 12. 


88. GREEN'S Identities 


Let two harmonic functions U and V be given in a region (Dj); we form 
the integral I = (32 oV QU oV aU aN 





an os T dy Oy | az Oz 
(Dj) 


which for brevity we shall write in the form 


Making use of the formula of OSTROGRADSKII, we obtain: 
| a aV é aV ð oV 
1- [Is (U ge) + y 0) + USE 


(0) 
av ave. VQ. 
- jvi +3 taa]: 








er y 
(D) 
ei) eir) sed 
- Ox oy 4 Oz at 
B ðs + dy T 
(D,) 
oV aV aV fr dV; 
= [v [sz cos (N2) + Gy (93 Ny) F ZE cos(N2)| do = [v3 do. 
(S) (5) 


Remark. |f the boundary consists of several surfaces, the integral 
l U-jn d? 
(8) 


denotes the sum of the integrals over these surfaces. 
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We have hereby provided the normal derivative A with the index i to 
n 


indicate that in forming the derivative the boundary is approached from the 
interior of (Dj). 

Interchanging the roles of the functions U and V in the preceding calcu- 
lation, one obtains: 


I = fvi do 
dn 
Hence e 
i QU oF 
] 237 3:4t ds Fe de Ta pur d 
(D) 
and 
dV; 
Jie Via) 0. (44) 
C5 


Formulas (43) and (44) are called GREEN'S identities for functions which 
are harmonic in (D,). Since V = 1 is a harmonic function in (Dj), it follows 
from (44) that 


(8) (45) 
i.e., the integral over the boundary of the normal derivative of a function 
harmonic in (D;) is equal to zero. 
Before proceeding to analogous formulas for functions harmonic in (D,), 
we define the integral over an infinite region. 
If (D) is an infinite region we shall say that the sequence {(D,)} of finite 
regions (D,) (n = 1,2,...) exhausts the region (D) if (D,) is contained 
in (D,,,) and every point of (D) is contained in at least one region of the 


sequence. 
Let F be a function continuous in (D). We form the integral 
[Far : 
(D,) 


If the limit of this integral for n — oo exists and is independent of the 
choice of the sequence of regions, we call this limit the integral of F over (D) 


and write 
f Fdt. 


(D) 
We now consider the integral 


ðU av a 
fz- ðr ant 


De) 
where U and V are harmonic functions in (D,). It is noted without proof 
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that the existence of this integral is guaranteed by the inequalities in the 
fourth condition for functions harmonic in (D,). 
For functions harmonic in (D,) GREEN'S identities have the form: 


aU OV , dU, 
Bigs et gee VG eee — gi 
(Da) (5) (S) 
Y dV, dU 0 
Justa ament (44^ 


For the proof we consider the surface (2) of a sphere about a certain fixed 
point whose radius R we choose so large that the entire boundary of the 
region (D,) lies inside this sphere. We apply formula (43) to the subregion 
(D) of (D,) bounded by (2). It must be noted that in employing this 
formula the direction of the normals of (S) must be reversed, since relative 
to the region (D,’) the region (Dj) is this time a part of the outer region. 

Choosing the direction of the normals in all formulas according to the 
previous agreement, we find 


QU av a, av 
[3i x" r= [UT dc [UT dc. (46) 
(D,’) (S) (X) 





As R tends to infinity, the last integral tends to zero. Indeed, the functions 
U and V defined in (D,) satisfy the fourth condition; hence 


; A 
ŻE cos (N z) + [cos (Ny) + SE oos (N2) | 


«Ve ETHE 


Introducing polar coordinates on (2), 





x= RenOcosy, y= Rsin Osing, z= R cos O 


(0 <p < 27,050 zn) 
we have 


do = R?sin GdOdg, 


and hence 


[estes St Tanatorioa Esi (R — œ). 
n R 
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Moreover, as noted above the integral on the left side of (43’) exists and 
is in particular equal to the integral on the left side of (46) for R — oo. 
Formula (43’) and hence also (44^) follows from (46) for R — oo. 

Let Mo(x,y,z) be a fixed point and r,, its distance from a variable point 
M,(€,7,¢). We shall assume that the segment MoM, from M, to M, is 
oriented, and we put 

1 1 


U , Sa = = = f 
(£ n ) Tio VE — x)? + (7 — y + (C — 2)? (47) 








The function U is continuous and possesses continuous derivatives of 
arbitrary order in every region which does not contain the point Mo either 
in its interior or on the boundary. By direct calculation one finds that the 
equation QU QU au 
aE t ag + ag =? 





holds, i.e., in any finite region which does not contain the point M, either 
in its interior or on the boundary U is a harmonic function. Since U clearly 
also satisfies the fourth condition, this holds also for an infinite region. 
Let N be a unit vector and = be the derivative of U in the direction N. 
n 
In order to be able to apply formulas (44) and (44) to U, we first compute 
dU 











—-. Since 
dn 
g= 5 2 
COS (719%) = i COS (39g) = hee cos (7392) = T 
we find 
dU — au aU. ðU 
da = ag 08 (N x) + zy CS (Ny) + gg 008 (N2) 
mue EL cos (Na) + 1500s (Ny) + D oos(Nz)] (48) 
Tio Tig Tio Tio 
cos (739 N). 
us Tio 


Returning to formula (44), let V be a harmonic function in (D;). We 
first assume that M,(x,y,z) lies in the interior of (D,). In this case, U is 
harmonic in (Dj), and formula (44) is applicable. Making use of (47) and 


(48), we obtain: 


dn Ty Tio 
(S) CS) 





We now assume that M,(x,y,z) lies in the interior of (Dj). U is then no 
longer continuous in (Dj), and formula (44) no longer applies. Let (c) be 
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the surface of a sphere about M, whose radius e is so small that there are 
no points of (S) in its interior or on (o) (Fig. 13). 





Fig. 13 


In any region outside this sphere, and in particular in the subregion of 
(Dj) outside this sphere, U is a harmonic function. Applying formula (44) 
to this subregion, we obtain: 

dV, do cos (ri N) -( = zu eos (rgo N) go = 50 
dn rjj 4 [v 72, de dn" rj Tio K ) 
(S) 





We have here changed the sign of the integral over (c), since in applying 
formula (44) the normal to (c) must be directed into the interior of the 
sphere enclosed by (e), while in formula (50) we assume that it is directed 
outward from the sphere, i.e., into the interior of (Dì). 

We now compute the integral over (o). First of all, 


d Vi do 
dna Tio 
(o) 


A is here an upper bound for the first derivatives of V in (Dj). 
If Vo is the value of V at the center of the sphere, then 


IV — Vo! < y34A0. 
From this it follows that 


« raj femeii 4xy340—0 (o->0). 








[t — vo 95e as, 
a rio | 
f ] 


2a m 
= *sin 9 dO d« = 
«ySAef [€9" 77977. an 8p» 0 (e -> 0), 
0 0 





and hence 
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Jv? cos id =y JR CoN) go 
(e) 


V N 
} "n 0) Te dg -> 4zxV, (e —> 0). 
(9) 


Therefore, if M, lies in (Dj) 


=: d dV, En up cos M A 
V= in} dn To tas] cde (51) 
65) Ei 





It is possible to extend formulas (49) and (51) to functions defined in the 
region (De. l 
If M, lies in the interior of (Dj), then U is continuous in (D,), and 
application of formula (44^ gives immediately that 
[= CLINT + JV. onu a — 0. (51^) 


dn Tio 
(3) 


Let M, now lie in the mS E (De). We consider the surface (£) of a 
sphere of radius R with center M, which contains the entire boundary of 
(D,) and apply formula (51) to the region bounded by (Z) and the.boundary 
of (Da). We d obtain: 


1 dy, do 1 fdV, do 
ng T dn Tio 4nj dn Tio 
(8) (2) 


S afr. cos C10) do +3 xj" Peu qas 
K Tio 
(3) (2) 








(52) 


The sign of the integrals over (S) has been changed, since in applying 
formula (51) to the region under consideration the normals must be directed 
into the interior of (Dj), while we have them directed into the interior of 
(De). 

Now because of condition 4 we find 





[She oe "Risin OdOdp _ 4n)3A 
T. an Ty | R Praag v eed 


f y £08 {oA N) 
Tjo 


(2) 
From this it follows that ihe integrals over (2) have limit zero as R > oo. 

Let us now compare the various formulas found in this section. If M, 
lies in the interior of (D,), then 








(R — œ). 


‘HsinOd0 dg 4n A 
x j foegen = aud 
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dV; do COS (rio Y) ] 
fae + [v SO ae — o; (49) 
(3) (5) 
if Mo lies in the interior of (Dj), men 
dV, do cos (ro) i 
V= 4, uw str i2] V. Hs 48 (51) 


CS) e 
for Main (Dj), we have 


— 1 dV, do 1 y x cos (rio N) J 
as fe ip ? d (49) 
(8) 65) 


fae B+ fv, ee de =o. 
Tio 
(S) 65) 





and for M, in (Dj), 
(517) 


We now make use of these formulas to prove an important property of 
harmonic functions: 


Theorem. A function harmonic in any arbitrary region cannot assume a 
maximum or minimum at an interior point of the region. 


Proof. We prove the theorem for the case of a maximum. There is no 
loss of generality in so doing, since if a function U assumes a minimum 
at a point, then the function — U assumes a maximum at this point. 

We assume that the function U has a maximum at a point Mọ in the 
interior of the particular region; we do not hereby exclude the case in which 
U is constant in a region containing the point Mọ. If this should be the 
case, we assume that M, is a boundary point of this region. 

Let (c) be the surface of a sphere about M, whose radius e is chosen so 
small that both the sphere and its surface are contained in the region under 
consideration. 

Applying formula (51) to the function U and the surface (o), we obtain: 


1 cos (Fao N) dU, do 
4n ERIT UE To do Tua dn Tio (51^) 
(0) Kr 


jap] Udo + Gap) aa 18 
(o) (e) 
since for the points of (c), we have 


Uy, = 





To= 0, cos(noN)-—1. 


The second integral in (51") is zero by (45), and we find: 
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1 
U y, = sag | Udo i (53) 
(e) 
Putting 
U = Um, — 8, 


we see that « is a continuous, non-negative function, and equation (53) 


implies that 1 
Ux, = Ust, — zi | odo Or [549 =0. 
(o) (v) 


This is possible only if « vanishes identically on (e). Since o is arbitrary, it 
follows that « must also vanish identically in the interior of the sphere 
enclosed by (c), however, this is impossible, since in a region in which U 
is constant M, by hypothesis lies on the boundary. 

The assumption that U assumes a maximum at an interior point of the 
region has thus led to a contradiction, and the theorem is herewith proved. 


Corollary. A function harmonic in the interior of (Dj) assumes its maximum 
and its minimum on the boundary of this region. 


Proof. A function harmonic in (Dj) is continuous in this region including 
the boundary (S). Hence it assumes its maximum and minimum at certain 
points of the region or the boundary. From the theorem these points must 
lie on the boundary. 

For functions harmonic in (D,), the same assertion holds if the infinitely 
distant point is counted as a boundary point. 

The property of harmonic functions just established is called the Maximum 
Principle for harmonic functions. 

Finally, we consider the so-called mean value theorems for harmonic 
functions obtained from (53). 

We assume in these theorems that the sphere (w) and its boundary (c) 
lie in a region in which U is harmonic. 


Theorem 1. 77e value of a harmonic function at the center of a sphere is 
equal to the mean value of its values on the surface of the sphere. 


This theorem follows immediately from formula (53), since 47 o? is the 
area of the surface of the sphere. 


Theorem 2. The value of a harmonic function at the center of a sphere is 
equal to the mean of its values throughout the sphere. 


Proof. Let R be the radius of the sphere (w). Multiplying (53) by 47 e? do 
and integrating with respect to o from 0 to R, we obtain after dividing 


3 1 
4n R =w: U m, = j fuar. 


b 
d (o) 
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89. GAUSS' Integral 


We have shown in $7 that the function 


Vai 
is harmonic in (Dj). Putting V = 1 in (49) and (51), we find: 
cos (ri N) go i 
f modo = 0, for M in (D,). (54) 
(8) 
[ 55692 do —4z, for M in (D; (54) 
i Tio 
(5) 
The integral M E UT 
egra W = f EX do (55) 


(S) 


is called Gauss’ integral. It was shown in 86 that Gauss’ integral converges 
when the point M lies on the boundary (S). We shall now determine the 
value of Gauss’ integral for this case, under the condition of course that 
(S) is a LYAPUNOV surface. We assume that M is a boundary point and let 
(Z) be the surface of a sphere of radius o about M which cuts out the sub- 
region (c) from (S). We denote by W, the Gauss integral extended over 
the portion of (S) outside (o): 


W, = {ge cos ar a 
(S v) 


By definition: 
W —/AimW, . 
0^0 
We denote by (2,) the portion of (2) lying in the interior of (D,) and by 
(25) the portion of (2) in the interior of (D,) (Fig. 14). The integral (55) 
over (S — ce) and (Zi) is zero, since the point M lies outside the region 
bounded by (S — a) and (2): 


CO (1g B = 0. (56) 


2 
Tio 


y,— cos 
E 
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Fig. 14 
We assume that N is the outer normal of (Z). To apply formula (54), 
on the other hand, N must be the inner normal of (2). The integral in the 
last formula therefore has a negative sign. 
If we now extend the integral (55) over (S — c) and (25) it has the value 
47 since the point M now lies in the interior of the region bounded by 


(S — c) and (2;); hence, 





To cos (rig N) i 
W, Al " do — 4m. (56) 
Adding (56) and (56’), we find: 
1 cos (719 N) . f £08 (o N) 
W, -—2z-r 2 D Eu do J — 1h i . (57) 





We shall now show that the quantity inside the braces in (57) becomes 
arbitrarily small as o > 0. 

For this purpose we consider the (2w)-cone corresponding to the point M. 
The integrals over the portions of (2,) and (%2) inside the cone cancel. 
Hence, the absolute value of the quantity in braces is less than the integral 


| cos (Tyo) | 
D Tio di (58) 
(Es) 
where (2) is the portion of (£) outside the cone. 
After introducing polar coordinates, we obtain for this integral: 
2a a-w 


f fsin@dOdg = — 2 [cos 0} "= 4cos0. 
0 o 


Since we may put 
Eo? 
coso = — 


A Pat 
y: +q E*o 


it is evident that the limit of cosw is zero as o > 0. 
We have therefore: 
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W = linW, = 2. (59) 
090 


Altogether then, we have found the following: 


W = 4r if M lies in the interior of (Dj), 
W = 2r if M lies on the boundary of (Dj), and (60) 
W —0 if M lies outside (Dj). 


We remark that in deriving formulas (60), which are named for Gauss’, 
we have not assumed that the region (D;) is bounded by a single surface. 

It is useful to verify that formulas (60) are also correct in more general 
cases. 

We first consider the case shown in Figure 12. If (54), (S),..., (Sp) are 
the boundaries of the separate connected regions, we obtain: 


COS (T19 N) 3 cos (Tro N) 
=> 


2 
T 
10 = Tio 
(S$) S4 


da 


If M lies in the interior of (D,) each of the integrals on the right-hand side 
of the equation is zero. If M lies in the region bounded by (S;,), then it 
lies outside the regions bounded by 
(8), ES (Si). (81.4), EC (8,) : 
and all integrals on the right-hand side of the equation vanish with the 
exception of the integral over (S;); this integral is equal to 4v. If M lies on 
(Sj) we come to an analogous conclusion. 
In the case shown in Figure 11 we denote the outer surface by (Sọ) and 
the inner surfaces by (S,),..., (Sj). In this case we have: 
8 (rig N (rio N) t cos (rig N) 
je (Tio )N) lo = f° n do 0+5 [ wD do. (61) 


2 rio 
Tio « i=l ~ 71 
(8) (So) (5, 


If M lies in the subregion of (D,) containing the infinitely distant point, 
then all the integrals on the right-hand side of the equation are zero. If M 
lies on (So) or in the interior of (Dj), then the first integral is equal to 27 
or 47, while the remaining integrals vanish. Finally, suppose that M lies 
on (Sj) or in the interior of the region bounded by (Sj). The first integral 
in (61) is then equal to 47, the integrals over (S4), ..., (S; 4 (Sisi). 
(S4) are zero, and the integral over (S;) is equal to — 27 or — 4z, since the 
normal of (S;) is directed into the region (Dj), i.e., into the interior of the 
region bounded by (S). 
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610. Another Proof of Gauss’ Formulas 


In this section we shall give another proof of the formulas (60) and, in 
so doing, generalize them somewhat. 

With this in mind, we consider the integral 

cos (rio N) 
| I (62) 
(£) 
which is taken over a subregion (2) of a certain surface; we wish to determine 
the value of this integral at a point M. 

We assume that the half lines radiating from M cut the subregion (Z) in 
at most one point and that each half line forms an acute angle with the normal 
N of (Z) at the point of intersection. We choose the point M itself as the 
origin of a system of polar coordinates and surround it with a unit sphere. 
Since (rio) is the angle between the radius vector and the normal to (2) 
at the corresponding point of the surface, the quantity cos(r, 9 N)de is equal 
to the projection of the surface element do of (Z) onto the sphere about M 


with radius r,g. Then " 
Sor ee) du 


do, = 
0 
Tio 


is the corresponding surface element of the unit sphere. It follows therefore 
that the integral (62) is equal to the integral 
do, D 
a (63) 
where (Žo) is that portion of the unit sphere which is cut out by a cone with 
apex at M whose surface is generated by lines joining M to the boundary 
points of (X). The integral (63) is equal to the solid angle subtended by the 
surface (Z) at the point M (Fig. 15). 
If the radius vectors form obtuse angles with the normals of (2), then 
the integrals corresponding to (62) and (63) differ only in sign. 
The side of a surface on which an observer stands upright along the 
direction of the normal we shall agree to call negative; the opposite side 


we shall call positive. l 
The results obtained may then be formulated as follows: the integral (62) 


is equal to the angle subtended by (2) at the point M with positive or 
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negative sign depending on whether M is on the positive or negative side 
of the surface. 

We now suppose that (2) is cut in several points by a half line radiating 
from M; we assume moreover that (Z) can be decomposed into a finite 
number of subregions each of which satisfies the conditions of the previous 
case.? In this case the integral (62) is equal to the sum of the corresponding 
solid angles subtended by the different subregions of (Z) at M, each solid 
angle taken with the appropriate sign. 

Let (S) be a closed surface. If we move along a half line radiating from 
M at each point of intersection of the line with (S) we pass from the region 
(Dj) into the region (D,) or vice versa. Points of entry into (D,) and points 
of exit from (Dj) therefore alternate with one another; the last point is a 
point of exit (Fig. 16). At entry points the solid angle is negative, and at 
exit points it Is positive. If M lies in (D,) then the number of entry and exit 
points is the same, and the sum of the solid angles vanishes. Hence, the 
third of formulas (60) holds. If M lies in (Dj), then the first point is an exit 
point, and an equal number of exit and entry points follow. This holds for 
all directions, whence the validity of the first of formulas (60) follows easily. 


8 This condition is not satisfied by certain LYAPUNOV surfaces. 
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Fig. 16 


The proof of the second of the formulas (60) is somewhat more difficult, 
and we shall omit this proof. 
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Appendix to Chapter I 


Introducing curvilinear coordinates on (S) u = const., v = const. 


first of equations (26) yields the equation 


_ 18(f8 
D mE 2 on 


1 à(f) az 
WO Gece 


r=) GEHE. 


o= (ere GTG 


The well-known formulas of O. RODRIGUES imply that 


with 





0cos(Nz) _ 1 Or Qcos(Ny) _ 1 Oy 
~ Qu | . R ðu’ ðu AR, ĝu’ 
and 
ðcos (Nz) _ 1 Ox dcos(Ny) X 1 Oy 
ðr R ðv’ ðv sig 


If one puts successively u = (f) = cos(Nx) and 
1 = (f) =cos (Ny), 


_ l (dr "C. a 
|. ER, em GR, os. 
„n 1 dy Oz 1 dy Oz 
DocosiN Ye ar du GR de 00" 
If one now makes use of the fact that 


then it follows that 
D,cos(Nz) 
and 





por Ll ay 

cos (L, 2) = VE aa cos (L, y) = yg ðu , 
1 az Ll y 

cos (LT) = io a» cos (Lay) YG à» 


one obtains formulas (27). 


, the 


CHAPTER II 
POTENTIAL THEORY 
§1. The Potential of a Simple Layer 


We suppose that a region (D;) is bounded by a finite number of LYAPUNOV 
surfaces. We denote the boundary of the region (D,) by (S) and the co- 
ordinates of the point M, of the surface (S) by £, «, and £C. 

Let M be a point with coordinates (x,y,z) and let rao be the distance 
from the point M to the point M;, where we assume that the segment MM, 
is oriented from M to M,. Finally, let » be an integrable function on (S). 


The function 
do 
yards 
3 (1) 


is called the potential of a simple layer; p is called the density of the layer. 
If M does not lie on (S), then V obviously possesses derivatives with 
respect to x, y, and z: 


oV &—f 

Ox = 73 do, 
(S 

oV — 

Py aa cae a 








Since the LAPLACE operator applied to the function zt gives zero, we 
r20 
have: 1 
AV = fu - A2-4o — 0, 
T20 


(3) 
ie., V is a harmonic function in any finite region which together with its 
boundary is contained in the interior of (D;) or in the interior of (D,). 


41 


42 II. Potential Theory 


If R denotes the distance of the point M from a fixed point of space, ther 
from the formulas for the potential V and its first derivatives one easily 
sees that as the point M goes to infinity V goes to zero as the first power 
je while ae nae , and 

R ox oy 
From this it follows that V is also harmonic in any infinite region which 
together with its boundary is contained in (D,). 

We now wish to show that the integral (1) converges for M on (S) under 
the condition that u is bounded and integrable. 

Let M be a point of (S). Let (c) and (¢,) denote subregions of (S) inside 
a LYAPUNOV sphere about M cut out by circular cylinders of radii e, and 
e2 (95 <‘e,) with the normal at M as axis (Fig. 17). To demonstrate the 
convergence of the integral (1) it is sufficient to show that the integral 


fiii 
A T20 


(01—02) 


l 
go to zero as the second power of e. 


? 




















for o, — 0 becomes arbitrarily small. 


£: 


Fig. 17 


Let A be an upper bound of | u | on (S). Noting that the distance ry9 is 
greater than its projection o on the tangent plane at the point M and making 
use of estimate (16) of I, $1, we find that 


on i 
DULL Me ` f odode 
Im Too Sd 2 | [ m = 4z Á(0, — 0.) « 4x ÀO. 
(e1— 0) 0 e; 
This proves the assertion. 
From the inequality obtained it follows that 
[ze da 

t| po e E (2) 
91 
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We end this section with several remarks on inequalities which will be 
derived in subsequent sections. 

Let » be a function defined on (S) or in (D). It will mainly be assumed 
in what follows that u is either bounded and integrable or bounded and 
H-continuous. In the first case 4 denotes an arbitrary upper bound for 
||. In the second case A denotes any of the upper bounds for | u | which 
are greater than the coefficient in the condition for the H-continuity of u; 
we then clearly have: 


lul «A, M3 — Hol < Ar. 


where p, and yo are the values of u at the points M, and Mo. 

If the function u is H-continuous with exponent A, then it is obviously 
also H-continuous with an arbitrary exponent à such that O < X <A, 
Therefore, in the following A will denote both the exponent of H-continuity 
of » and the exponent in the second LYAPUNOV condition for LYAPUNOV 
surfaces. 

In estimating various quantities we shall subsequently find that they are 
no larger than a sum involving the following functions of the variable 8: 


GAD, «A9, a An S (o gk aaa <1); 
here c,, c5, and c4 are constants which depend on the shape of the surface 
Or region. 

If only a sum of the first two functions enters the estimate, then since 


1-4 64 , À i uU 
Ad = ¢,Ad ô < c AÓ, of = a) , 


the quantity to be estimated is no larger than (ci + c;) A = aA8^ with 

0 «A € I. If the third function also enters the estimate, then the quantity 

to be estimated is no larger than a number of the form aA8" where X is 

an arbitrary number in the interval 0 < A' < A, and the magnitude of the 

coefficient a depends on the choice of A’. Since for v > 0, 
ó'In T. — 1) LÀ "Max: [adn] = 

5 es Ing & d'- Max (x In 
we have, putting v = A — 0’: 


, d^ ^s 1 ’ 
oA GINS = 6A Ins € (55 AV = e A9 


with 
(00 Cad” 
0» 7 ey ' 
: . d M-2 d \4-i' 
Our assertion now follows with — 4 = e) + e z) + 6," 


Subsequently when in estimating some quantity a summand of the third 
type appears, we shall write the result of the estimate in the form aA&” 
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without each time mentioning the arbitrary choice of à and the dependence 
of the coefficient a on the choice of A’. 

If no special restriction is made we shall subsequently assume that A < 1, 
since the case A = 1 requires unnecessary restrictions without, for the most 
part, leading to stronger results. 


§2. Continuity of the Potential of the Simple Layer 


Theorem. /f the density p of the potential of a simple layer is a bounded and 
integrable function, then the potential is H-continuous in the entire space. 


Proof. From the observations of $1 it follows that V is H-continuous 
in any region which is entirely contained in (Dj) or (D,). It remains therefore 
to consider points which lie in a neighborhood of the boundary. 

We suppose that the point Mj lies on (S) and that the point M,, whose 
distance from Mg we denote by 6, lies either on (S) or on the normal to 
(S) at the point Mg. For brevity, we consider both cases together; we denote 
the first case by (a) and the second by (b). Let r;9 and r; be the distances 
of the points Mo and M, from the integration variable M,. We surround 
the point Mg with a LYAPUNOV sphere and denote by (2) the subregion of 


(S) lying inside the sphere. We assume first that 6 is less than ; 


If we denote by Vy, and Vy, the values of V at the points Mo and M,, 
then we can write: 


Pu Tam fura rn : ren pee) 


(2) 
The integral 


is a continuous function of M, possessing derivatives of arbitrary order as 


; i uU s : s 
Jong as the distance from M, to Mo is less than 53 in this case r,, remains 


greater than e Hence, 
da 5 
fets- [Az « aAÓ; 
2 $ 
i(S-5) (52x) | 
e is Mr* s positive constant which depends oaly on (S), while A denotes 


@ Upper bound for |p |. 
To ggovg the theorem it now suffices to study the difference 
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da do 
=u = pls (4) 
X) 





Fig. 18 


We draw a sphere of radius 28 about the point Mọ and denote the sub- 
region of (S) lying inside the sphere by (o) (Fig. 18). We can then write: 














n eue e © 
From this it follows that 
I| < Ero aiai n BRI (6) 
Inequality y gives immediately: B j 
Inm « 47A (20), (7) 
(e) 








since (c) is contained in that subregion of the surface cut out from (2) by 
the circular cylinder with radius 28 having the normal at Mo as axis. 

In case (a) one can estimate the last integral in (6) with the help of 
inequality (2). For this purpose we consider the sphere of radius 36 with 
M, as origin; let (e) be the subregion of (S) contained in the interior of 
this sphere. Since (ø) is contained in (,), we have: 


d 
| fu < flal s f; “ XAn2A(30). (8) 
i (o) (c) 
In case (b) we estimate this T areais We find: 


ut < [inl I <A aff fenis - 4zA(20), (8) 


0 
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for in this case e, as the projection of rọ on the tangent plane of (S) at 
the point Mo, is no greater than r;,. 

We have now found that the sum of the absolute values of the last two 
integrals in (6) is in each case no greater than a number of the form a6. 
We now turn to the first integral in (6). If we consider the triangle formed 
by rz) and rz, with third side 8, then the inequality — 8 rj, — ry SS 
holds, whence the inequality 7 





iene ee qure 
Teo T 20 To 
follows. 
If M, lies on (2 — o), then rọ > 28; hence 
ES cc = if M, lies on (Z— o), (9) 


2 Too 2 


We shall subsequently make frequent use of inequality (9). 
With the help of this inequality we find: 
1 1 j_ ifu—fel 2 9. 28. 


T20 T21 Ta1 T20 T21 T20 730 





If one joins the point M, with a point of the boundary curve of (o), the 
projection of this segment on the tangent plane at M, is equal to 28 cosa 
where « is the angle between the segment and the tangent plane. Since 
inside the LYAPUNOV sphere the surface (S) is cut twice by this segment, 


: ‘ 1 ; Aa 
it follows that « <5 — w and hence cos « > sın w > 5° This projection 


is hence greater than 5. From this it follows that (Z — a) is projected into 
a region of the tangent plane lying between circles of radii 8 and d with 


center at Mo. 
Introducing cylindrical coordinates, which we have already used twice 


previously, we find that r;o is no less than e: 


Pet cadens wl c 


Too T20 T21 
(2-0) 
Qa d i 
«26.A-2| [e — 8zAóIn 5 X a AX". 
0 d 











We therefore arrive at the inequality 
IVy, — Va | < a A9" Q«1). 


We now suppose that M, does not lie on the normal to (S) at the point 
Mo. If the distance | MoM, | is equal to 8, then the distance 6, of the 
point M, from (S) is less than 8. Let M' be the point of (S) nearest the 
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point M, (Fig. 19). The distance 8; between the points M, and M' 1s then 
less than 5, + 8 « 28. 


Since 
Vy, — Var = Vu,— Var+ Var— Vo, 
Mo 
M! 
ô 
n 
M1 
Fig. 19 
we have: 


Var, — Var,| € |Var, — Var| + [Var — Vy | < m AQGZ + ój) < a AÓ*. 

Case (a) shows that the potential V is H-continuous on (S). We wish to 
prove that V is H-continuous in the entire space. If one of the points Mo 
or M; lies on (S) it has been shown that the difference | V4, — Vm, | can 
be estimated by the quantity 248". To prove the H-continuity of V it 
remains only to consider the case in which neither Mo nor M, lies on (S). 

We assume that the point Mj is the nearer of the two to the surface (S). 
Let M, be the point of (S) nearest the point Mo. M, then lies on the normal 
to (S) at the point Mj. Let 5, denote the distance between M, and Mg 


and 8 the distance between M, and M,. If 8,— f then the difference 
Vu,— Vu, fu — fu (3) 


can obviously be estimated in absolute value by 2448, since the integrands 
possess bounded derivatives in a neighborhood of the points M, and Mj. 


We now suppose that 8, < ; If 8, < 28 then the distance 5, between 
M, and Mj is no greater than 38 and hence 


|V ar, E V «| < |Van — Voy’ s |Vy od Var! < a AL T aA doy < bAd*. 


It remains to consider the case in which 5, > 28. In this case all points 
of (S) lie outside a sphere of radius 28 with origin Mọ. If r' is the distance 
of a certain point of the segment MoM, from a point of the surface M3, 


then using inequality (9), which is applicable here, we have: r' > jh : 
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From the relation 


1 1 a a. at 
Fe ae = to) ge] Oo» + (a — 20) | 
To T20 s 9 Or [M 1~ Yo Oy Jw 1 9 oz J’ 


in which (Xo,¥o.20) and (x,,¥1,2;) denote the coordinates of the points 
Mo and M, respectively and the derivatives are taken at a point M’ of the 
segment MoM, one can conclude that 














11 V38 | 4¥36 
Hence Ta T20 r? 730 
z d 
needed «4y8 Ao[ 7. 
! ! ri T30 


Now let (2) be the subregion of (S) inside a LYAPUNOV sphere about 
Mj, and (ce) be the subregion of (S) inside a sphere of radius 26 with origin 
at Mo. 

On (S) the inequality r;9 Z 9, > 26 holds, and hence 


26 
d 6 1 
òf <ap [to < ap? 2fede= 225. 
(e) (e) 0 





d 
do 'edo — d , "T 
al And aring ca (<1), 


(Z- e) 
do 4 4S 
8 [A « Ô -y fao < JE ô $ 
(S-E (S-E 


since off (2) ry > ‘ 


From this it follows that our assertion has been proved for all possible 
locations of the points My and M,. Hence, for any location of the points 
M, and M, we have: | Vy, — Vu, | < add”. 
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Let Mo(x,y,z) be a certain point of space. The integral 


W = [pe do, (10) 
(S) 
wherein M;(£,5,0) is the integration variable, pu(é,¢) is a function 
defined on (S), and N is the normal to (S) at the point M;,is called the 
potential of a double layer with density p. 


83. Three Theorems on the Potential of the Double Layer 49 


If is assumed to be integrable, then the integral (10) clearly exists for 
M, in the interior of (Dj) or (D,). If M, is an arbitrary point of (S), then 
—as shown in I, §6—the boundedness of p is a sufficient condition for the 
convergence of the integral (10). 


We now wish to show that under the condition that u be integrable W 
possesses continuous derivatives of arbitrary order at any interior point 
of (Dj) or (D,) and satisfies the LAPLACE equation 

ow ow oW —0 
oz? oy? az 
Integral (10) may be written in the following form: 














W= = [neos rt do tst. 
(S) (S) 


If one compares this expression with the formulas for the first derivatives 
of the potential of a simple layer given in $1, one sees that the last integrals 
are the derivatives with respect to x, y, and z of potentials of simple layers 
with densities u cos (N£), u cos (Nn), and u cos (NZ) respectively. 

Since the potential of a simple layer possesses derivatives of any order 
at any interior point of (Dj) or (De) and satisfies the LAPLACE equation, 
this clearly also holds for any derivative and hence also for W. 

Moreover, as the point M, moves to infinity | W | goes to zero as the 


Ld and ave 
ay |’ az 


as the third power of A where R denotes the distance from the point M, 


5 














second power of ; and each of the quantities 


to a certain fixed point of space. W is therefore a harmonic function in any 
(finite or infinite) region which together with its boundary is contained 
in (Dj) or (D,). 

We agree to denote the value of W at a point of the surface by W and 
now prove the following two theorems. 


Theorem 1. Jf » is bounded and integrable, then W is an H-continuous 
function of the point M, of (S). 


Theorem 2. /f p is continuous on (S) and if the point M, lies in the interior 
of (Dj) or in the interior of (De), then as M, approaches the point Ma of (S) 


lim W, = W,—W,--2xu, or limW,—W,—-W,—2zu, (11) 


respectively. 
We here denote by W, the value of W at the point M, and by uo and 
Wo the values of » and W at the point My. Henceforth W, and W, shall 
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denote the boundary values of W, as the point M, approaches the boundary 
of (Dj) from the inner and outer sides respectively. 
Formula (11) demonstrates the validity of the equations 


W,—W,-4zpu, W,--W,— 2W,. (12) 
Corollary to Theorem 2. Jf p is H-continuous on (S), i.e., if 
Iu — i « Ard, (13) 


where r;9 denotes the distance from M, to Mo, then the following inequalities 
Iw, — W,— 272! «aA, 


|W,— W, + 27 hal <aAd'; 
here 8 is the distance of the point M, lying in either (Dj) or (D,) from the 
point Mo. 


Proof of the Theorems. Just as in §2 we treat both theorems together and 
denote the case in which M, lies on (S) by (a) and the case in which M, 
does not lie on (S) by (b). In the following we make use of the same notation 
as in 82. First of all, in the case in which the point M, does not lie on (S) 
we assume that it lies on the normal to (S) at the point Mọ. We assume 


moreover that the distance 8 between the points M, and M, is less than 4 


We recall further that the function p satisfies the following conditions: in 
case (a) the function p is bounded and its absolute value is less than a certain 
number 4, in case (b) p is continuous, and in the case of the corollary p 
is H-continuous. 

We begin with a remark concerning the case (b). Let (oo) be the subregion 
of (S) cut out by a sphere about My with radius R, and let O(R) be the 
maximum of | p — pọ | on (co). Hence, if M lies on (o) 


|u — u| < O(R). (14) 
If & is H-continuous on (S), then 
O(R)«aR. 
If » is only continuous on (S), one may conclude only that lim O(R) = 0. 
R 


0 
O(R) is an increasing function of R, for if R’ > R (a9) is contained in the 
subregion (04) corresponding to R’. 

We assume that M, lies on (S) or on the normal to (S) at the point Mo. 
We then have: 
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Wiese Í pee 2 da — f p Ea do 


CS) (S) 


= ftu TE aD qu m fiu- jug) 508290 3. (15) 


(5) Th (S) 720 


ZIEL I 


2 
T30 
(S) 


From the properties of Gauss’ integral the last integral in (15) is equal 
to 27, and hence the last term in (15) is equal to — 27g. In case (a) the 
next to the last term in (15) is equal to 279 so that the sum of the last 
two terms vanishes. In case (b) the cases M, in (Dj) and M, in (D,) must 
be distinguished. If M, lies in (Dj) the next to the last term is equal to 
4rpo; if M, lies in (D,) it is equal to zero. We now have that the sum of 
the last two terms in (15) is 


27 Uy — 27g 0, for M, on (S), | 
4T us — 270 ug = 27t uo, for M,in(D,) and (16) 
0 — 2z uS = — ÈT us, for M, in (D,) | 


It still remains to estimate the following difference: 
N COS (rog N) 
1 = fin- i) ae — fia — i erae 
(8) (S) 


Just as in $2 we surround the point Mọ with a Lyapunov sphere and 
denote by (2) the subregion of (S) lying inside the sphere. We can then 
write 





I= fiu — i) PD aa — fta — p) eR do 


OCA T "mm 730 
+ fu 21115,5080 e dus ve i ji) 996092 dg 
20 


(x) 
. . d : 
If M; lies on (S — ©), then r;, is greater than » and the integral 
cos (To, N) 
IEEE 
5 21 
(SŽ) 
together with its derivatives is continuous and bounded, since the distance 


from M, to Mj, is no greater than : From this it follows that 


[tm = po) ER ao — fiu — uy) uer <aAé, 


3 
T20 
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so that it only remains to estimate the difference 
n= fu — po) je dg d" cg) ees do 
20 
$) 


Just as in 82 we draw a sphere of radius m about M,. It then follows that 








la fu o € cos Gan) is 
(Z—o) T21 730 
cos a ee cos (r29 N) 
RU 'do — fip — Ho). — do; 
(e) (9) T0 
EAE x = | cos (Ta N) _ Pi Fe t (17) 
"- p i | 7h 730 
£08 (r cos ni 





Je (o) 


Since |u — uo | < 2A, we find by ms use of inequality (38) of I, 
$6 and the considerations of $2 that the last integral in (17) is smaller in 
absolute value than cA(28)^ where c is a constant. In case (a) the next to 
the last integral in (17) is less than cA(38)*, since (o)—as noted in §2—is 
contained in the subregion (c,) of (S) lying inside the sphere of radius 38 
with origin M,. 

In case (b) we estimate this integral directly. On (ø) 

|i — fol < O(26) 


and cos (r2, N) is less than one in absolute value. If in the triangle M;M,M; 
we denote the angles at the corners M, and Mi, respectively by « and £, 
then we find that 

Inc. cea ry = 68 > dsina > ósino > ET , 


“6 ‘sin B ’ nf 
for « is the angle between the normal to (S) at the point M, and a line 
passing through Mo which cuts (S) twice inside the LYAPUNOV sphere. 
From this follows the inequality 


fiu — m) e E dar ? fac 


(c) Hs 





i. id (18) 
< af [odedy -3220020 


from which one concludes that as 8 — 0 the integral under consideration 
becomes arbitrarily small. 
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If u is H-continuous, then the absolute value of the integral can be 
estimated by a quantity of the form a4ô^. Hence, in case (a) and in the 
case of the corollary the last two integrals in (17) can be estimated in 
absolute value by the quantity a4 8’; in case (b) this sum becomes arbitrarily 
small as 8 +0. 

We now consider the first term of (17). We have: 








cos (T21 N) |, cos (T29 N) — 791008 (T23 N) 729908 (Too N) 
T 730 Th T$o 
__ 721.008 (r N) — 199608 (T29 N) 1 1 
21 COS (121 ym 202) 1 , C COS (Toy N) ls utm 
T5 T», 39 
Ô cos (To, N) Al 
XE TES + To COS (739 N) rà rj. (19) 


Indeed, the vector from M , to M; is in all cases equal to the sum of the 
vectors from M, to M, and from M, to M;; hence 


79, COS (r4, N) = Tog COS (Tag N) + ô eos (rg N). 
We discuss the cases (a) and (b) separately. 
Denoting the normal to (S) at Mo by No, we have in case (a): 
COS (To, N) = cos (79; No) + (cos (ry N) — eos (r34.N,)]; 
but 
|a .N) — (To N9)| E (NN) 
and hence 
| cos (rg N) — eos (r4.N9)] < (NoN) < Er. 
Moreover, from inequality (17) of I, 81 
[eos (7, Ny)| < Eri = E ôt 
and hence 
6 [eos (Ta N)| < Eôt+? + Hdr4,. 

In estimating the integral corresponding to the last term on the right-hand 
side of (19), on the basis on inequality (9) we may proceed as follows: 
ô cos (roy N) | 
EE do: 


| fiu — Ho) 


(2-0) | 
Qa d 


MOM Je inn zi fesses 


- oA [s -— -E da) sani - shoal. 
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We now consider the case (b). Since O(R) is a nondecreasing function, 
we may write, using inequality (12) of J, $1: 


|u — uo] € O(r«) < 0(20). 


Introducing cylindrical coordinates, we find that 


2x d 
je — ftp) $5980. a | i 238 2| [589 odouy 
U ó 











ny, o? 
(Z—«) 
d 
= 9428 [A do, 
0 
Ó 
We have here replaced r,, by jo and ro by o. 
As ô goes to zero, we find: 
0 (20 
: ede _ 628) 
j * 2 
lim ô | 90 TSE E i cn i OT) esi: 
>o y g ò> 0 A j—0 d é+0 
[j C 


In the case of the corollary the integral in question is less in absolute 
value than "e jd i 1 
2.4254 [ 20 de =a Aò fg re « aAÓ., 
j 


Hence, in case (a) and in the case of the corollary the integral in question 
can be estimated by the quantity 249^; in case (b) the absolute value of 
the integral becomes arbitrarily small as 6 — 0. We now turn to the last 
term on the right-hand side of (19); inequality (9) yields 


— Io nal 721 — T20| (r3o + 720721 + 751) 


2 2 
731730 my T20 








Í 1 1 
TE 
20 r3 730 





3 9 
8 (ri 2 rio + ro] aô 
1 \3 13 ' 
(s | T$ 730 ? 


On the basis of inequality (17) of I, $1, 


< 





[eos (Ta9.N)| < Er. 


Hence, in each case 
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j (1 
| | (4t — Ho) T20 COS (T29 IN) | 3 E dc 


K T31 
(2-6) 





2a d 


«nani Td? — OG ARS. ef Tue « cA. 


In summary, we have Po that the integral I, can in case (a) and 
in the case of the corollary be estimated by the quantity 249^, while it 
becomes arbitrarily small in absolute value as 6 — 0 in case (b). Theorem 1 
and the corollary are herewith proved; Theorem 2 has now been proved 
for the case in which M, lies on the normal to (S) at the point Mo. By 
hypothesis, is continuous on (S). Since (S) is a closed and bounded set, 
u is uniformly continuous on (S). It is therefore possible to find a function 
O(R) which is increasing (0(R) — 0 for R — 0) such that inequality (14) 
is satisfied independent of the location of the point My on (S). Collecting 
all the inequalities found for case (b) and, in order to have a specific case 
at hand, considering the case in which M, lies in (Dj), we find: 

1 


W,—W,—224 «2464 LA + cO(26) + gòf” 2 do = y (ô): 
ó 
V(8) is here a continuous function which has limit zero as 6 — 0. If the 
coefficient a is chosen sufficiently large, as we shall assume, (8) is an 
increasing function. 

Now suppose that the point M, lies in (Dj) and that its distance from 
Mo is ô. The distance 5, of the point M, from (S) is then no greater than ô. 
If M; is the point on (S) nearest M,, then the distance between M, and Mo 
is less than 28; taking account of the fact that M, lies on the normal to (S) 
at the point M;, we obtain: 





|W W,- 2% pUo| X |, — W,— 2 zt us] tm.— W,| T2n|u— Lo | 


< y(6) +aA6*-+ 270(26) € v(6) + add? + 2z0(2 6) = plô) 
where œ (ô) — 0 for 8 — 0. Theorem 2 is herewith proved. 

From Theorem 2 it follows that the potential of a double layer W with 
continuous density is uniformly continuous in (D;) and (D,) and is a harmonic 
function in the interior of (Dj) and in the interior of (D,). 

To prove this, in the closed region composed of (Dj) and the boundary 
(S) we consider a function which is equal to W in (Dj) and is equal to W; 
on (S). It is clear that W is continuous at every interior point of (Dj) even 
when the density » is not continuous. Moreover, from Theorems | and 2 
the function in question is continuous at every point of (S). This function 
is therefore continuous at every point of the finite closed region and is 
hence uniformly continuous. From this it follows that W is uniformly 
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continuous in (Dj). The behavior of the first derivatives of W as the point 
My moves outward ensures that W is uniformly continuous outside every 
sphere containing the surface (S) in its interior. For the finite subregion of 
(D,) inside the sphere the uniform continuity can be proved just as for 
(Dj). Hence, W is uniformly continuous in (D,). Since W satisfies the 
LAPLACE equation and together with its derivatives goes to zero as the point 
Mi goes to infinity, W is harmonic in the interior of (Dj) and in the interior 
of (D,). 

Addendum. We note that Theorem 2 can be proved for any arbitrary 
point Mọ lying in the interior of a subregion of (S) at which the function 
p. is continuous. Therefore, we have the 


Theorem. Suppose that the density p of the potential of the double layer 
is integrable (though possibly unbounded). If in a certain subregion of (S) u is 
continuous and if M is an interior point of this subregion, then formulas (| 1) 
hold. 


We likewise have the theorem: 7f p is integrable on (S) and is bounded in 


a neighborhood of the point Mo, then W is continuous at Mọ. 


Theorem 3. Zf u is H-continuous, then the potential of the double layer is 
H-continuous in (Dj) and in (D,). 


Proof. To have a specific case in mind, we consider the case of the region 
(Dj) and denote by W,(M) the limit of W at the point M of (S). 
By hypothesis, 
I| <4, |a Mol « Artio, 


and hence O(R) = AR’. We therefore find that for simplicity we may 
restrict ourselves to the case A < 1: 


d 
À d 
y) = a4à + bA + cO) + go [09 do < GAP (^s 5). 
é 
and similarly (8) < c;A9*. 
On the basis of the previous results we have therefore: 
| W(M,) —W(M)| < A0, , 


in the case that the distance between the point M, of the region (D,) and 
the point M of the surface (S) is less than or equal to 2,. 

Let 8 be the distance between the two points M, and M, belonging to 
(Dj. We wish to show that there exists a constant c > 0 such that 


|W (24) -W(M,)| < cA. 


For this it is necessary to consider several possibilities for the positions 
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of M, and M,. If 8= E then since | W | < aA: 
2a [dM dy a 
i) (4) 74) Seam 
B 


It is therefore sufficient to treat the case in which 8 < " 








We denote by 5, and 6, the distances of the points M, and M, from 
the surface (S), whereby we shall always assume that 9,  8,. If now 


8 < I and 8,2 : then the points M, and M, and the line joining them 
lie in a region all points of which are at least a distance A from (S). The 


absolute values of the first derivatives of W are clearly in this region bounded 
by a number of the form cA; hence, the absolute value of the difference 
W(M,) — W(M,) is less than a number of the form 3cAé. 


: . ; d d 
It remains to treat the case in which ô; <5 and 8 Lr Here, two 


additional cases are to be distinguished: 
1. 8, < 28. If M is the point of (S) nearest M,, then | M,M | = 8, and 
|M,M|<|M,M,|+ | M;,M| 8 + 8, < 38. Hence, it follows that 


(WO, — W(M;)| < Wt — W,Un| + |W; (M) — WOtg) 
< ca A (2 8) |+ 6g (3 Ô} = oA Ò+. 


2. ô = 28. We denote by (2) the subregion of (S) lying inside the 
LYAPUNOV sphere about the point Mo of (S) which is nearest M, and by 
(c) the subregion of (2) contained in the interior of the sphere of radius 28 
about Mg. With M, as integration variable we then obtain: 


N ^ na N 
W(Mj) — W(M) = fu esa doy— fu- cos (ras Na) g 





755 
(S) (S) 

N ose Em 
= fiu — uo 0879 dos [qu — Bo) — 4 dog 
(sz) E (Sz) 

N. COS (754 N3) 
+f T A 
"n 13 23 
+ fiu — cos n Na) do, - fiu — m) PE 

13 23 


(a) (e) 
where uo denotes the value of x at the point Mo. 
Considering the fact that r,4 = 28 and r,, = 28, we estimate the absolute 
values of the integrals over (c) by numbers of the following form: 
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10do 402A (20y*^ — 4m 2:15 a À 
424A fe a ge ee im 21i 9 aAd*. 


The distances of the points M, and M, from (S — 2) are not less than 4 


Hence, the absolute value of the difference of the integrals over (S — 2) 
is no greater than a number of the form cAé6. It remains only to estimate 
the integral over (Z — o). 

We have: 


COS (T33 N3) cos (Tos N3) 





< | Tig COS (T13 N3) — Tog COS (Tog Na) 
2 2 x = 
Ti3 T23 | | ris 


| f» = 4 M 
+ (eos (ras Na) [29 — | < a ô | cos (7,3 N3)] 














l ô 1 1 
imc P age a Ed 


Ths 73 ~ Tis Tis Tig 723 Tig Ts 
Since the point M, on (Z — o) lies outside the sphere of radius 28 about 
; : ; 1 
Mi, it follows from inequality (9) that r3, > jns moreover, obviously 
3 a and hence the difference in question is in absolute value no greater 
than —, . From this we obtain the following estimate for the absolute value 


of the integral over (2 — a): 


-1—dÀi! ^ 64m 


d 
aede — oa a 
8A sie oo = 8A .80 74 8 Maium o 


Hence, in the case 83, = 28 the absolute value of the difference 
W (M4) — W(M,) is no greater than a number of the form cA8'; the 
theorem is herewith proved. It should be noted that in the case A= 1 
instead of estimates of the form cA8^ one obtains quantities of the form 
c'A8" where A’ is an arbitrary number in the interval 0 < A’ < 1. 


64. On the Normal Derivative of the Potential of the Simple Layer 


In 81 it was proved that the potential of the simple layer possesses 
continuous derivatives with respect to the coordinates x, y, and z of the 
point M(x,y,z) lying in the interior of either (D;) or (De). At a point Mo 
of the surface (S) we construct the normal No and compute the derivatives 
mentioned at a point M, of this normal (Fig. 20): 
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oV = [nudo = [, 559 dao,...; 
(3) (s) i: 
X,, Yı and z, here denote the coordinates of the point M}. 
We form the combination 





dV" oV av 
cae T xz cos (Nox) +4 F Z cos (Noy) + 32 cos (Noz) 

= COS (T21 T) cos Ma + cos (rg; y) cos (Noy) + cos (Taz) cos (No2) P 

LET > 


(S) 
this leads to the formula 


QE (20) 
(S) 
Assuming the continuity of u, we now wish to show that (20) possesses 
a limit as M, approaches M, with M, remaining either in (Dj) or in (D,). 
These two limits will in general differ; we denote them by 
dV, dV, 
dn and dn ` 
It must be shown that the integral (20) converges when we replace the 
point M, by the point M, on (S). One hereby obtains a certain function 
of the point M, of the surface which we call the normal derivative of V 
and denote by 





dV "LET cos( -e05 (Tao Yo). p^ do (21) 
(8) 





Fig. 20 


. dV -€ 
Having introduced the function "m one can prove the equalities 
n 


dV, a. dV, dV 
da "oda TETK Gy an 7 27h 








where ug denotes the value of p at the point Mo. 
These equations will be derived in $6. They yield the relations 
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We shall now prove that the integral (21) converges if the density p is 
bounded and integrable. Just as in $1 (Fig. 17) we consider two circular 
cylinders with radii o, and e; (o; < e,) and with axis No, and we denote 
by (c,) and (c,) the subregions of (S) cut out by these cylinders. To prove 
the convergence of the integral (21) it is sufficient to show that the integral 

lu D do 
(e1— a2) 


becomes arbitrarily small as o, — 0. 
From inequality (17) of I, 81 we have: 
| cos (ra4N,) | < Er} 


Using cylindrical coordinates we therefore obtain: 
2x ei 


fis D gg < zal h do < EA. us 


(01-04) (o,- "a 


= S24 





(ei — oj) << a Ae]. 
This completes the proof of the theorem. 
From the last inequality it foliows that 


cos (Tao No) 
ESTE 


P å 
aAo 
T20 el 2i 


(22) 





(e1) 


where a is a constant depending only on the surface (S). 
Remark. From the preceding considerations one may conclude that 


£08 (T20 No) dol <aA, 


730 








(8) 
where A is an upper bound for |p|. If the sequence (u,) converges 
uniformly with increasing n to the limit function » on (S), then it follows 
just as in I, 86 that 


lim l^ cos ar ee do = ] 4 CoNo gg. 
nm Y. T20 
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65. The Continuity of the Normal Derivative of the Potential of the 
Simple Layer 


Theorem. 7f the density p of the potential of the simple layer is bounded 
and integrable, then the PUE derivative 


ij^ cos RE No) do 


(S) 
is an H-continuous function of the point Mq of the surface (S). 


Proof. Let ô be the distance | M, M, |. We wish to determine the difference 
of the values of the integral (21) at the points M, and Mo, 


fu cos mr do — - [0-95 cos £08 (Tog No). do (23) 


2 
(S) (S) is 
where N, denotes the normal to (S) at the point M,. For this purpose, we 
introduce the LYAPUNOV sphere about My, and write the difference (23) 
in the form 


fu- COS (Ta Ny) do. - fa C08 (T20 No) do 


Th To 
(S-Zz) (8-z) 04) 
+ fuu ao - f» cos (fzo No) gg 
T21 T20 
(2) (2) 


To estimate the first difference in (24) we consider the potential of the 
simple layer 1 
fu 


d d ; 2 
If ro = < y then r;, > 53 the potential V then possesses continuous 


derivatives of arbitrary order at the point M,, and the absolute values of 
the potential and its first and second derivatives can be estimated by a 
quantity of the form aA. The difference of the first two integrals in (24) 
can be written in the following manner: 


Gum), (BE ome] = (SE ma 


= eos (Nox) iv A T B (52 1] 


+ ( a m {cos (N, x) — eos (Nos) + +: 


On the basis of the remark about the estimates of the derivatives of V, it . 
follows easily that the quantity in the square brackets is less in absolute 
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value than a number of the form a48. The quantity in braces can be 
estimated in the following manner: 


sin Mim d 07) |, 


|eos (Nya) — cos (Nox) | = 2 sin 2) 0 











< |(Nyx) — (Nox)| € (N, No) < Erh = BS. 


Hence, the difference of the first two integrals in (24) is less in absolute 
value than a number of the form 


3a As + 3BaAE9 — Aó^(3aó01-^ + 3a E) b AO. 


It remains to estimate the difference of the two last terms of (24). To 
this end we consider the subregion (e) of (S) contained in the interior of 
the sphere of radius 28 about Mg. The difference in question can then be 
written as follows: 

l u [m S sooo) | da 


LESI T30 
(E-o) 


f» £08 (ra Ny) go m fu £08 (F20 No), do. 
(o) 


2 
Toy T20 
(o) 


From this it follows that 


fu cos (ri Ni) go - fu 228 (ao Yo) do| 











ri D! 
(Z) zi (2) z 
< fu | cos Cath) E cos Cpo No) | do (25) 
(Z-o) 2 a 
N N 
T" [4 9892 ac Ft Lr ma 
21 20 








(o) | (e) 


According to inequality (22), the last term in (25) is less than aA(28)*. 
Considering the sphere of radius 38 about M,, we can conclude that the 
next to the last term of (25) is less than aA4(38). The sum of the last two 
terms of (25) is hence less than cad’, where c is a constant depending only 
on the surface (S). We come now to the estimation of the first term on the 
right-hand side of (25). 





We have: 
cos (To, N3) ^ _cos (fao No) 
Th T30 (26) 
Ny) — cos (Too N 1 1 
— £08 (Ta Ny) z (Tao £o). + cos (To No) b ur al 
21 21 20 


We shall first of all consider the second summand of (26). For the sake of 
simplicity, we assume that A < 1. Since outside (c) 
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lr < Ta < $126 
it follows that 





1 1 ! Tog — To, | - (7. T 
| cos (rog No) la = x < Eri 49 ail: (T20 + 723) 





2 731130 
ô. 2 Too i 
a a : 
« Eri s =b 
(z) ? 


With the help of cylindrical coordinates we obtain: 


2x d 
d 
fu COS (T2 No) Ea a a} < 2 Ab fao [55 
TM T31 T20 | "TN e 


= Aer = 3] < Ant AB, 
We now turn to the first summand of (26). We have: 
cos (r4, N,) — COS (rog No) (27) 
= [cos (T4 N1) — cos (rg Nq)] + [eos (ra No) — eos (roy N)]. 

Clearly, for the first difference on the right-hand side of (27) 

| cos (T N1) — eos (Ta No) | < | (ra N1) — (Ta No) | € (N1 No) < BO. 
This leads to the following estimate for the corresponding integral: 

Qa d 


poe cm (28) 





cos (To Ny) — cos (Tol No) do 
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Te T31 
wo 

d 


< 16x BA 64 |< = 16x EA In 5. uda. 
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We now consider the last difference in (27). If z, is the z coordinate of 
the point M, in an (x,y,z) coordinate system with origin Me and z axis 
No, then 





fant p(k. L) 


= AT cm TENET 
008 (ra No) €05 (fao No) 721 Tao T21 T20 Tey 
for the first summand on the right-hand side we have the estimate: 


i 1 1 | 114 2 1 2aó. 
A M d < 29aó -< 15 
[E] | Ta T20 S 20 TooTa fa^ p? 











for the second summand we have: 


a9 — 2aditt 


2i 














1 
T21 z T20 


For the integral we then obtain the following estimate: 
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| COS (To, No) — cos (Tao No) 
| jc eo E 2070 dg 
21 








(2-0) 
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Collecting all the results, one sees that the difference (23) is less in absolute 
value than a number of the form 


cA dé’. 
the assertion of the theorem is herewith established. If the density u is 


H-continuous then the result obtained can be sharpened; in this case the 
difference (23) is less than a number of the form cA9*. 


86. A Theorem on the Normal Derivative of the Potential of the 
Simple Layer 


We assume that the point M, lies inside (Dj) or inside (D,) on the normal 
to (S) at the point M, at a distance 5 from Mo. 


Theorem. /f the density of the potential of the simple layer is continuous 
on (S) and if the point M, tends to Mo, then 


. [dV dV, dV 

lim (75. Jar = du ay d 4nd 
or 

. (dV dV, dV 

him (27) Coda eee OE 


according to whether M, approaches Mo from the interior of (Dj) or the 
interior of (Dj); ug is here the value of u at the point Mg. 
Corollary. Jf u is H-continuous on (S), ie., if 


|u — fol < Ar}, 
then, depending on which is the case in question, 


dV dV ? 
Vs an — 22)| <add 


dV ; 
as dm dn t 2 zp) < «AÓ*. 


Proof. We consider the difference 


dV cos a No) cos (rao o) 
HALE dn = fu du fu T30 mes 
(3) (S) 
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We have that 
fu £08 (Fay No) 6 fu £08 (Ta No) a 








r2 : r2 
(8) zi (S) ot 
e N N 
si fe Ca Ee a) (29) 
21 20 
(8) (3) 
No) — N = 
g ( fu Roue EE dc - fu cos Coo COS (T29 IN) a) i 
(8) (S) oi 


The first difference on the right-hand side of (29) has already been studied 
in 83 as the difference of two values of the potential of a double layer. 
Under the assumption of the continuity of u we found that this difference 
has the limit 2749 or — 2zp according to whether the point M, remains 
in the interior of (D,) or in the interior of (D,); if u is H-continuous then 
this difference approximates its limit up to a quantity which is less in 
absolute value than a48*. 

To complete the proof of the theorem it suffices to show that the second 
difference on the right-hand side of (29) becomes arbitrarily small as 8 > 0. 
We assume only that u is bounded and prove that this difference is less in 
absolute value than a number of the form aAé’. 

We consider the LYAPUNOV sphere about Mo; let (2) be the subregion 
of (S) lying inside this sphere. The difference in question is then equal to 





5 L. 
T31 750 


( u £08 (ra No) — cos (ra Na) 45 f 2,98 (T20 No) — cos (roo Na) 3 
(Sz) 


($=) 
+ u COS (Tay No) — cos (roi No) do -fu COS (rog Nọ) — cos (rog No) ža) cy) 
(2) 


31 T5o 








(z) 


If ô< s then the first difference in (30) is less in absolute value than 


a number of the form a48. Indeed, the function 





OS (Tp No) — cos (rj N 
u 1 


2) do 
(s+) 


is continuous in a neighborhood of the point Mo and has there continuous 
and bounded derivatives. It therefore remains to examine the second 
difference in (30). 

For this purpose we consider the sphere of radius 28 about Mo and 
denote by (e) the subregion of (S) lying inside this sphere. The difference 
can then be written in the following manner: 
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cos (ra, No) — cos (Ta, Na) |. C08 (T29 No) — cos (T29 No) | dio 
A | ] T 730 
(r- 0) " i " i (3 1) 
. cos (rjj Ng) — cos (T21 No) -f COS (T20 o) — €08 (roo Ns Të. 
+fu Th 20 P To 
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Just as in the preceding section, 
[cos (734 No) — cos (Ta Na) | € (No Na) < Eri, 
[cos (T20 No) — COS (T20 N3)| < (No N2) < Erh (32) 
[cos (79, No) — cos (ro: Na)! € (No No) < Er}. 


On the basis of inequality (12) of I, 81, fz29 < 2e where o is the projection 
of rz9 onto the tangent plane at the point Mg. Each of the three absolute 
values in (32) is therefore less than 2^Eo. Since o is likewise the projection 
of ra, onto the tangent plane, we have rọ = o and r;, > o; hence, each of 
the last two integrals in (31) is less in absolute value than 


2a 26 


29 
AE -2{ [ao = an mE Alay 
0 0 0 


= 42 4E sy 


o? À 
It remains now to estimate the first integral of (31). Making use of the 
transformation used in $3, we find for the point M, located anywhere 
at a distance 8 from M, that 
T= cos (ro No) — cos (r1 No) .., £08 (rog No) — cos (rog N3) 


2 2 
T21 T20 











— 12,008 (Ta N 0) — T21 COS (T21 Na) — Tag COS (rag No) — T20 COS (T20 Nə) 
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+ [rao C08 (T20 No) — 129 COS (ras No)] | ir =| 
21 20 


— 701 808 (Tor No) — 791 cos (To, No) 
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the vector from M, to M, is equal to the sum of the vectors from M, to Mo 
and from Mj, to M3. 
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If we consider the second and third of inequalities (32) and recall that 
on (Z — o) the inequality r;, > A holds, then we obtain: 


6 Er) 14 Erå ô ô ô 
T| Z 20. El 20 =¢ < c->. 
e (5 r20)? 730 ro ^ es 


For the first integral in (31) we then have the estimate: 














[urdo| 


(2-0) 
The inequalities sien Ee the proof of the theorem. 
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87. On the Derivatives of the Potential of the Simple Layer 


We first give an example of a potential of a simple layer with continuous 
density which possesses unbounded derivatives. 

Let the circle of radius R < 1 about the origin in the (x,y) plane be a 
subregion of a closed LYAPUNOV surface (S). We then consider the potential 
of a simple layer with density u on the surface (S). The behavior of this 
potential in a sufficiently small neighborhood of the origin depends then 
on the behavior of the integral 


p (5,9) 
— déd 
| pa Á 


E+ S 
in the same neighborhood, since the integral over the remaining part of (S) 
possesses continuous derivatives of arbitrary order in a neighborhood of 
the origin. 
Inside the circle mentioned we put 


B(5, m) = 











fes aree gl 
p. (E) is continuous and has limit zero as J/£? + q? — 0. 


Computing the derivative of the integral with respect to x at the point 
M, (0,0, 2, |z| » 0, we obtain: 
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The last integral increases as | z | decreases. We wish to show that it increases 
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without bound. Let 6 be an arbitrary number in the interval 0 — 8 < R; 
then 
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Hence, for sufficiently small |z] the integral becomes greater than 
|y, [In 


5 so that with the same value of | z | 
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Since ô was arbitrary, it follows that the integral on the left-hand side 
increases without bound. It is herewith shown that the derivative with 


respect to x of the potential of a simple layer with continuous density 
considered is unbounded. 


The following theorem is due to LYAPUNOV. 


Theorem (LvAPUNOY). If the density u of the potential of a simple layer is 
H-continuous on (S), then the derivatives 





oV m E —2 

ðr TÀ dc, 
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vf, ah 

5 cete, (33) 
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considered as functions of the point M, (xi,y,,z,) are H-continuous in the 
interior of (Dj) and in the interior of (D). 

The somewhat complicated proof of this theorem can be found in Appendix 
I. Assuming the theorem true, we wish here to draw certain conclusions. 

From the first theorem of I, 82 and the continuity considerations which 
follow it we conclude that the derivatives (33) possess definite limits as the 
point M, approaches a point of M, of (S) and that these limits themselves 
constitute an H-continuous function of the point My. We denote the limits 
by 
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where the indices i and e indicate the region in which the point M, lies. 
The derivatives have jumps as the point M, passes through the surface 
(S). The theorem in I, 83 enables us to determine the values of these jumps. 
Indeed, if ME and da 
ox 
is defined in (D,) and the other in (D,) and if these functions coincide on 
(S), then from the theorem mentioned it follows that 


are the derivatives of two functions one of which 














V, V, ; 
Pd — oe = cos (No x) (2 — T = 4t ugcos (Nox) . 
We have similarly that 
av, av 
dy — ay. == 4 7 ug cos (Noy) 3 
av, aV, 
a a 4 zt ug cos (No2). 


$8. The Derivatives of the Potential of a Simple Layer with 
Differentiable Density 


We assume that » considered as a function of the point M,(&,,¢) 
of (S) admits the quantities 


Dep, D,p, Diu . 


We suppose moreover that the surface (S) has continuous curvature, 1.e., 
the quantities 


Di cos( Naw), D, cos(N,y), D, cos(N,z) 


are defined and continuous. 
We consider the integral f do 


where (Z) is a certain subregion of (S) bounded by the curve (/). 


If the point M(x,y,z) does not lie on (2), then 
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5 d (34) 
= - fu Di dc + fu cos (N, x) £22 Cm 2 gg, 
T20 T20 
() (x) 
indeed, 
1 a" a 2 COS (Too N2) 
domm umo AU Ll. — 20 ... 20. -ZV ONZ |. 
De E JÉ cos (N, x) ia. àt + cos (Nx) E 


We do not change the form of the last integral in (34) further. The inte- 
grands of the first integral, on the other hand, we write in the form 


BAL = DUE) Duas 
We now have 


eos ( 


a £08 (Too Ng) joe = (+ 
Ss = nest) aig a a 7- de. (35) 


T, 


We make an additional transformation of the last integral. For brevity 
we introduce the following notation: 


nu -f620-f 


T20 
cos (Nax) — «a, cos (Nay) = f, cos (N,z) = y. 
Considering that 
a? + p+ y= 1 
and hence that 
$ Di (0? + B* y?) 2 a Dio + BDif + y Diy — 0, 
we obtain 


Dif = De[x(«f) + BIBS) + y(yf)] = aDi(fo) + BDe(ff) + y Di(fy). 


In order to apply STOKES’ formula, we put 


p—0, v—fy, x=—SB. 
We then have i valy x JP 


xDe(fa) + BDe(fB) + y De(fy) = «(D4x — Dey] + BUDE 9 — Dix] 
t y(Dey — Drp] + a (Di(of) + D,GF) + Di(yf)). 


Applying STOKES’ formula, one obtains 
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T20 
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+ fa Deaf + Dib) + Dido. ©? 


(z) 


We introduce the following notation 


K= Deo + D, + Dey 
It was pointed out in I, §3 that K is equal to the mean curvature of the 
surface. 
From I, §3 it follows that for any arbitrary function f 

a Dif + BD,f y D; f — 0 
The sum inside the braces of the last integral of (36) therefore assumes the 
following form: 

Dz (xf) + Dalh) + De(yf) — (a Def + BD, f+ y Def) 


+ f(Dea + DB Di) =fK = $K. 
Combining (35), (36), and (37), we obtain: 


V 1 
pd = [Dep — uK cos (N2)] 22 + fucos (Nz) Sos ra) do 
T 729 a T20 


(37) 


cos (Ny) do — cos (N z) d 1j G8) 


T20 





+ fu 
q) 


res eV ð ; i ; 
The derivatives am and x are obtained by cyclic permutation of the 
a 


letters x, y, z and £, 7, ¢. If the surface is closed then the last term in (38) 
does not appear. 


§9. The Normal Derivative of the Potential of a Double Layer 


In order that the normal derivative of the potential of a double layer 
should exist, the density » of this layer must satisfy more stringent con- 
ditions than any we have met so far. 

The following example, which goes back to LYAPUNOV, shows that the 
H-continuity of the density is not sufficient for the existence of a derivative. 
Let (Z) be a planar subregion of (S); to be specific, suppose (Z) is a disk 
with radius d with the point Mo as origin. We put 


B Ko (K>0) 


on (Z), where o is the distance of a point of the subregion (Z) from Mj. 
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If M, and M, are two points of (2) a distance r apart, then 


lum, — Hm, |= Kloey— al € Kr. 


The function p is therefore H-continuous on (Z) with exponent A equal 
to one. 


We have: w= fu E ao + fu See dias 
(£) (S-22) 





Since the second term possesses derivatives of arbitrary order in a neighbor- 
hood of the point Mo, we concern ourselves only with the first integral. 

We choose the normal to (£) at the point My as negative z axis. For a 
point M,(0, 0, z) on the normal to (Z) at the point Mo 


2 = £2 saa Saat cos (r N) = 


; cos (rN r odo — 
W, = pa n er" 


and| 





(£) 


-enxe fitt ua ^ nKz las of at)” 


d 
oe eee ene e|- 2a Kz 


The first and third terms of W, possess derivatives with respect to z which 
have finite limits as z — 0; the derivative of the second summand is equal to 
—2nzxKiln|z|—2zK 
and increases without bound as z tends to zero. 
We shall subsequently make no use of normal derivatives of the potential 
of a double layer. We present here two theorems without proof; they are 


due to LYAPUNOV, but we have formulated them somewhat more generally; 
the proof of these theorems may be found in Appendix II. 


Theorem 1. Let one of the following two conditions be satisfied: 
l. u is continuous on (S) and (N,N;) < Er;, (N, and N, are the normals 
to (S) at the points M, and M, a distance rj, apart), or 


2. jum, — pan) < Era; (NiNa) < Erh, (0< 4 <1). 
If then the potential of a double layer 
1" cos (rog N) 
W = [^ = ede 


(S) 
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possesses one of the derivatives 





aw, dW, 
dn" dn’ 
it also possesses the other, and moreover 
dW,  dW, 
dn dn 


We take the point M, of the surface as origin of a system of cylindrical 
coordinates in which the z axis coincides with the normal at M,. Let (2) 
be the subregion of (S) contained in the interior of the LYAPUNOV sphere 
about Mo. As we know, (X) is cut at most once by any line parallel to the 
z axis. Let now a function u (M) be given on (Z) where M is a point of (2). 
We put 


ule g) = u(M) 


(e, p are the first two coordinates of M), and we denote the value of u at 
Mo by po. The inequality 


2x 


fiule, p) — uldoj <agtt” (a@>0,¥>0) 
0 





is called a LYAPUNOV condition. 


Theorem 2. If one of the two conditions of Theorem 1 and also a LYAPUNOV 
condition are satisfied, then the potential of the double layer possesses normal 
derivatives. 


810. The Derivatives of the Potential of a Double Layer with 
Differentiable Density 


Let (Z) be a subregion of a surface (S)satisfying the LYAPUNOV conditions, 
and let (/) be its boundary curve. We consider the integral 


W= fu n do. 
(2) 
The density » is assumed to be differentiable on (5); this ensures existence of 
the quantities 





Diu, Dyp, Dep. 
If the point Mo(x,y,z) does not lie on (2), then 











gees iK a 
wafat st cos (Na) + ?- cos (Ny) + ° cos(Nz)( d 


(£) 
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from this it follows that 











= 
Ox oz | cr 
(2) 
(39) 
gt a at 
=/u JEF cos (N z) + pr eos (Ny) + 555 cos (N z)[ da. 


For convenience of notation we introduce the symbols 
1 
Lc-jG 7); č) =f; 
20 
cos (Nx) =a. cos (N y) = D, cos (Nz) — y. 


Spo, ay Pf 
ae Ug ac a 


From the definition of D,, D, and D, the equations 


We have: 





of = pd, 2f — apd, $f 


BE; is aa? 7 "an 
f ËL = of — of 
Y3rap "B = YP ae T aDsar 


hold for any function f. The quantity inside the braces in the last integral of 
equation (39) T therefore be written in the following manner: 


a ŽS Of 
azir +B SET VY See 


af af 4 p, af 
= [Peg + 1 Diae] e Pes + Post] 


The integrand in (39) differs from this expression by a factor u. Making use of 
the equation 


Of — of of 
wD: 50 = Diu 7) ar Dee 


and the analogous relations, we may write the integrands in question in the 
following form: 


ppt) -atejo a] eo 


u 
+y [Dior] Do) + $5, (« Dyu — P Deu) + + SEG Dii — y Di iM). 
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Using Stokes’ formula, the integral over (2’) of the expression in the braces 
may be transformed into an integral over the boundary curve (/); one obtains: 








Since 
1 1 
ð — Ó-— 
Of _ Tw — — fm 
ôn 09 oy 
we find that 





ð 
SL (aDyu — PD: p) do = o. 


(2) (2) 


Sa ae ies a ck LL, 
Oy . 


T20 
One obtains an analogous expression for the integral of 


ð 
SL (aDeu — Diu). 


As a result of integrating (40) over (Z), we therefore obtain: 
aw a cos (N y) Dr y — cos (N z) Du d 
M ash acu upload a m 





xz — oy T20 
(Z) 
ð [ cos(N z) De u —cos(Nz) De u 
(2) n (41) 








aL mobs 
To9 T. 
tfal at dn — an a] 
d) 


The formulas for oe and ae are found by cyclic permutation of x, y, z and 
z 








E n, $. 
If (S) is a closed surface, then the line integral does not appear, i.e., we then 
have: OW. a [ee D,u 
Ox D oy N i g | T20 do 
z 42 
ð f cos(Nz) De u — cos (N 2) De u (42) 
t öz -do 
T20 
(S) 


We assume that the functions D,u, D,u, and D; are H-continuous on (S). 
Then cos(Ny)D,& — cos (Nx) Du is likewise H-continuous; hence, the 


76 II. Potential Theory 


potential of the simple layer with this density has /7-continuous derivatives in 
(Dj) and (D,). From (42) it follows therefore that the derivatives ofthe potential 
of a double layer with density » for which D,u, D,u, and D;u are H-continuous 
functions have H-continuous first derivatives in (D;) and in (Dj). Making use of 


the facts that 


ð 
2 (a Du — P Dip) + ~ of (a Diu — y Di y) 











ð ð 
ud uns ia [2 je + est 
and 
Of | y Of ms: COS (rag N) 
ax t E tar a 


we obtain in place of nm oy 








aw a f cos(N x) Degu à fcos(N2)D,p 
ðr —— Oz] . fes gus Oy, Taq ao 
(S) (S) 
a (eos(Nx) Dy u cos (rog N) 
2 | Ten do + [Dep Ai oe 


(S) (S) 
Recalling the formulas of §7, we find: 


oW; |— _ OW, 
Ox Ox 





= — 42 cos? (Nx) D, u — Az cos(N x) cos (Ny) 


— 4 x cos (Ng) cos (Nz) D,u + 4x D,u. 
Since 
cos (Na) D, p + cos (Ny) D, u + cos (N2) D, uw = 0 


we finally obtain: 





; W 
Doe Fa = 4xD,p à 
In a similar manner, we find that 


aw, aw, aw, aw 
ay "Auc —4zxDybi, — —^ = 4rD, 4. 








From the last three formulas it follows immediately that 


dW;  dW, 





iu Dep 


(43) 


Du 


da o = 4z [cos (Nz) D, y + cos(Ny) D, u + cos(Nz) D,u] = 0. 
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811. On the Convergence of Certain Integrals 


We wish to prove the convergence of the following integrals, which are 
related to the Newtonian potential to be introduced in the next section: 


fe, i Je dr with |u — moj < Ard. 


T20 
(D) (D) 





The integrals are extended over a finite region (D); r2 denotes the distance of 
the point Mo(x,y,z) from the point of integration M ;(£,», C). 

We describe two spheres of radii 8, and 6,(8, < 85) about the point M, and 
let (8) be the region bounded by these spheres. To establish the convergence of 
the integrals in question, it suffices to show that the absolute values of the 
corresponding integrals over (8) become arbitrarily small as ô, > 0. 

We introduce polar coordinates with the point Mo as pole: 


£ — z; — p sin O cos Q, 
7] — yo— n sin Osing, 





€ — Za = p cos O (0<O<2,0 <9 < 2n). 
We then find: 
= guisnóde doo (d Bog 228 
joa fit —4n1 z (9 1) (2705, 
d ff ‘ tsinOdgd@d 
A - g'sinGdedOdo _ E 7 
Ih Jj ff o? 4 z (0, ô) < 4z6,, (44) 





pos marcaj ffe sin deret EA d I et T A 64. 
(ô) J 


The convergence of the integrals is herewith established. Denoting the sphere 
about M, with radius 6, by (82), we have: 


s 2265, 
ue 
dt 3 
Te T (45) 


(ôt) 
| 4 — Mo} 2 
Jei < aA ô? ‘ 
20 
(dx) 
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812. On the Newtonian Potential 


Let (D) be a finite region and u an integrable function in this region. The 
integral 


Paes (46) 
di 


Too"? 


considered as a function of the point M(x,y,z) is called the Newtonian potential. 
It is clear that at any point lying outside (D) P possesses all derivatives with 
respect to x, y, and z. If R denotes the distance of the point M, from a certain 
fixed point of space, then with increasing R the function P goes to zero as the 
I ie e oP ôP oP "E 
first power of R Each of the derivatives ix ay’ and im go to zero with in- 
creasing R as the second power of R Moreover, at any point not belonging to 


either (D) or the boundary of (D) 


AP = |u: Az. dx =0, 
Too 
(D) 

i.e., Pis a harmonic function in any region which together with its boundary 
lies outside of (D). The first of inequalities (44) shows that if the density u is 
bounded and integrable the integral (46) converges. Indeed, making use of the 
notation of $11, we obtain: 

dt 
Lm 


< Afi" &224& 0 (ô, > 0). 
( d) ^ 








We wish to compute the value of P for the case in which the region (D) isa 
sphere and the density u is a constant; we put u = I. 

It is clear that in this case P depends only on the distance a of the point Mo 
from the center of the sphere and not on the direction of the line segment 
joining these two points. Making use of this fact, we choose the center of the 
sphere as origin of our coordinate system such that the z axis passes through 
the point Mo. 

We introduce the polar coordinates 


= p sin O cos g, 
n= esin Osing, 
C = gcos O. 
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NOS 


Fig.21 


In this coordinate system then O is the angle between OM, and OM, (Fig. 21); 
we obtain: 





Tao = Vo? + à? — 2a pocos Ó . (47) 
If R is the radius of the sphere, then 


2n aR 
Ps = f f [Emeen 
T20 Teo 
0 00 


We choose (0,r26,9) as integration variables. Since 








ð (0, T% P) ^ easinO 9(0.0,9) ^T — 
dle, O, p) Ta ^7 3 (Tw P)  gasin® 
We obtain: 
R ato2x 
pat] fedramae =" fonat a- la — e|1do. 
0 |a-el90 


If M, lies outside the sphere (D), then a a e and 


R 
2n 4n Ro 42k 1 
P= IT folla + o) — (a — o))do = i acto a M cc. Wars 
0 


If M, lies inside the sphere, ies pre ol a — eife «aand |a — e| 
= ọ — a if ọ >a. Hence, 


R 
iiw a+ 9— e- alde + fota + o = i= onae) 


ta oerte Jon] - EAM) 


a R?— | = 2n(R?— =): 


22a 
a 
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We have therefore that 





= nie for M, in (D,) and 
(48) 
P = 2 z R? — ^a, for Mg in (D,) " 


From the formulas (48) one easily sees that the potential and its first 
derivatives are continuous everywhere. As we shall see in the next section, the 
Newtonian potential of an arbitrary finite region possesses this property if the 
density » is bounded and integrable. 

We now wish to derive an approximation formula for the value of the 
Newtonian potential of an arbitrary finite region (D) with bounded density u 
at a point a great distance from (D). 


M, 


"al 


Fig. 22 


We choose the center of mass in (D) as origin of a polar coordinate system 
(Fig. 22). If the polar axis © = O passes through the point Mo, then 





Tæ = Vo? + R? — 2 RecosO, 


‘ ; ; L-. 
where R is the radius vector to the point Mọ. We now expand — in a power 
r20 


ers 
series in 


1 1 1 0 cos O 


E api - i uso +(- 








T20 


DO, 


One then obtains: 
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f=- gud: -+ p | recos Ode 


T20 
(D) F 


+ ay . y | me(cos20 + cos?O)dt 4 .-- 
(D) 
Since the origin of the coordinate system is the center of mass of ( D), we have: 


[uo cos 8 dx = [ut dx — 0. 
(D) (D) 





We therefore obtain: 
[fu As + ds . + [ne (0520 + cos? O) dz +- 
(D) (D) 
where M is the total mass in (D). 


813. On the First Derivatives of the Newtonian Potential 


Theorem. /f the density p of a Newtonian potential is bounded and integrable, 
then the potential possesses first derivatives with respect to x, y, and z; these 
derivatives are H-continuous in all of space. 


Proof. Let the point M, have coordinates (x + h,y,z), and let r;, be its 
distance from the integration point M;(£,,£). We wish to investigate the 


difference 
oes pdt fudr ws — 
s h Mi T21 Jm T20 (> (49) 


and show that it becomes UNE small in ER value as A — 0. If we 
have shown this, then it follows that 


. 1 udt pat é£—mz 
e i cup j^ an (50) 
(D) 


wherewith the existence of the derivative with respect to x and its value is 


established. 
If we construct the region (8) of §11 about the point Mo, then 


MES Xs ^ vu dao 


where A is an upper bound for | u |. This proves the convergence of the integral 
on the right-hand side of (50). 














82 II. Potential Theory 


We now consider the sphere of radius 2 | h | about the point Mg; we call this 
sphere (2h). The difference 7 may now be written in the following form: 


fa” end zl Dai em 
En F an Ter des T K 730 
1 f—2Z 
E o ur LI 


(D~ 2h) 





(51) 





The third integral in (51) is less than 47 A -2 | h | in absolute value. 
From the results of §11 it follows that 


dt 2x4 
= (2 = 8zA|À|. 
alee |n m (2 |^p*— 8zA|A| 


Thi 





To estimate the first integral of (51), we consider a sphere of radius 3 | A | 
about M,. The first sphere (2/) is contained in the interior of this sphere (3/). 
From this it follows that 


1f dt (dt dv A E | 
a oe s pfi” x uif eu 2 (3|hD? — 18.04 ‘Al. 


We now consider the last term in (51). With the help of TayLor’s formula 
we find: 











du ay a a] 


3 34 — 5 F 
Toi T29 T20 2 T T 


where r’ is the distance of a point M’ between My and M, with coordinates 
(x + Oh,y,z) (0 < © < 1) from the point M;(£,, de From this it follows that 


ci) tent 


T21 T20 





The distance from M' to Mo is less than | A |, while TH point M, lies outside the 
sphere (24). On the basis of inequality (9) therefore 


, 1 
r> 3 T20 » 


and hence 








If R is the radius of a sphere with center M, containing the region (D) in its 
interior, then 
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Boo ~ ae) Rd 


(D-2h) 








2a x R 


«A 82]|f f {= sme eed ee 


0 0 2[4| 





—128zA]|h|lIn ST 2aA|Ah|*. 


It is now established that the difference / becomes arbitrarily small in 
absolute value as | A | — 0, since the first three integrals in (51) go to zero as 
cA | ^ | and the last as cA | h |". We have thus proved the existence of the 
derivative; its value is given by formula (50). In the same manner one proves 
the existence of the derivatives with respect to y and z. 

It remains to establish the H-continuity of the derivatives. We prove the 


A 


ae eye OP : . 
H-continuity of the derivative P For this purpose, we denote the distance 


between Mo and M ,(x4,y,,z,) by 9 and consider the difference 
I= fur" He [are a dr. (52) 
(D) 


We consider the sphere (28) of radius 28 about the point M, and write the 
difference (52) in the form 
Zdr = + fe Pa 


I= 2 i-i 
-26) 


Making use of the sphere (38) of radius 38 about M,, we find as in the 
discussion of the difference (51) that 











ue (53) 




















«A-:4zn-.(20), 
: (26) 
ms ag, < flu goat <A-4n- (30). 
(23) | (38) 
We now investigate the last bid in (53). Since |é — x, | S rz, 


|x — x, | € 8, and moreover r;, > 20 in (D — 28), 
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$—m ET 
| m$ 720 
: E) 
mmm —— — — — -— az = — - 
à, —m) — (E a) + a — 
|2 pe p). OT P Ine Ait || 
20 cae zı) T2oT2 \rĒo Tofa — i 





ô ô 1 2 4 8ô 
r XT! 
< rào T20 \ To 730 To 


j<eaaf'f esteso 
0 0 


euh A! 
= 320 Adin « bAÓ 


from this it follows that 


$—, — IX 
jt ay 


(D-26) 











The difference (52) is therefore less in absolute value than a number of the 
form 


aAd+bAd (A <1), 


and hence less than a number of the form c48, as was to be shown. 
Supplement. One easily proves the following theorem: 


Let the density p be integrable (though possibly unbounded) in a certain finite 
region (D). If » is bounded in a certain subregion (w) of (D), then in every 
region (w,) which together with its boundary is contained in (w) the potential P 
is bounded and has there bounded and continuous first derivatives. 


Indeed, 


As a Newtonian potential with bounded density, the second integral on the 
right-hand side has bounded and continuous derivatives everywhere in space. 

The first integral on the right-hand side is bounded in the region (w,) and 
has continuous derivatives of every order there, since r;, for the point Mo of 
(w,) has a positive lower bound if M, lies in (D — w). 
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814. On the Existence of the Second Derivatives of the 
Newtonian Potential 


Simple continuity of the density alone is not sufficient for the existence of 
the second derivatives of the Newtonian potential. We demonstrate this with 
an example. 

Let (D) bea sphere ofradius R < 1 with center at the origin of the coordinate 
system. We put 


w=(F-1)/@), e= VPP +e, 


where f(o) is a continuous function on the interval 0 < 9 < R with f(0) = 
It is clear that u is continuous inside the sphere and is equal to zero at the 
center. The first derivatives of the Newtonian potential with such a density 
were shown in the preceding section to be continuous everywhere. We shall 
show that one can choose the function f(e) in such a way that the second 
derivative of the Newtonian potential with respect to z does not exist at the 
center of the sphere. 

For this purpose we compute the value (a) of the potential at the point 
(0,0,a) with 0 <a < R. PN polar coordinates, we have: 


)-2a «jefe j [3 cos? O — 1]sin O sese. 








Ya? + o? — 2a cos Ô 





s Ja? + o^ — 2ae cos O = t, we obtain: 


" [3eos*O — 1]sinO 40 
J Va? + o? — 2a0cos O 











4 g? : < 
1 a(t ne Ba dH psn 
= [3 alat = 
aoe Jl 2a0 4 a? : 
ja-e| 5 93? if oza. 


From this it follows that : R 
8 1 
pla) = ^ aferos F a [70 Zl 
0 a à 


Differentiating this expression, we find after simplification: 
/ 8 
y (a) = i afere jäe eta 18 ao]; 


Because of the continuity of the first derivatives mentioned above, we obtain 
for any choice of the continuous function f(¢): 
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v'(0) = lim y'(a) = 0. 


a0 


We consider the quotient 
a R 
'(a) — yp’ (0 8 3 i 
e == - ferodo a 2 | es Zl 
0 a 


The first summand in brackets has limit — £0) = 0 as a — 0. The second 


summand has no limit if we choose f(e) such that the integral 
R 
S(e) 
——d 
[epee 
0 


diverges. It suffices to put f(e) = a With this choice of f(e) the derivative 
e 


V/" (0) does not exist, and "(a) increases without bound as a — 0. If we put 


then (0) again does not exist, but (a) remains bounded. 
Theorem. Zf the density u is H-continuous, i.e., if 
|u a Hol < Arh» 


then the Newtonian potential possesses second derivatives at all points not lying 
on the boundary of the region (D). 


Proof. It is obvious that the second derivatives exist at points outside the 
region (D). It remains to show that they also exist at points in the interior of ( D). 


2 
We shall study the derivative cn Let M,(x,y,z) be an interior point of (D). 


Let (d) be a sphere about the point of radius d so small that the sphere is 
entirely contained in the interior of (D); we write the potential (46) in the form 


dt dt 
Heu 
PLIN. (54) 
(d) (D-d) 
It is clear that the second derivatives exist at the point My in the second 


summand, since this is a harmonic function in (d). The derivative of this 
summand is equal to 





3(€ — 1)? 1 
Jag- ie os 


r5 
20 
(D-d) 
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It remains to investigate the first summand in (54) which we shall denote by 
P,. Let h be an arbitrary number satisfying the inequality | ^ | < í The point 


with coordinates (x + h,y,z) we denote by M, and its distance from M, by 
roy. 
We form the difference 


1 £—z 
*| Jn 35a - 
(d) (d) 








= "e $£—nj, [($—z 
h (J tia ar) (56) 
(d) 
£—z 
ex je Uo) Xd: - ftm — mo) 3 ae), 
(d (d) 


where fig is the value of » at the point Mg. The limit of this difference as // > 0 
; ; uer ep i 

is precisely the second derivative T at the point Mo. 
x 


We first consider the first term on the right-hand side of (56). This is the 
product of o and the difference of the first derivative of the Newtonian 


potential of the sphere (d) with unit density with respect to x' at the points M, 
and Mg, where the potential is considered as a function of the point 
M'(x',y',z^). If in the second line of formula (48) we replace a? by (x' — x)? 
+ (y’ — y)? + (z' — z)’, differentiate with respect to x’, then put x’ = x + h 
and x’ = x in succession, and form the difference, we obtain: 


&— é 4 
t. oe Fahd bal a (57) 
(d) 


We now consider the second summand in (56) and investigate the difference 








(d) (d) 
3(€ — zy? 1 
E ee 
20 20 
(d) 
1 é—zr 1 £—zr 
=F] ube) uh dr un n) de (58) 
(2h) (2h) 
3 (E — 1}? 1 
-[w — uo [E X ydr 
` 0 20 
(2h) 


fe — wa [2 (Ege — E58) - (YE — Lass 


T20 


88 II. Potential Theory 


(2h) here denotes the sphere of radius 2 | ^ | about M, which on the basis of 
our choice of h is contained in (d). 

We shall show that the difference (58) becomes arbitrarily small in absolute 
value as // — 0, wherewith the limit of the second term of (56) will be 
determined. 


For the third integral on the right-hand side of (58) we have: 


22 zx 2|A| 


3(E— a 
fe-m] meee 3d <4af [ | petenoaosó as 


i (2A) 0 











do 167 
- 1624 | "ES = —7A( (2149. 


The sphere of radius 3 | ^ | about M, is contained in (d) and contains the 
sphere (2A) in its interior. From this and the inequality 
| — Mo] = \( — p) + Q5 — |o) < |u — u| + ju — ool < Ari + A [AT 


we obtain for the first integral: 


DE TÀ A^ 
s DERE Ta] N 


pf — wo eae 
afr A|A| fa 1 
«| abet n [ig m PE hot saa ap 
(3h) 





(2h) 





The absolute value of the second integral in (58) is less than 
1 pee a 
y [gae S229 p. 
|^ | 720 
(2h) 

It now follows that the sum of the first three integrals on the right-hand side 
of (58) is less in absolute value than a number of the form aA | ^ |". The 
function in the square brackets in the last integral remains bounded in the 
region of integration. Applying TAYLoR’s formula, we find that 
MES = ad < (je P x) 


3 
h h T20 20 T30 





= 3 Ee _ 9(f—2’) 
2 Ed are E 


r” 


where x', y, and z are the coordinates of a certain point M' in the interior of 
the segment MoM, andr’ is the distance of this point from M,. Since now the 
distance | M'M, | is less than | ^ | and the point M; lies outside the sphere 
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(2h), it follows from inequality (9) that r' is greater than em We then have: 


lx (xh a l a m) mr 2 
A\ m To To 


The last integral in (58) is therefore less in absolute value than 











24-24. |h]. ZI To ay —A .24.2*-Am|A| d 
(d— 24) 2|h| 
24.94.47 1 1 
= 4 [al Lanier — ea} < eaat. 


We have herewith shown that the difference (58) actually becomes arbitrarily 
small in absolute values as h > 0. We conclude from the results obtained that 


o?P 4n f l 3 (£ — z)? 1 | 
tg BEER - — — — d 
ðr? 3 Ho P (u Ho) 35 [A t 





: , e SOR ; 
We point out that in computing n the term corresponding to the first 


term on the right-hand side of (56) is equal to zero. We then find that 





aP 3(§ — 2) (n — y) 
Oxdy ld: fu- 785 dt 
(d) 
3(§ — 2) (n — 9) 
+ fu 5 dr. 
(D -d) 


Remark. In place of the sphere (d) which contains the point Mg one may 
choose any arbitrary region (Do) which contains Mo and is entirely contained 


in (D). 








o?P o?P 
The formulas for ix? and FPEM then assume the following form: 
Y 
1 
PS ee 
op ae fdr 7 
ðr? = Holga] + fu — Po) Ds dt + Ln 
(Do) My (Do) (D- Dy) 





P a fdr j " 
ozay 7 (oras | + fu- Tu M fa us dt. 
(Dg) M, (Do) (D-D,) 
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815. The Theorem of POISSON 


Theorem. (Poisson) Jf the density u of a Newtonian potential in a finite region 
(D) is H-continuous, then at every interior point Mo of (D) the Polsson 
equation holds: 





(AP) ap, =(= P ep or] 


gat + yt + ast Ju, tee 


Proof. If we add the equations already obtained 


ep 4n zn ut : 
af = E Mo (u m Hg) an dt + H au dr, 











(d) (D-0) 
1 , 1 
D g — 
"P E | 4a T20 
ay? 3 Hot uias Ho) Jy? -dI in ay? dt, 
(d) (D-4) 
ap ae ir 
zi. 0 
àz 7 = Xy He (u = Mo) —5 3-dt T H ð 4 dr, 
(d) (D-d) 


then we indeed arrive at the required equation. 

Let f(x,y,z) be continuous in a certain region (D) and let Mo(xo,yo,zo) be an 
interior point of this region. Let (Mo,h) be the sphere of radius / about Mo 
where A is chosen so small that (M,/i) is contained in (D). We wish to study the 


ratio of the difference of the mean value of the function f(x,y,z) and the value of 
2 


f(x,y,z) at the point Mo to the quantity x: 





2 
Afe-[4— fiOn- ran]: is = us UOD- Olde. 
37^ ana Of, h) 

If fis harmonic in (D), then it follows from the theorem on the mean value of 
harmonic functions that 4, f = 0. 

It is possible that 4, f for a continuous function f( M) possesses a finite limit 
as  — 0. One calls this limit the generalized LAPLACE expression of the function 
f. We shall denote this limit by 4*/(M,). 

If f has continuous derivatives of second order, then one sees easily that 
A*f(Mo) = 4f(M)), i.e., the generalized LAPLACE expression coincides with 
the usual one. We have in fact: 


SM) — f(My) = f2CM,) (x — zo) + Sy (M9) (y — yo) + f2( Mo) (2 — zo) 
+ MfGO) ) (x — x0)? + fyy (My) D Yo)? + £z; (Mg) (z 
+ 2 fz, (M4) (x — zo) (Y — Yo) + - 
+ [fen (Bl) — fF; (Mgl(s — As + +}; 


— zu) 
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Here M’ is certain point in the interior of the segment MM. Since by 
hypothesis the second derivatives of the function f are continuous, the 
difference f..( M") — f. (Mo) and those analogous to it possess limit zero as 
h — 0. From this it follows that the quantity in braces is less in absolute value 
than A7e(h), where lim «(h) = 0. Hence, 

h—>0 


One sees moreover that the nose over (Mo,h) of 
L— Ly, Y— Yp Z— Zo, (C—A]KY—Yo), (*€—X(2— 29) 
(y — Yo)(2 — zo) 


vanish, while for the integrals of (x — x9)”, (y — yo)”, and (Z — Zo)”, which 
are all the same, one obtains: 





h 
1 4 45 
1 [Ue — 9*9 (y — yo)? 6 — te = I [rar = AE 
(Mo, R) 0 
From all this it now follows that 
Arf = ia UOD M,)\dt 
(Mo, h) 
30 [1 4a x , 
— ánh Iz 7 (fax ( My + fyy (Mg + f22(M))) 
15 i " » 
ic on — fral Mo) + fyy(Mo) + fz M) =Af (h — 0). 
(My, h) 


Hence, 4*f = Af, as was to be shown. 


Theorem. 7f the density p of a Newtonian potential is bounded, integrable, 
and continuous at an interior point Mo of the region (D), then 
A*P(M,) = — Az us, 
ie., at every point of continuity of the density the NEWTONIAN potential 
satisfies POISSON’S equation with the generalized LAPLACE expression. 


Proof. Denoting by jo the value of u at the point Mo, we have: 
Pat) = [EP dr, = pof £ + fiu — n) 72 
Tie Tiz T1» 
(D) (D) (D) 
The integral dt, 
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as a Newtonian potential with density 1, has continuous second derivatives; 
its LAPLACE expression is equal to — 4r. Its generalized LAPLACE expression 
therefore also has the value — 47, so that to prove the theorem it suffices to 
show that the generalized LAPLACE expression of the second integral at the 
point Mj is equal to zero. It is to be shown therefore that 


1 1 1 
s] | [v -mà (7 - ze 0 (-0). 
( or 2) 


We note first of all that it is here permissible to interchange the order of 
integration, since the inner integral is bounded when the integrand is replaced 
by its absolute value. Moreover, 


TE UM for M, outside (Mo, k), 
l du = : Bs 
Ju 
NN 22M — 27r, for M, inside (Mp, A). 


We obtain therefore: 


is] | je — Ho) M A g d go 
(D) 


(M,, h) 
1 f 1 1 
o fL - tes] 
(D) (Mos h) 
3 4nhi 1 
= 3 fiu — Ho) s . x = = i nolar 
(D -(Mo, h)) 
1 a 2a — 4nM 1l 
+ ae |e o) pa^ - UP Is 
(A o^ ^) 
1 , 2x s inh 1| 
zx x] — Mo) an — o tah T3 oe dTa. 
(Mo, h) 


Since p is continuous at the point Mo, for every e > O there exists a 
sufficiently small / > 0 such that |u — uo | <€ in (Mo,h). Hence, the 
absolute value of the last integral is less than 

2z 4znh* anh? 


: 2,4 ah B cult 
ye [22A grh a 5 *'3g 


The integral therefore has limit zero as h — 0, wherewith the theorem is proved. 
The generalized LAPLACE expression was introduced by I. I. PRIvALOv! to 
whom the theorem is due. 


1]. I. PrivaLov, Subgarmonicheskie funktsii (Subharmonic Functions), Ch. I, 82, 
Moscow, 1937. 
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Subsequently a definition of generalized derivatives in the sense of 
Academician S. L. SOBOLEV will be given, and it will be shown that a Newtonian 
potential with square-summable density also satisfies the PoIssON equation in 
a certain sense. 


§16. On the Continuity of the Second Derivatives of the 
Newtonian Potential 


Up until now in studying the Newtonian potential the boundary of the 
region (D) could be arbitrary. In the following theorem it is assumed that the 
region (D) in which the density u is defined is bounded by a finite number of 
closed LYAPUNOV surfaces. 


Theorem. /f the density u of a Newtonian potential is H-continuous, then the 
second derivatives of the potential are H-continuous in the interior of (Dj) and 
in the interior of (D,). 


The proof of the theorem is rather complicated; it can be found in Appendix 
Ill. 

If we assume that the theorem is true, then we may conclude that the second 
derivatives have definite limits as the point Mọ approaches the boundary. 
These limits are different for points My which approach the boundary from the 
interior of (D,) and for those which approach the boundary from the interior 
of (D,). The theorem of HUGONIOT-HADAMARD makes it possible to determine 
the jumps of these derivatives when the point M, passes through the boundary. 
The derivatives 


can be interpreted as the values of two functions of which one is defined in the 
interior of (Dj), the other is defined in the interior of ( D,), and the two agree on 
the boundary. 

If we denote by A, v, and 2 certain functions defined on the boundary, then 
we may write: 
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e^ P, o P, OP; o pP, 





























38 ~ pg = Ac08(Nz), 8zóy  3zóg "O39 (N2), 
ee (0 
2p. 2p 
e E a = 0 cos (Na), 
i = Pie = cos (Ny), 
A — D. = ð cos (Nz). 


If one equates the right-hand sides of those equations the left-hand sides of 
which are equal, one finds: 
À cos (Ny) = v cos (Nx), 


À eos (Nz) — 9 cos (Nx), 
v cos (Nz) = O cos (N y), 
À v 9 


Le., 








cos(Nz) — cos(Ny) cos(N z) = 

From this it follows that 
A=Ocos(Nx), v= Ocos(Ny), V= © cos (N2). 
Adding the first, fifth, and final equations of (59), we find : 
P; P; OP, P, OP, , OP, 
= O [cos* (N x) + cos? (Ny) + cos? (Nz)] = O. 

Applying the theorem of Poisson and recalling the fact that the potential is a 
harmonic function outside (D,), it follows that 


o. 




















O= —4zy. 
From the foregoing we conclude: 

g P; #P 

Ja 7 au c 4an cost (Na), 

OP; oP, 
EEN = zy = —A4zucos(Nz) cos(Ny), 
OP, 2 P 

"EP — ree = — 42 cos (N x) cos (Nz), 
GP ËP : 

op gye Co EAH cos (Ny), 

oP, 8? P 

ay 3s — By az = — 4 ap cos (Ny) cos (Nz), 
P, P, 


f 


—47 cos? (Nz). 
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817. The Derivatives of the Newtonian Potential with 
Differentiable Density 


We assume that the density u is bounded and has continuous first derivatives 
If we consider a oa (8) of radius 8 about the point Mọ we may write: 


: 2 fee ipe pug dt. 





(D=6) 
The second integral is less in absolute value than 4748. Rearranging the first 
integral, we obtain: 
| £—z j a E a 
cage = 20 = ELM 
jeg dts [ese dt H-z dt 
(D-6) (D-d) (D-8) (60) 
Cea 
= Too Om dt 
| ð gu CE To 
(D-ô) (D-ô) 


We first consider the second integral which can be written in the form 


au dr (Ou dr 
ag Too ag T20 
(Q2) d 
The second term is less in absolute value than 2748?, where A is an upper 


bound for | » | and ES 
For the first integral in (60) we have: 


: 1 j 

G (n 

[kee = — Laon + lawns ee: 

(D ^4) (5) (2) 

here (o) is the surface of the sphere (ô), and N is the outward normal of (c) 
The absolute value of the last integral is clearly less than 


2m zt 
[=F [simo dO dp = 4249. 
0 ò 


As ô tends to zero, we therefore obtain 
oP do Op dt (61) 
—> = — s (N x) — Rud ENES 
àz fuco (N x) 2 aE Ta 
(D) 
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We now assume that u possesses bounded and continuous second deriva- 
tives; differentiating and again applying formula (61), we find: 


1 » 

Qm 

oP T. ðu do u dt 

fuc N 20 d n 7 IET , 

Ox? Js gustu) az °° ag COs Ye) T20 tjam T20 
(S) (8) (D) 





In the same manner one finds: 











1 
Be 
P Tao _ | ou da Jæ dt 
"Tom dst m do an cos (Ny) P. + RT 
(S) (S) (D) 
; at 3 x 
P Too do ]z T 
ja T -| ponn t do — | Sp cos (Na) SE + | ams 
(S) (S) (D) 


Termwise addition of these equations now gives: 


AP = — [n e ag — dp; do s 


50 dn n 
(S) (S) 


We obtained this last equation under the ooa that the second 
derivatives of u were continuous. This restriction was necessary inasmuch as 
we have not generalized GREEN’S formula to the case of functions possessing 
only bounded and integrable rather than continuous derivatives. If such a 
generalization had been made, then one could conclude that the last formula is 
valid as long as the second derivatives of the function u are bounded and 


integrable. 
If the point M, lies in the interior of (D;) we find from the last equation: 
ETT d: , lf, ges(reoN) 1 fdp do 
Pa tas uw dni A (62) 
(D) GS) (S) 


If the point Mo lies outside (D,), then 





ES dt E Sos (fao N) 1 fdu; do 
ea tan]" ay 09 tan) da ml (63) 
(D) (S) cg 


Formula (62) makes it possible to represent every function which is defined 
in (D,) and has second derivatives there in the form of a sum of three potentials. 

Finally, we shall assume that the function y satisfies the following three 
conditions: 

1. The first derivatives of » are continuous every where. 

2. At every point not on the boundary (S) » has bounded and continuous 
second derivatives. 


£18. The Function Classes H (/,4,A) and the Surfaces Ly 97 


3. Outside (D) » is a harmonic function. 
From condition 1 it follows that on the boundary (S): 
dme _ an, 


dn dn 


If the point Mọ lies outside (D), then since » is harmonic there we find: 


u 1 COS (799 N) 1 fdp; do ^ 
s - — qu^ "HL. un iz} as Ta (639) 
(5) (S) 


If the point Mọ lies in the interior of (D), then 
cos ea 1 (du; do ; 
aera an) ae te. (62) 
(S) (8) 
Adding formulas (63’) and (63) and (62’) and (62), one finds that the follow- 
ing relation is valid everywhere: , 
s qal Ons 








Aye: 
H T20 
po 
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To simplify notation and the formulation of subsequent theorems we 
introduce the following definitions. 

Let a function f(x,y,z) = f(M) defined in a region (D) be bounded and 
possess bounded and continuous derivatives up to order / (/ = 0), where the 
derivatives of order / are H-continuous; i.e., 








ov f i A ee a 


| J< i 
p=0,1,2,...,1 


| ðq?! ay? OzPs (64) 


and for any pair of points M, and M, of (D) a distance r;, apart less than a 
certain number rj < 1 the inequality 


«Ari, (0 «A X 1) (65) 








NE NEN NE LEN: RN 
| anh ay! azh iy TOT m 
holds, where the numbers A and A are independent of the choice of the points. 
We shall say that f belongs to the class H(I,A,A) in (D) and write f e H(I,A,2). 

Since under orthogonal coordinate transformation a derivative of any order 
of fin one coordinate system is a linear combination with bounded coefficients 
of derivatives of f of the same order in the other coordinate system, we come 
easily to the following conclusion: If inequalities (64) and (65) hold in one 
system, then analogous inequalities hold in any other Cartesian coordinate 
system; A is then simply to be replaced by cA where c > 1 and depends only 
on l. Since this factor c is unimportant for the following considerations, we 
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shall assume that inequalities (64) and (65) hold in any coordinate system, as 
soon as we have shown that they hold in a particular system. 

The class A(/,A,A) is similarly defined for functions of two variables. 

Now let (S) be a closed LYAPUNOV surface, and let N be its outward normal. 
We choose an arbitrary point M, of (S) as origin of a rectangular coordinate 
system (£,5,2) with the £ axis along the normal Nọ at the point M, and the £ 
and ņ axes fixed in any way in the tangent plane. It then follows from I, 81 that 
the subregion (Z) of (S) contained in a LYAPUNOV sphere about My is cut at 
most once by any line parallel to the £ axis and that the projection of this 
subregion on the (£,5) plane fills a region which contains the circle (19) about 


Mo with radius dy = d. We shall denote the subregion of (Z) with projection 
the circle (/15) by (29), and we shall subsequently assume for simplicity that 
dg S y the distance between any two points of (A) is then not greater than 1. 


Let a function p be given on (S). If £, 7, and £ are coordinates of a point M of 
(Zo) we define p in (AQ) as a function of £ and 7 by putting u(£,3) = u(M). 

We shall say that a function u defined on (S) belongs to the class H(1,A,A) 
on (S) if u(£) € H(LA,2) in (Ag) and A and A are independent of the choice of 
the point Mo. 

Let M, and M, be two points of (Žo) a distance r apart. Let o be the pro- 
jection of the segment M, M, onto the (£,7) plane; we then have that 


esr<—_<20 


sin w 
and hence o? < r^ < 2*o*. From this it follows that an H-continuous function 
on (S) belongs to the class H(0,A,A), and conversely that a function belonging 
to the class H(0,A,A) on (S) is H-continuous. 

If the function f(x,y,z) e H(0,4,2) in (Dj), 1.e., if it is H-continuous in (Dj), 
then its boundary value (f) on the boundary (S)— as was shown in I, §2—is 
an H-continuous function on (S); hence, on (S) (f£) € H(0,cA,2). 

It is clear that functions of the class H(/, 4,3) possess the following properties: 

1. If p, € H(,A,,2) and p, € H(IA;,2), then 


iy, € H(LA,, 4), uy € H(LA;, A), hence 
a) pi + us € H(l Aj + Ag, A), 
b) wy: fe € H(LcA, Ag, 2), 
where c > 1 and depends only on /. 
2. If u € H(LA,X), then u € H(LA,À^) where A’ is an arbitrary number in the 
interval 0 < A‘ <A. 
3. If p € H(LA,X) on (S), then p e H(I’,A,/2,1) on (S) where l’ is an arbitrary 
number in the interval 0 < /' < 1. If the region (D) is convex, then a function f 
which belongs to the class H(/,A,A) in (D) possesses an analogous property; 
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in this case A,/2 has only to be replaced by 44/3. If (D) is bounded by a 
LYAPUNOV surface, then, as follows from I, 82, 
, 92y3A 
peu 382.3). 
We now come to another definition. The equation for (Zo) in the (£,5,2) 
system has the form 





C= F(E,n). (66) 


We shall say that (S) belongs to the class L,(B,) if F(€,n) € H(k,B,A) and the 
numbers B and à are independent of the choice of the point Mo. 

The LYAPUNOV surfaces are surfaces of the class L,(B,2). 

Let now (x,y,z) be a fixed rectangular Cartesian coordinate system. 


Lemma 1. /f (S) € L,(B,A), then cos (Nx) € H(k — 1,c,A) where the number 
c depends only on B and k. 


Proof. Let (£,5,£) be a local coordinate system about a certain point Mo of 

(S). Since 
cos (Nx) = eos (N £) cos (£z) + cos (N1) cos (nz) + cos (NC) cos (Cx) 
and cos (£x), cos (nx), and cos (x) are constant for a fixed (£,5, 0) system and 
are not greater than one in absolute value, it suffices to show that in (J) 
cos (NE) € H(k—1, c, åA), cos(Nn) € H(k—1,6,2), 
cos (NC) € H (k — 1, Cy, A), 

where c,, C2, and c4 depend only on B and k. Now 
ER cr 
Vit 0 o 
whence it follows that cos (N£) as a function of € and 7 possesses continuous 
derivatives up to order k — 1 in (Ap). 


Let g be the number of different derivatives of F(£,2) up to order k. With the 
notation 


cos (N £) = 








a, = PF, a= Fp, dy = Fe a m FOR 

we then have: 

à cos (N £) By (015 94) E 

enr crie : aer = Prk (%1 Ag)» 

OE NG! (V1 + a? + o3) 
where R;,,, is a polynomial function of its arguments. Hence 9,,, (o,, . . ., a) 
is bounded and has bounded first derivatives in the region | «; | < B. Let cj be 
the maximum of | $,,,(2,, . . ., %)| for |o;] S Band /, +h S k — 1 and c, 

ed 


be the maximum of for |a; | < Band k, + k, =k — 1. If we denote 








kik2 
Qa; 
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the values of «; at the points (£,,7;) and (£,,25) of (A) by «; and a, respect- 
ively, then 
[xi e| << By20l, with e = Y $a)? + (Mm — ng? 
Therefore, | 
| / 9* cos (N £) | [0% -*cos (N $) 
( acti anke i ( ER ark los 
Ox, ky 


B 2 | 0a, -) (at — a) < qi? c; Bp. 


If we now introduce the symbol c, for the larger of the two numbers cj and 
q 20, B, then cos (NE) e H(k — 1,c,,2). We prove a similar thing for cos (Nn) 
and cos (NC). Then 
cos (Ng) € H(k — 1, c, A)with|c = yoo + c + ee: 

Similarly, cos(Ny)€ H(k—1,c,2), cos(Nz) € H(k —1,c,2). 

Lemma 2. If u € H(lA,A) on (S) and (S) € L,(B,A) with N S à and IS k, 
then D,u € H(l—1,aA4,A), (67) 
where a depends only on B and k. 














q 











Proof. Again let (£,5,£) be a local coordinate system about the point M, on 
(S). Then for u on (Zo), u = (ém). 

If we consider p(€,n) a function which does not depend on ¢ but is defined 
in the cylinder with (Ao) as base and the € axis as axis of the cylinder, then 


ð d ð 
D. = (Je) — gh 008 Wx) = [ag cos (E 2) + Ff cos (n 2) (68) 
— [$E eos (WE) + SE cos (N q) | cos (Na). 


: a , 
It is clear that in (4) E and ES e H(I — 1,4A^). Moreover, in (4o) 
7] 


cos (N £), cos (Ny), cos(Nz) € H (k —1,6,2), 
and hence in (4) 
cos (N £), cos(Nn), cos(Nz) C H (I. 1; cy2, Y) 
where c depends only on B and k. 
Making use of properties la and 1b for sums and products of functions of 
the class H(/,A,A) and the fact that cos (£x) and cos (7x) are constant and no 
greater than one in absolute value, then from (68) we find that 


D,u € H (| —1,2A + 2CA (cy2)’, '). 


Hence, (67) holds with a = 2 + 4c*^C. 
We shall denote the boundary values on (S) of a function defined in (D;) or 


in (De) by (f). 
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Lemma 3. /f (S) € L,(B,A) and if f(x,y,z) € H(LA,X) in (Dj) with |< k, then, 
(f) € H(1,cA,A) on (S) where c depends only on B and I. 


Proof. Let (£,5, 4) be a local coordinate system about a point Mo of (S). For 
sufficiently small positive « the surface 


E= F(5q—s 


lies in the interior of (Dj). Introducing the notation f-(é,y) = (én, Elém) — €), 
we obtain for (f) on (29): 
(= lim f, (5, n). 


In (Aq) the function f,(£,3) has continuous derivatives of order / with respect 
to é and 5, while f, and its derivatives up to order / tend uniformly to (f) and 
the corresponding derivatives of (f) with respect to £ and » respectively as 
e > 0; (f) is hereby to be considered as a function in (49). Each derivative of 
(f) is hence the sum of a finite number of summands of the form 


_ ar f Pa Our l<p<l 
P(E n) Gene ae ot axes. 





\ 


The lemma will be proved if we show that 


gln) € H(0,c A, 2). 


The derivative ---—— is H-continuous in (D,); its limit is an 
H-continuous function on (S). Therefore, 


oP f : 
(popar) EEO n4 m (Ay). 


Moreover, 


UP 20 B. dus (A 
JEn ant’ = (0, B, 4) in (Ap), 


oln) € H (0, 6, A, A) in (A); 


so that 


here c; depends only on B and /. Since each derivative of (f) up to order /is the 
sum of a finite number of such functions ¢(€,y), it follows that the absolute 
values of all derivatives of (f) up to order / have an upper bound of the form 
cA. The lemma is herewith established. 
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819. The Potential of the Simple and Double Layer for a Surface L, 


We denote by V[z] the potential of a simple layer with density » and by 
W[u] that of a double layer with density p. Let p € H(0,4,2), i.e., let p be 
H-continuous on (S). Theorem 3 of 83 then assumes the following form: 


Theorem 1. Jf p € H(0,A,A) on (S) and (S) € L,(B,2), then 
W[u]€ H(0,cA,2) in (Dj) and in (D,), 
where À' is an arbitrary positive number satisfying the inequality À' < À and c 
depends only on B and on the choice of X’. 


We may similarly reformulate the theorem in 87: 


Theorem 2. /f u € H(0,4,2) on (S) and (S) € L,(B,A), then 
V(u]€& H(1,cA, 4) in (D,) and in (D,). 
Let us also recall the results of $88 and 10. 
The result of 88 reads: If is differentiable on (S) and if (S) has continuous 
curvature, then 
BE V(D,u — u K cos(Nz)] + W [u cos (Nz)] 
Oz z (69) 


The result of §10 reads: If » is differentiable on (S) and if (S) € L,, then 


T A V [cos (Ny) D,  — cos (N x) D, 4] 
- (10) 
+ E V [cos (Nz) D, — cos (N z) D,u]. 


Making use of Theorems | and 2 and formulas (69) and (70), we shall now 
prove the following theorems. 


Theorem 3. Zf (S) € L,,,(B,4) (k Z 0) and if p € H(LA,4) on (S) OS! 
< k + 1), then 
W[u]€ H(lLcA, 2’) in (D,) and in (D,). 
Theorem 4. Zf (S) € L,,,(B,3) (k Z 0) and if u, H(1,,A,A) on (S) (0 E I, E k) 
then 
Vig] € H(l--1, cA, X) in (Dj) and in (D,). 


Proof. We prove both theorems together. We first note that Theorem } is a 
special case Theorem 3 (/ = 0, k = 0), and Theorem 2 is a special case of 
Theorem 4 (/, = 0, k = 0). Since a surface of class L,,, belongs to the class 
L,, Theorems 3 and 4 have been proved for / = 0, /, = 0, k = 1. It remains 
to consider the case / Æ 0, 4, zz 0, k = 1. 
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The following two assertions are true: 

1. If Theorem 4 is true for some /, with 0 < /, < k, then Theorem 3 is true 
for/ — I, 4 1. 

2. If Theorem 4 is true for some /; with 0 < /; < k — 1 and Theorem 3 is 
true for / = /{ + 1, then Theorem 4 holds for /, = /| + 1 € k. 

Making use of these assertions, the proofs of which we shall give directly, 
we now prove Theorems 3 and 4. 

Indeed, since Theorem 4 is proved for /, = 0, the validity of Theorem 3 for 
l = 1 follows from the first assertion. From Theorem 2, Theorem 3 for? = 1, 
and the second assertion then follows the validity of Theorem 4 for /, = 1. 
Thecrem 3 then follows for / — 2 from the first assertion, and Theorem 4 for 
l, = 2 from the second assertion. One continues these considerations as long 
as], << kand |  k + 1. It now remains to prove assertions 1 and 2. 

We first prove the first assertion. Let u € H(I, + 1,4,3) (0 < 7, < k). From 
Lemmas 1 and 2 of 18 we conclude that 


cos (Nx), cos (Ny), cos (Nz) € H(k, ¢,, A), 
and hence, since /, < k, 
cos (Nx), eos (Ny), cos (Nz) € A(l,, cy, 4). 
Since /, + 1 < k + 1, we have moreover that 
D,u, D,u, D:n € H(lh cA, 5). 
Hence, 
cos (N y) Du, cos (Nz) Du, ... € H(l. oA, A); 
since Theorem 4 is true for /, by hypothesis, we conclude: 
V [eos (N y) D;u — cos (N z) Du], 
V[cos (Nz)D,u — cos (N z) Du] € H(l4 41,05 A, 2’); 
from formula (70) it now follows that 


PIA e BH, 2654, 7). (71) 





It is easy to see that there exists a constant cg > O such that 
[Will < eA. (72) 


Indeed, W[] is harmonic in the interior of (Dj) and in the interior of (D,), such 
that the maximum of | W[u] | is assumed on (S). However, the latter is no 
greater than 


M,E(S), 


A [ x+ Max os aa ; 
1o 
(S) 
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Denoting the larger of the two numbers 2c, and cg by c, from (71) and (72) 

we conclude that 
Wu] € H(l 4-1, cA, 2); (73) 
the first assertion is herewith established. 

We now prove the second assertion. Lety, € H(i + 1,4,3) (0 C /( E k — 1). 
Since /; + 1 € k, it follows that cos (Nx) € H(lj + 1,c,A) and hence 
that u, cos (Nx) e A(/{ + 1,04 4,2). Since Theorem 3 is valid for / = /[ + 1 
by hypothesis, we conclude: 

W [u cos (Nx)) € H(lj--1, cA, 4) in (D,) and. in (D,). (74) 


her, : 
Further D. c H(i Cy 4; A). 


We assume that k = 1; then k + 1 = 2, so that (S) has continuous curva- 
ture and formula (69) is applicable. Since 


cos(N x), cos(N y), cos(Nz) € H(k,c, A), 
we then have for the mean curvature K of (S) (introduced in I, 83): 
K = D,cos(Nx)+ D, cos (N y) -- D; cos (Nz) € H(k —1,c,, A). 
Since /; < k — 1 therefore 


cos (Nx), cos (Ny), cos (N2), K € H (lj, cs, 4). 


Hence, ; 
us K cos (Nx) € H (L, cs, A). 


From this it follows that 
D,u4 — u K cos (Nx) € H(lj, c, A). 
From the assumed validity of Theorem 4 for // we conclude: 
V(D,ui — p K cos(Nzx)] € H(lj--1,044, 4) in (Dj) and in (Dj). 
From this using (69) and (74) we find that 


2UUAI € H (l, c4 A, J’) in (Dj and in (D), l; = (j--1). | (75) 


Since an is harmonic in the interior of (D,) and in the interior of (D,), 
| Vip] | assumes its maximum on (S). We have therefore: 


IV € 4 Max (£9 = sa. (76) 


M,€(5 J "10 
(S) 


Denoting the larger of the two numbers cg and Cy by c, we find from (75) and 
(76) that Viua] E€ Hl 4 1,cA, 2’), (77) 
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wherewith assertion 2 is established. Theorems 3 and 4 have now been com- 
pletely proved. 


820. The Newtonian Potential in a Region Bounded by a Surface L, 


We denote the Newtonian potential with density » by P[u]. The theorem of 
16 may then be formulated in the following manner: 


Theorem 1. Jf u € H(0,4,3) in (Dj) and (Dj) is bounded by a surface 
(S) € L,(B,2), then 
P[u]€ H(2,cA, X). 


Formula (61) of 817 for the first derivative of the Newtonian potential with 
differentiable density may be written in the form 


oP] |. E — V(ucos(Na)] (79) 


We prove the following theorem: 
Theorem 2. 7f (S) € L,,,(B,4) and p € H(LA,A) OS IS k), then 
P|uj€ H(l4-2,cA, X) in (Di) and in (D,), 
where À' is an arbitrary positive number in the interval 0 < A' < À and c 
depends only on B and on the choice of X. 


Proof. Theorem 2 includes Theorem | as a special case (/ = k = 0), so that 
Theorem 2 is proved for the case / = 0, k = 0. 

Suppose now that k 2 1. We wish to show that the theorem holds for 
u € H(LA,X) (1 S/S k) under the hypothesis that it is true for u e H(/ — 1,A,A) 
in (Dj). Now if in (Dj) u € H(,A,A), then 

St € H(L—1, A, 1) in (D). 
Since the theorem is true for y € H(/ — 1,A,A) by hypothesis, we conclude that 
P[2| € H(.--1, 5 4, 7) in (2) and in (D). (80) 

Since p € A(/,A,A) in (Dj), from Lemma 3 of 818 (u) € H(Lc, A,3) on (S). 

Further, from Lemma | of 818 
cos (Na) € H (kh, c5, A), 


and hence since / < k cos (N z) € H(l, c4, 2). 
It then follows that 
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u eos (Nx) € H(lcgA, 4) on (S). 
Using Theorem 4 of 819, we now obtain: 


V[u cos(Nx))€ H(l--1,c44, 4) in(D;) and in (D,). (81) 
From formulas (79), (80), and (81) we conclude: 


ð : n 





€ H(l-1,c6 A, 7). (82) 
It is easily seen that there exists a constant cg > O such that 


in (D,) and in(D,) |P[u]| < cA (83) 


Indeed, P[u] is a harmonic function in the interior of (De), so that | P[u] | 
assumes its maximum either on (S) or in the interior of (D;). The latter is 
however no greater than 
A-Max[** = aA (M, on (S) or in (D). 
Ww) 10 
Denoting the larger of the constants c; and cg by c, we conclude from (82) 
and (83) that 


Plu] H(l4- 2, cA, X) 


in the case that u € H(/ — 1,4,3) in (Dj). 
Since Theorem 2 has been proved for u € H(0,A,A), it holds for u € H(/,A,A) 
with / = 1,2,..., k. 


§21. The Values on a Surface L, of the Potential of a Double Layer and of 
the Normal Derivative of the Potential of a Simple Layer 


Under the hypothesis of the boundedness of the density » it was shown in 
§§3 and 5 that the potential of the double layer and the normal derivative of the 
potential of the simple layer are H-continuous when considered as functions of 
the points of (S). The following two theorems were proved there. 


Theorem 1. // (S) € L, and if | u | < Aon (S), then W[u] € H(0,cA,A") on (S). 
Theorem 2. // (S) e L, and if| u | < A on (S), then — ae s € H(0,cA,A") on (S). 


Moreover, the following theorems are true: 


Theorem 3. Jf (S) € L,,, and if u € H(LA,X) (1= 0) on (S), then W[u] 
€ H(I + 1,cA,A) on (S). 
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Theorem 4. /f (S) € L,,,(B,4) and if p € H(LA,X) (12: 0) on (S), then 


ü ae e H( + 1,cA,4’) on (S). 
n 





The proof of Theorems 3 and 4 is rather involved; it may be found in 
Appendix IV. 


$22. Remarks on the Potentials of Class C? 


We shall say that a function f(x,y,z) — f(M) defined in the region (D) belongs 
to the class C®(A) if f has continuous and bounded derivatives of order k(k 2 1) 
in (D) and if these derivatives and the function itself are less than or equal to A 
in absolute value. 

If the region (D) is bounded by a LYAPUNOV surface, then the derivatives of 
f of order k — 1 are H-continuous in (D); hence, 


[€ H(k—1,cA,1), 


where c is some constant which depends only on the region. If, on the other 
hand, f € H(k,A,A), then f € C(A) independent of the character of the region 
(D). If fis continuous and bounded in (D), then we shall write fe COXA). 

We give an analogous definition for a function of two variables. We shall say 
that a function u on (S) belongs to the class C“(A) if the function u(t) belongs 
to the class C(A) in (Ag) and A is independent of the choice of the point 
Mo on (S). 

From the theorems of $819, 20, and 21 we obtain the following theorems for 
functions and surfaces of class C(9.? 


Theorem 1. //(S) e C** (k => land if pe CO(A) (1 1 & k + lyon (S), 
then 
W[u]€ C€-9(c4) in (Dj) and in (D,). 


Moreover, if p € COXA), then 
W[u]€ C9(cA) | in (Dj) and in (D,). 
The assertion for / = 1 follows from Theorem 3 of $19, since from p e CO 
2 Theorems 1, 2, and 3 of this section were proved by E. SCHMIDT in the paper Remarks 
on Potential Theory, Mathematische Abhandlungen, HERMANN AMANDUS SCHWARZ Zu 


seinem fünfzigjáhrigen Doktorjubiláum, Berlin, 1914. In this paper use was made of 
the method of complete induction which we applied in 8819 and 20. 
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one concludes that u € H(/ — 1,cA,1); for/ = Othe theorem follows from the 
fact that the potential of a double layer with continuous density is continuous 
in (Dj) and in (D,), and its absolute value is no greater than a number of the 
form cA. 


Theorem 2. // (S) e CC* (k => 1) and if y € COO € I x k), then 
V(u]€ €CO(cA) tn (D,) and in (Dj). 


For / = 1 the theorem follows from Theorem 4 of 819; for / = 0 it follows 
from the fact that the potential of a simple layer with bounded density is 
continuous and is not greater than a number cA in absolute value. 

One can easily find examples of functions u e C for which the derivatives 
of order / of W[u] or of order / + 1 of V[u] are unbounded in (Dj) or in (D,), 
so that W[y] does not belong to the class C or V[u] does not belong to the 
class CC * 9, 


Theorem 3. //(S) e C** (k 7 1) andifu € CO(4)(0 € I € k)in(Dj), then 


Pfu] € C€*9(cA) in (Dj) and in (D,). 


For / = 1 the theorem is a consequence of Theorem 2 of $20; for / = O it 
follows from the theorem which says that a Newtonian potential with bounded 
density is H-continuous everywhere. 

Finally, we obtain from the theorems in $21: 


Theorem 4. If (S) e CU* ?(B) and if u € CO(A) (I = 0) on (S), then on (S) 


Wü and SH) € oeo(c4). 


823. The Potential of the Simple and Double Layer with 
Summable Density 


Before we begin the study of the properties of the potential of a simple layer 
with summable density we shall assemble without proof those properties of 
summable functions and of the LEBESGUE integral which will subsequently be 
used. We shal! here not define the LEBESGUE integral and summable functions, 
but rather refer the reader to the texts by V. I. SMIRNOV or I. P. NATANSON.? 


3 Smirnov, V. L, A Course of Higher Mathematics (English translation). Vol. V, 
Pergamon Press, 1964. 

NATANSON, |. P., Theory of Functions of a Real Variable (English translation). Vol. I, 
Frederick Ungar, New York, 1961. 
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In order to have a specific case in mind, we shall formulate those properties 
of summable functions necessary for our considerations for functions defined 
and summable on a surface (S) in the form in which they will subsequently be 
used. 

1. The inequality for the absolute value of an integral. Let u, be summable on 
(S), and let f be continuous and less than or equal to A in absolute value, 
| f| < A. Then pf is summable, and we have: 


| fufao|< Af|u| do. 

(3) (5) 

From this it follows immediately that if a function f,(M) defined on (S) is 
continuous and depends on the parameter h and if as A — 0 it converges 
uniformly to the continuous function /(M), then 





lim ufido = [ufdo. 
h—0 
(5) (5) 
2. The property of absolute continuity of the LEBESGUE integral. If u is sum- 
mable on (S), then for every e > 0 there exists a 8 > O such that 


fi u|do «e, 
(8) 
where (8) is the subregion of the surface (S) contained in the interior of a 
sphere of radius ô about an arbitrary point of (S). 
3. The LEBESGUE points of a summable function. Let M be a certain point of 


(S)and 0 < 8 < s where d is the radius of the LYAPUNOV sphere. We denote 


by (8, M) the subregion of (S) contained in the LYAPUNOV sphere about Mo 
which projects into the circle of radius 8 about Mg in the tangent plane at Mj. 
If now wis a summable function on (S), then M, is called a LEBESGUE point of 
p. if the relation 
lim zg | la — Ho|do — 0, 
(ô, My) 


holds where po is the value of u at the point Mo. 

We denote the set of LEBESGUE points of the function u by Q,. It is well- 
known that the set of points which are not LEBESGUE points has measure zero, 
i.e., Measure (S — Q,) = 0. 

4. The Fusini theorem. Let F(1,2) be a function of the two points M, and M, 
of the surface (S). As a function of M, let F(1,2) besummable for all M, except 
possibly for a set of measure zero, and likewise as a function of M, let it be 
summable for all M; with the possible exception of a set of measure zero. We 
consider the integral 
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9(1) = f|F(L, 2)| dos, 
(Sa) 
which is a function of the point M, ; this integral can diverge for points M, 
forming a set of measure zero. 
From the Fusini theorem on multiple LEBESGUE integrals we can draw the 
following conclusion: 
If the function ¢(1) is summable on (S), then the integral 
v(2) = (F (1, 2) do, 
(Sj) 
exists for all points M; excepting those of a set of measure zero and is a sum- 
mable function on (S). Moreover, we have: 


j*0,2) do, do, = f | fF, 2) do, 
(S1) LG) (3) LS) . 
Functions summable in (.D) possess analogous properties. 
We now turn to the investigation of a simple-layer potential the density x of 
which is summable on (S); the surface (S) is hereby assumed to be a LYAPUNOV 
surface. We have: 


doz. 








vq) = fama (84) 
(S) 10 


If the point M, does not lie on (S), then E is a continuous function of the 
10 

point M, of (S), and the integral (84) is convergent. Moreover, the above 
inequality for the absolute value of the integral implies that V(0) is a con- 
tinuous function which has continuous derivatives of arbitrary order at any 
point not on (S). It moreover satisfies the LAPLACE equation, and the function 
V(0) and its derivatives tend to zero as the point My goes to infinity. It thus 
follows that V(0) is harmonic in any region which together with its boundary 
is contained in (D,) or (D,). We shall now investigate the behavior of V(0) as 
the point Mo moves toward the surface (S). 


Theorem 1. Let p be summable on (S). Then the integral (84) is convergent if 
the point M on (S) does not belong to a certain set of measure zero. Moreover, 
V(0) is a summable function on (S). 

Proof. We put F(0,1)— A1) 





and consider the integral 


2s (de sf [enr 
g (1) = fF. 1)|de, = [EOL qa, = |n a) {2 
(So) (So) (So) 


Since the integral fis 
Tio 


(So) 
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is a continuous and bounded function of the point M, on (S), the function 
(1), which is the product of this function and the summable function | u(1) |, 


is a summable function of M, on (S). From the FUBINI theorem it now follows 
that the integral (84) converges if M does not belong to a certain set of 
measure Zero which depends on the function u. We conclude moreover that 
V(0) is summable on (S). The set of points for which the integral (84) con- 
verges we denote by Q/. 


Theorem 2. Let the point M belong to the set Q;, and let M; be a point lying 
outside (S) on the normal to (S) at the point Mo. Then 
lim V (2) = V(0). 


M: —> Me (1 y: 
Proof. Since M, belongs to the set Qj, PSI 
Fio 


absolute continuity of the LEBESGUE integral of a summable function it follows 
that for every e > 0 there exists a 8 > 0 such that 


f AO lag, ce (85) 
T1o x 
(ô) 
We denote by e the projection of r,, onto the tangent plane at the point Mo. 
It is clear that for all points M, of (8) 


is summable on (S). From the 








2 «o < Tiz 


independent of the location of the point M; on the normal N, at the point Mo. 
From this it follows that 1 2 (86) 


n 
Ti? 
(8) 
independent of the location of the point M, on Nọ. We have: 
1 
V (2) — V (0) = faa -f4 ) do, 
ó 


Whence 
do, < 2€ (87) 





f LUN NL 
1 1 
frai ade 
(S-d) 


The absolute value of the difference of the first two integrals on the right-hand 
side of (88) is no greater than 3e. In a certain neighborhood of M, the last 
integral in (88) is a continuous function of M, and tends to zero as M; — Mp. 
It is therefore possible to find an ^ > 0 such that this integral is less than e 
whenever r5, < A. Hence, from (88) it follows that 

|V(2) —V(0) < 4e, 
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for r20 < A. Theorem 2 is herewith proved. 
As we have seen, the integrals 


N 
pe [cos ( CoNo) | do and few il ac, 
Tio Tto 

(So) (Ss) 


are convergent and represent continuous and bounded functions of M, on (S). 
Just as in Theorem | of this section, it now follows that if u is summable on (S), 
then the integrals 


cos (Tio No) 


dV 
A =f u(t) wn de 
and (Si) (89) 
W (0) = fc SO go, 
(S) e 


are convergent whenever the point M, on (S) does not belong to a certain set of 
measure zero; these integrals are summable functions of M, on (S). We denote 
the set of points for which the integrals (89) converge by Q,. 


Lemma. If M, is a LEBESGUE point of the summable function p on (S), then 
the integral 


[ieee do (0<’<1) (90) 
(d, Mo) 
is convergent and has limit zero as 8 — 0. Moreover, the integral 
| |j — uol 
L——— da 
A emer (91) 
(4, Mo) 


tends uniformly to zero as 8 — 0 for all nonzero values of z. 
Proof. We introduce the function 


e 
vo = flu ndo = afi - ml asiër tt 


(e, Mo) 0 
Since M, is a LEBESGUE point, (o) = o?s(o) with lim e(e) > 0. Moreover, 
e—>0 


(e) is an absolutely continuous function of e and 
2a 


r 


dg 
v' (o) = e [lu — pol XT 
0 


In the following f(e) shall denote either the function o^"? or the function 
| z | (o? + z?) ?"?. Since ae V(o)f(o) = 0, the two integrals to be investigated 


assume the following jum 
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[ie mitos - js (o) 


d, Ma) 





efin- Hol LE 








- [fte vio) de = yle fo — (ver rterde 
0 P 0 
5) £0) — fetes lodo. 
0 
In the case f(e) = o^? 
ó ó 
0< - feto) e" f'(o)do = (2 — 1) felo)o*tde 
0 0 
^ 2—4 
= (2 = ielo) fede = E 9 — (occ 9. 
0 
Hence, an pl 
[ASSP do = lub e*t e|  O<a<d), 


(ô, Mo) 
so that the lemma is proved for the integral (90). 
In the case f(e) = | z |:(o? + z?) 7? 


f'(e) =—3 |z}- olo +2). 














and hence 
TANE e(o) 
0< - ues wa dei j ay ate 
= 36 HEN. t 0 ô 
e e? + 2 0 = 3 £(01) arc ea |z m E (01) ( [Le < ). 
0 
It follows further that 
|u — Ho ô? |z| 3x 3z 
|z JE ER EE e « &( Vaca 5» ^00 SOs g 


(ô, My) 


From this now follows the assertion of the lemma for the integral (91). 
If M, is a LEBESGUE point of the function u from the convergence of integral 
(90) one can conclude the convergence of integrals (84) and (89): 


e N N 
nme qa m fua) 089 do, 
(sD (5, - (8, Mo) : 


N 
+ pa | = ato do, + ft pe po) 8 Coal do, 
(MO + (6, My) z9 
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The convergence of the first two integrals on the right-hand side is clear, while 
the convergence of the third integral for a LEBESGUE point of u follows from the 
fact that in (8,M) the estimate 


cos (Tio No) 


< pra (92) 








Tyo 


holds. The proof for the integral (84) and for the second integral in (89) is 
analogous. 

It follows from what has been said that the set Q, of the LEBESGUE points of 
the function » is contained in the sets Q; and Q, for which the integrals (84) 
and (89) converge. 

Let the point M, lie on the normal N, at the point M, of (S) in either (Dj) or 
(D,). 


Theorem 3. 7f M, belongs to the set ion then 
dV, jim 2D 








as Ee TP = 27 Mo bo + 5 D for M; in (D,) and 
dV, 0 dV 0 i 
Th TIC up —— for M, un (Dj). 


iA is here defined by the first formula in (89). The limits are summable functions 
on (S). 

Proof. We have: 
dV(2) - fp (1) 9629 qc = fo (1) S999. do, 











dn río Tio 
(Sj) (Si) 
+ al [= No) do, E eos (F10 No). d ^ (93) 
The Tio 
(S) (S, 


+f (ey — m) 88829. do, — f (wy — p R9 a 
(51) (S1) = 

The difference in the square brackets on the right-hand side of (93) is the 

difference of the values of the derivatives of the potential of a simple layer with 

density » = 1 at the point M, in the direction of the normal Ng and the direct 

value.* It follows that this difference has limit 27 for M, in (D) and —2 for 


M; in (D,). The first summand on the right-hand side of (93) is equal to le 
n 


4 The term direct value refers to the value of a function considered as a function defined 


MS V 
on a surface, e.g., W and E 


dV, a ive 
dn 5 opposed to W, W, d (Trans.) 


eq 
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To prove the theorem it remains only to show that the difference of the two 

last integrals in (93) tends to zero. We write this difference in the form 

cos (7,, N eos (Tio N 
(u — po) 089. go, — feu — p R9. do, 
Tio 10 
(ô, My) (d, My) 
+ fiu — Mo) 
(S,— (6, M)) 


(94) 
| cos ue No — cos COS (T10 No) 


Ro do, 
Let (€,7,¢) be a local coordinate system with origin at Mg. The coordinates 
of the point M, we denote by (£,5,2); the point M, on the £ axis shall have 
coordinates (0,0,z). 
Since the point M3(£,7,0) has distance | £ | from M,, it follows from con- 
sidering the triangle M,M,M, that 


Iu — Vo? +22 < |E] < botti. 


Since o < r;, we conclude that 








92 .L 23. 1-4 
f Vetë < bp s < bo, 
721 Tzi d 
hence, 
dogzlicbé 21-59 
To /—— Vo? + 2? Ye +2 Té 
Further 


[ect co. Ii al Sa) re 
PE ro MET 


From the last two inequalities it follows that 


| cos (rig No) | = 


| cos (712 Vo) | lz] 
e S VEFA 
From the lemma we may now conclude that the first integral in (94) has 
limit zero as 6 — 0; similarly, from inequality (92) the second integral also has 
limit zero as 6 > 0. From this it follows that given « > 0 one can find a 8 > 0 
such that the absolute value of the difference of the first two integrals in (94) 
is no greater than e. For fixed 6 the third integral in (94) tends to zero as 
M; — Mp, so that one can find an A > O such that the absolute value of the 
third integral is less than e for roa < A. Thus, the absolute value of (94) is less 
than 2e for ro; < h, whence it follows that the difference of the last two 


(1+ 66494 — (1+ bô) 
ET 


MIN in (93) tends to zero as M; — Mp. Since p and a are summable 
- n 











dn 
proof of the Md 
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We now consider the potential of the double layer with the summable 
density p on (S): 
W (0) = fua) 85879. ao, 
TN E 
If the point M, lies off (S), then W(0) is continuous, has continuous deriva- 
tives of arbitrary order, and satisfies the LAPLACE equation. We have moreover 


seen that the integral (95) converges if Mo belongs to the set Q; on (S). Let the 
point M, lie in (Dj) or in (De) on the normal No. 


Theorem 4. If M, belongs to the set Q,, then 


W, = limW(2) = 2245+ W(0), for M, in (Dì) and 
M> Mo 
is 95 
W,—limW(2)— —2agu,4-W(0), fT M,in(D,). Qu) 
M, M, : 


W(0) is here defined by the second formula in (89). The functions WO) and 
WO) are summable on (S). 


Proof. In place of equation (93) we now have: 


N N 
sp f (u — Ho) eee qe, = f (u — flo) een don, (96) 


and to prove the theorem it suffices to show that the difference of the two last 
integrals tends to zero as M, — Mo. We note that in (6,Mo) the inequalities 


| cos (r12 N3) — eos (rg No)! < (N uu < Er, 





| cos (T10 .N,) — eos (rug No)! < ( )« Eri, 
hold; hence, 
N | 
fo — ito) TCU qa, 
(d, Mo) NS 
cos = 
< fe — Ho) -— dd 9 acl ed ae LAW do, (k = 0,2) 
| (3, My) ne (d, Mo) 


As we have seen, the right-hand side of the last inequality has limit zero as 
8 — 0; hence, the left-hand side also tends to zero. Just as in Theorem 3 it now 
follows that the difference of the two last integrals in (96) goes to zero as 
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M; — Mg. Since u and W are summable functions on (S), W; and W, also 
have this property. The theorem is herewith proved.? 


824. The Newtonian Potential with Summable Density 


Let (x,y,z) = (M) be a summable function in the finite region (D). We 
consider the Newtonian potential with density p: 


10 
(D) 


If M, is an interior point of the region complementary to (D), then the 
integral (97) is convergent and represents a harmonic function in every region 
which together with its boundary is contained in the region complementary to 
(D). 

If M, belongs to the region (D) or to its boundary, then the integral (97) may 
diverge. We shall show that it converges except for Mọ in a certain set of 
measure zero in (D). For this we put F(0,1) — ED and consider the integral 
Tio 


1 d 
g(1) = firo, 1)|dt = [OL ar = eo f: 
(D) (D) s (D) 10 
Since the integral 


is a continuous and bounded function of M, in (D), the function ¢(1), which 
is the product of this function and the summable function | u(1) |, is summable 
in (D). From the FUBiNI theorem we conclude that the integral (97) converges 
except for Mo in a certain set of measure zero. P(0) is moreover summable in 
(D). 

We shall now assume that p and p?’ are summable, i.e., u belongs to L}, and 
we shall denote by || u || the norm of u in L5: 


lul = | Í pipes s 


(D) 
Theorem. Zf u belongs to L5, then P[u] is H-continuous everywhere with 
| P(1)  P(2)| € C||u]"s (98) 


where 8 = ria and C = 4 2n + 24/3. 


5 The theorems of this section are contained in the paper by G. FicHERA, Teoremi di 
conipletezza sulla frontiera di un dominio per taluni sistemi di funzioni (Annali di matematica 
pura ed applicata, t.XXVII, serie 4, 1948). 
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Proof. Putting u equal to zero outside the region ( D), we may assume that 
the integral (97) is extended over all of space. We then have: 


0 0 
P(1) — P(2) = fie di -f OLan 








(99) 
-[58 ar, — [5 as $ fuc. - 4n. 
Tio T20 : Tio T29 
Tic2ó Ti 26 Ty 2d 
From the BUNYAKOVSKII-SCHWARZ inequality we obtain: 
| [as Ps fto. -fixo J| dto < 4r- 2 ôlju ?= 8z||uit8; 
had 2d " "cad! WEET) 
From this it follows that 
(0) lh "ly 
[^S an, < y8x|luo". (100) 
Ty 2d | 


Since the sphere rio < 25 is contained in the sphere rọ < 36, we find in the 
same manner that the absolute value of the second integral on the right-hand 
side of (99) is not greater than \/12z || u || 8'/?. This estimate we denote by 
(100^. 

Since outside the sphere Fjo < 25 the inequality r29 = 2 holds, we find: 
[1 1, [29 nol 2ó 
t-te PEE 

Tio Tag ! Tio T20 Tio 


applying the BUNYAKOVSKII-SCHWARZ inequality, we obtain: 


| Je (0)| x | je < A U J — te 


To 220 ‘ieee 





2d ! it 
«25a | taf ^t = oo qu] = evia qti 
26 


Inequality (98) follows now from (99), (100), and (100’), wherewith the 
theorem is proved. We shall make use of this theorem in the sequel. 

To conclude this section, we shall present a number of interesting properties 
of the Newtonian potential with summable density. 

We now introduce the definition of generalized derivative due to 
Academician S. L. SOBOLEV. 

Let the summable function f(x,y,z) be defined in a bounded or unbounded 
region (D). We denote by {p}, the class of functions which are continuous 
everywhere, have continuous derivatives up to order /, and are such that each 


824. The Newtonian Potential with Summable Density 119 


function g of the class (yj, vanishes outside a certain bounded region (D,) 
which together with its boundary is contained in (D) and which depends on 
the choice of g. 

Further, let w(x,y,z) be a summable function in (D) with the property that 
for every function o of the class {p} the relation 


— (-1) | ood 
lb mE. y [ood 


(D) (D) 


holds. One says that w(x,y,z) is the generalized derivative of order / of f and 
writes: 


o f . 
aah dy’? 82's 


We shall show that a Newtonian potential with an everywhere summable 
density possesses generalized derivatives of first order in every bounded region. 

Let (x,y,z) be the coordinates of the point Mo and (€,n,¢) be those of the 
point M,. Let (D) be a bounded region. Then the integral 


is everywhere a bounded and continuous function of M,, such that the product 
of | w(1) | and this integral is a summable function of M,. From the FUBINI 
theorem we conclude that the integral 


0 a 
o(0) = | w(1)— 2% dry, 
converges except for Mo in a certain set "m measure zero. It follows moreover 


that «(0) is summable in an arbitrary bounded region. We shall show that 
w(0) is the generalized derivative of the Newtonian potential. 


9) - [na jc dee 


T10 


For this purpose let p(x,y,z) be a certain function of the class {p},. We then 
obtain by interchanging the order of integration, the justification for which 
follows from the FUBINI theorem, that 
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Ó ð p- (1) j ro 1 
[^ 2 av =/52 | [EO as, dt, = Jeo oe ra 
(Dy) ) 


(Dg) (Dg 
: | 


] a L 
== | fe(1) a =r aid t% dt, 











ll 

| 
SOT 
S 

e 
— 
- 
Sess. 
~ 

e 

un 
S 
Riot. ee 

eu 

A 

t4 

m 


(Dy) (Dg) 
hence, i ý 
og 
j^ $£ a« 7 — [o0 pO ar 
(Dg) (Dg) 


Since g(x,y,z) is an arbitrary function of the class {p},, this means that w(0) 
is the generalized derivative of P(0). Hence, 


P 
o0) = 5 
as was to be shown. 

If u as well as p? is summable, then one can say still more about P(0). We 
have already seen that P(0) is then H-continuous. Moreover, the following 
assertions, which we present without proof, are true: 

Ü é ; ] 
l. g and are square-suminable in every bounded region. 
x Y 
2. The generalized derivatives of second order exist. These are everywhere 


square-summable and are expressed by 





1 
8P 4z dira 
às Cog tot Jul) -pp tn. 
1 
as 
eP E Tio 
zc = Aag dt, M 


Here the integrals in the usual sense are divergent and are to be interpreted as 
limits of the functions 


| 2 1 ' e 1 

MEIN | NALE 
F K (1) an dt, T u (1) doy dt, etc. 
Ty RE Typ c6 


in L, for e — Q. 
For fixed e > 0 the last integrals are continuous functions of the point Mo. 
From the formulas for the second derivatives it follows that 
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QP e? P CP 
Ox? ay? 02 





—--4zaupg(Q0), 


i.e., the Newtonian potential with square-summable density satisfies the 
PoissoN equation wherein the derivatives are to be understood as generalized 
derivatives. 


6 The proof of this last assertion may be found in §§17-21 of the book by S. G. 
MIKHLIN, The Problem of the Minimum of a Quadratic Functional (English translation), 
Holden-Day Inc., San Francisco, 1965. 


CHAPTER III 


THE NEUMANN PROBLEM AND THE 
ROBIN PROBLEM 


81. The NEUMANN Problem 


With regard to the forms of regions bounded by surfaces (S) we shall 
distinguish the following cases: 

1. In this case, which we shall call the ordinary case, there exists a single 
surface which bounds a connected region (Fig. 23). Of the two regions bounded 
by (S) we denote the outer region containing the infinitely distant point by (D,) 
and the inner region by (D). The normal N to (S) shall always be directed into 
the region (D,). 


(0) 





Fig. 23 


2. The case (J) in which—as shown in Figure 24—there are several inner 
boundaries. 

We denote by (Dj) the connected region bounded by all the surfaces which 
does not contain the infinitely distant point, while the rest of space we denote 
by (D,). We shall assume that the normal of the boundary surface always 
points into (D,). We denote the entire boundary by (S), the outer boundary by 
(S) and the inner boundaries by (S), (S0, . . ., (5), 

3. The case (E) in which there are several connected regions (Fig. 25). In 
this case we denote by (D,) the connected region bounded by all the boundaries 
which contains the infinitely distant point and by (Dj) the region composing 
the rest of space. 


122 
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(Dp) 


oe) (say 





Fig. 25 


We shall also here assume that the normals N are always directed into the 
region (D,). We let (S) denote the entire boundary, while (S), (S2), . . ., (S9) 
denote the boundaries of the individual regions; we always suppose that all 
boundary surfaces satisfy the LYAPUNOV conditions. 

Problem A. It is desired to find a function V harmonic in the interior of the 
region (D;) which satisfies the condition: 


dV; — 
dn 





f at each point of (S), (1) 


where f is a prescribed function continuous on (S). 

This is the inner NEUMANN problem. The outer NEUMANN problem is 
similar: 

It is desired to find a function V harmonic in the interior of (D,) which 
satisfies the following condition: 


dV, 
dn 


One easily sees that in certain cases nonzero solutions of the NEUMANN 
problem exists for f = 0. Indeed, in the ordinary case and in case (J) a function 
U which is constant in (D;) is harmonic in (D,) and on the boundary satisfies 
the condition 


=f ateach point of (S). (2) 





dU. / 
as O° a? 


In case (E) the same condition is met by a function U which assumes arbitrary 
constant values inside each of the surfaces (S1), . . ., (S®). 

In case (J) a function U, which assumes arbitrary constant values inside each 
of the surfaces (S“), . . ., (S?) and is equal to zero outside (S), is harmonic 
in (D,) and on the boundary satisfies the condition 


t. e p. (2') 


If a function V is harmonic in the interior of (D) (or in (D,) in case (J)) and 
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is a solution of the NEUMANN problem, then clearly V 4- U is a solution of the 
same NEUMANN problem. One can show that this is the extent of the lack of 
uniqueness in the NEUMANN problem. For this it suffices to prove the following: 

1. A function harmonic in the interior of a finite connected region is equal to 
a constant if its normal derivative vanishes on the boundary of the region. 

2. A function harmonic in the interior of an infinite connected region with 
finite boundary is equal to zero if its normal derivative vanishes. 

In order not to interrupt the discussion, we delay the proof of this assertion 
until the end of the chapter. 

Remark. In case (J) one may replace the outer problem by k inner problems 
and one outer problem. In the same manner, in case (E) the solution of the inner 
problem may be replaced by the solution of k inner problems. 


82. Replacement of Problem A by Another Problem 


In place of Problem A we shall solve the following problem. 

Problem B. 7t is desired to find the potential of a simple layer on (S) which 
for the inner problem satisfies condition (1) and for the outer problem con- 
dition (2). 

Let 
V= f uem (3) 


Tio 
(S) 


be the potential of a simple layer on (S). In case (J) this integral is represented 


by the sum [m i $ 
t=1 


Tio 
(8,0) (8,0) 


and in case (E) by the sum 


Remark. We shall denote by M (x,y,z) the point for which we calculate V, 
by M,(x1,)1,Z1) the integration point, and by r,, the distance between Mo and 
M. In place of (S) we shall write (S) to indicate that (S) is the location of the 
point M,. 

As we have seen, the potential of the simple layer with continuous density is 
a harmonic function in the interior of (D,) and in the interior of (D,). Every 
solution of Problem B is therefore also a solution of Problem A; all other 
solutions of Problem A differ from that of Problem B by a function U discussed 
in the preceding section. We shall subsequently see that every solution of 
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Problem A can be represented as the potential of a simple layer and is hence a 
solution of Problem B. Problems A and B are therefore equivalent. 

We replace Problem B by Problem C, the solution of which leads to the 
complete solution of Problem B. 

Problem C. /t is required to find the potential W of a simple layer which 
satisfies the following equation: 


dW, dW, aw 


wh age = BED 2f  on(8) (B) 





The function W which satisfies equation (B) depends on ¢; one easily sees that 
“or £ = litis the solution of the problem B; and for £ = — 1 the solution of 
.he problem B,. 

We need only recall the formulas in II, $4: 











dW, dW, _ | 
en CU = 4s x density of W, 
aW; , dW, 9 dW (4) 
dn dn dn 
With the help of these we find for ¢ = 1: 
dW, dW, aW; dW, | 2f aW; id 
dn dn dn dn ? dn 2A 


so the function W is a solution of the inner Problem B. 
Putting £ = —1, we find: 

dW; dW, dW, , dW, | dW, _ y. 

dn dn dn dn - 2j, dn =f 


from this it follows that in this case W is a solution of the outer Problem B. 














We shall denote the density of the potential W by -7 h, Le., 
TT 


1 f udo 
v=- t. (5) 


The first of equations (4) then assumes the following form: 





dW, dW, 1 
dn — Ge =42(-3,4) = As (6) 
Noting that 
aW 1 COS (Tio No) 
da a) es 


(8) 


we find from equation (B): 
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E : cos (r1 No) 
c e: 
10 


do, S 2f, 


"S 1 cos (T10 No) 
H aelh e a CE 
(S5) 
We have thus obtained an integral equation for » which we shall write in the 
form 


N 
p (0) — -$. n (1) E o) do, 4- f(0) (7) 
(S)) 


wherein we denote by F(0) a function of M and by F(1) a function of M;,. 
The kernel of equation (7) is 


K(10)-—— 








It is unbounded. The equation associated with (7) reads: 


0) = t [Kk (o, 1) € (1) do, + f(0) = -j foo Ex Nada do, 4- f(0 
(S)) s ) 
According to agreement, the segment r,, is always oriented from Mo to M,. 
We may therefore write the last equation in the form 


0) = fo) zm do, + f(0) (8) 


The first term on the right-hand side is here a double-layer potential. 
Remark. In the DIRICHLET problem (Ch. IV) equation (8) plays the same 
role as equation (7) in the NEUMANN problem. 


$3. The Formal Solution of Equation (B) 


We assume that it is possible to satisfy equation (7) 


(0) — —g fua) do, + f(0) 


by means of a series K ) 


cos (rio No) 
aea A ai 
io 


1 (0) = o,(0) + €0,(0) + «+--+ E^ 0n(0) + °°, (9) 


which converges uniformly on (S) for sufficiently small values of | £ |. 
If the kernel of equation (7) were bounded, then the existence of such a 
series would be ensured. 
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Substituting the series (9) into equation (7) for u and equating like powers 
of £, we obtain the sequence of equations 


1 COS (T10 No) 
e(0) = ale a do, 
(S) 
ddr ub ra A e ur rens (10) 
1 cos (Tio No) 
0, (0) ~az] ex 1 (1) 3 ~~ doy, 
(S)) 


This sequence of equalities makes it possible to determine the functions 
Co, 04, - .. successively. 
Making use of the hypothesis of uniform convergence of series (9), we 


; ; 1 i ; : 
multiply the series by — Bou and integrate termwise. We then obtain the 
7T lio 


following series for the potential W defined by formula (5): 





W= Vit Vat CPV geet pp (11) 
with 1 fede, 
nS aa) ow c 
(S) 
— 1 0, (1) do, 
Ve i zx] Tio , 
(Sı) (12) 
01 f exa(Dde 
xs L| rs E 
GS) 


Computing the normal derivatives of the potentials (12), we find that 





dV, — 1 COS (Tio No) l 
aa A edu Aa do, 
(81) 
dY, — 1 cos (T10 No). 
dn 2x 1(1) = Tio do, 
(5) (13) 
dV, 1 COS (rig No) 
"dn ^ 9n Ox -1(1) "à : do , 
(S4) 


Equating now equations (13) and (10), it follows that 
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dV. dV. dV 
Tt = 0110), -ji-60,..  $ft-e0... 


Replacing eo(1), o,(1), . . . in (12) by the values found, we obtain: 











1 do, 
a 
(S) 
V.=— 1 f dV, do, 
: Qu) dn to’ 
(S) (2) 
y, — 1 (dVy-1de; 
27 dn T; 
(S,) 


These equations make it possible to compute the potentials (12) without 
making use of the functions (10). The potentials (12^) we shall call the 
STEKLOV-ROBIN potentials. 

Equation (11) gives us a formal solution of equation (B). If the series (11) 


actually converges for & = l or ¢ = —1, then W actually represents a solution 
of Problem B. The problem is therefore reduced to studying the convergence 
of the series (11) for = l and £ = —1 with which we shall concern ourselves 


in the next section. 


64. Investigation of the Iterated Kernels 


We have agreed to denote the boundary (S) by (S,) and its surface element 
by do, if the coordinates of the variable point are x,, y,, and z, ; similarly, we 
will call the same surface (S5), (S3), . . . if the coordinates of the variable point 
are (x5,J 3,25). (Xq.Y3:23), . . .; We shall call the corresponding surface elements 
do,, dos, . .., while we shall denote a function of the point (x,,y,,z,) by f(n). 

We now consider the iterated kernels of the kernel K(1,0) = K,(1,0): 


K,,(1, 0) = | K (1, 2) K, 1 (2, 0) doz. 
(S,) 


We first study the kernel 





1 [ eos(rj No) Cos (Top No) d 
2 2 2 05 
4n | Tja T30 
(S2) 
This kernel, considered as a function of the point M,, is the double-layer 


: f ; cos (Tao N, : TE : 
potential with density — S (raoNo). this density is integrable and continuous 
TT Fio 


K,(1,0) = 
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everywhere except at the point Mọ in a neighborhood of which it is possibly 
unbounded. From a remark in JJ, 83 it now follows that K,(1,0) is continuous 
as a function of M, as long as M, does not coincide with Mo; K5(1,0) may be 
unbounded in a neighborhood of Mọ. Considering K,(1,0) as the normal 
derivative of the simple-layer potential, we conclude similarly that K5(1,0) is 
continuous as a function of Mo if M, does not coincide with M,. We can make 
the same statements about the iterated kernels following K,(1,0). We shall 
show that one of the iterated kernels is bounded, so that the next following 
kernel is certainly continuous. Jn the following considerations we shall invoke 
the boundedness of the functions and make no special mention of their 
continuity. 
We assume that (S) is a LYAPUNOV surface, so that 


CN, No) < Erh 


In this case we can show that the iterated kernel K (1,0) belonging to the kernel 


1 cos Tio Ni 0). 
2x To 
is bounded if its order n satisfies the inequalities 


2—(n—1)420, 2—nA«0 


K (1, 0) = — 


For this purpose we first of all recall the inequality obtained in I, 81: 
| cos (ri No) | « ar. 


With the help of this inequality we find: 








1  cos(roNo) | 2-4 a 
2z Teo | < 2m — e 
Putting 
; C, 0) 
K(1,0) = -——-, 
Tio 


it follows that C(1,0) is a continuous and bounded function. 
We now wish to estimate the second iterated kernel. We have: 


K,(1, 0) = [Ka,2) Ke, 04e, - f 


($3) (53) 


We consider the Lyapunov sphere and the sphere of radius 2r, about the 
point M, (Fig. 26). 
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Let (2,) and (o) be the subregions of (S) cut out by these spheres. Then 


C(1,2) C(2, 0 
K,(1, 0) = RAE 
Tig T20 


(83 — Zi) (14) 
4 [£02 08,9. a (55328 Secum das. 
(o3) 











J p^) 2—4 
(S269 Ti2 T20 
The first of these three integrals is bounded, since r,; and rz, are greater than 
d. : ; ER ; d 
5 in the region of integration if r,9 is less than 5 


We consider the second integral. Since the point M, lies outside the sphere of 
radius 2r jo, 


1 
T12 > 2 T20 


Introducing cylindrical coordinates with Mo as pole and the tangent plane at 
My as polar plane, we obtain: 








9 da, 
| C (1, 2) C (2, 0) do,| < B2. 22-2 2 
| "an À n 
2 20 
| (24-02) (24-02) 
$ a 
9 Q»— 
2. .92-à odo | BX ^.4m leere) wd 
«B*.4n.2 4-24 2—23 2-24 2-94 
o Tio d 


Tio 


We hence see that the product of the second integral and rjg 7* is bounded. 
To estimate that last integral in (14), we construct the normal plane to MoM, 
through the midpoint of rio. This plane decomposes (c2) into two parts, 
namely the subregion (eg) containing the point Mo and the subregion (o,) 
containing the point M. 
The last integral in (14) is then the sum of the two integrals over (o9) and 
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(v); we shall now consider the first of these. If one integrates over (so), then 


: 1 bus 
r1? ls greater than gie From this it follows that 


C(1, 2) C(2,0) B?.9%-4 f doz 
| f i at do| < FL r274 
| Tig 

















10 20 
(oo) | (¢9) 
eee mea a 
B*.97-*.2% a odo B?.927^.4a 
< pena T 2-4 — -a7 (2 rio. 
Tio g rio 


(0) 


Hence the product of this integral and the power r25 ? is bounded. 
We denote by (o;) the subregion of (S) cut out by the sphere of radius 3r,, 
about M, which therefore contains (o;) in its interior; if we take account of the 


-—- ; ; 1 : 
fact that in integrating over (c,) ro is greater than jio then we obtain as 


ve: 
C(1, 2) C 2.2274 f do, 

f ' 2 m = 2) do | < = E Je 2- A 
Tie 120 | Tio Tig 











(a) (e) 
E Bhgr ham 3, y 
2—4 2-2 2-4 10 
Tio Tio 10 ^ 


(ov^) 
Gathering together the results obtained, we find: 





|Ke(1, rio ^| «By, — Ke(1, 0) = 


B, is here a constant, and C,(1,0) is a bounded function. 
Repeating the same considerations for the kernel 


K,(1, 0) = | K (1, 2) K,(2, 0) do 


s (S2) 
we obtain: 





C, (1, 0) 
K, (1, 0) E in , 
Tio 


where C,(1,0) is a bounded function. 
Proceeding in this manner, we finally find that 


C, 4 (1, 0) i 
Kn-1(1, 0) = ái: if 2—(n—1)A+0, and 
10! 


Kn-1(1, 0) = Cn-1(1, 0) |In rio], if 2—(n -1)A =0. 
The boundedness of K,(1,0) is herewith established. 
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85. The Actual Solution of Equation (B) 
From the theory of integral equations the solution of equation (7) 


cos (T 


1 (0) = Sz [nay 903879 do, + (0) 


- tf[xa. 0) u(1)do ft) 


(Si) 
also satisfies the equation 
u (0) = e^ | K, (1, 0) u (1) do, + 2, (0); (15) 
(S1) 


where Z,(0) is the sum of the first n terms in the expansion of p in powers of 4: 


Za (0) = 00(0) + £e1(0) +--+ + 07710, 4(0) 
= f() + $f KA, 0) f(t) do, +--+ Of K, (1, 0) fl) doy. 
(Si) (S) 
If the kernel k,(1,0) is bounded, then one may introduce the corresponding 
FREDHOLM determinant D(¢), its first subdeterminant D(£,1,0), and the 


resolvent D (6, 1, 0) 
D(t) (S) 





The expressions D(¢) and D(£,1,0) can be expanded in series of powers of € 
which converge for arbitrary ¢. Since (16) is the resolvent for equation (15), 


Er D, ,1,0 D, , 
#(0) = ©, (0) + o"f 2, (1) Br day = Be (17) 


(54) 
The function (0) can therefore be represented as a fraction, the numerator and 
denominator of which can be expanded in series of powers of ¢ which con- 
verge for all values of ¢. The coefficients of the series for D,(¢,0) are continuous 
functions of Mo, and this series converges uniformly on (S) for arbitrary values 
of £. We denote the denominator of the fraction in the last equation by D,(¢) 
instead of D(¢), while we hereby assume that all common factors in this 
fraction have been cancelled. If č, = 0 is the zero of D,(¢) of smallest absolute 
value, then the series (9) converges uniformly on (S) for every fixed £ of the 
disc | £| « | ¢, |. The potential 








1 (D,(5,1) do, 
V (0) = — z D,QQ) Tio 
(S) 
is the solution of equation (B). If ¢ = 1 and ¢ = — 1 are not zeros of the 


function D,(Z), then equation (B) has solutions for these values. 
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Hence, the solution of the NEUMANN problem reduces to the question of the 
conditions under which £ = | and £ = — 1 are not poles of the mermorphic 
function (0). 

In investigating this question we first of all prove the following four theorems. 

1. In the ordinary case and in case (E) € = — is not a pole of the function 
p(0). This assertion does not in general carry over to the case (J). 

In all cases we have: 

2. The poles of the function (0) are real. 

3. The function u(0) has no pole between — l and +1. 

4. All poles of the function u(0) are simple. 


86. A Lemma 


To prove the theorems formulated in 85 we must make’use of GREEN'S 
identities in which U and V are simple-layer potentials: 


au àV , ov av , av avy, — a dU, 
[Grm pao toe oe let = [Oat de dU do, (18) 





D) ($) 
J (se) + (57) + (Se) ]* =) 239 (19) 
| (vi — v555)ae =o. (20) 


(S) 


Analogous formulas hold for the region (D,). We proved these identities for 
functions which are harmonic in (Dj). The potential of a simple layer is in 
general not harmonic in (Dj), but rather in the interior of (Dj). Only in the 
case of an H-continuous density u can one assert from the considerations in 
II, 87 that the first derivatives of such a potential are H-continuous in (D;) so 
that the GREEN identities may be applied. 

In this section we shall prove the validity of formula (18) for potentials of 
simple layers with continuous density which will suffice for the following con- 
siderations. Formulas (19) and (20) are consequences of (18). 


Let the points M, and M, bein (D,). Then : and 2 are harmonic functions 
Tio F30 
of the point Mg in (D;) which have continuous derivatives of arbitrary order 
and to which the GREEN identity is applicable: 
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(21) 


a 
xj sape -[ smt us. 


2 
10 T03 


If one holds the point M, in (D,) fixed, then both sides of equation (21) are 
everywhere continuous functions of M,, being respectively the integral over 
(Dj) of a sum of first derivatives of Newtonian potentials with continuous 
density and the integral over (S) of a potential of a simple layer with continuous 
density. Formula (21) therefore also holds when the point M, is on (S). Let 
now M, be a point of (S). From a remark in II, $13 the left-hand side of (21), 
as a function of M,, is continuous everywhere with exception of the point M,. 
If M, coincides with a point M, of (S) distinct from M,, then from the 


Addendum in II, $3 the quantity ae is to be added to the right-hand side. 
"12 


We thus arrive at the identity 


fat at . 
fl Tio . T20 4 E = a ix E £08 lta No) ga, (22) 


Tio Tos 
S) 





Let u and v be the densities of the simple-layer potentials U and V. Then 
from (22) 


` Í j P? aL 
]»o| foes] H 5 + jarlas do, 
(Sa) (S1) (Dj) (23) 
= fu el IUE = rae eg 


: Ti2 To2 
(S2) (S1) 








If we interchange the order of integration on the left-hand side of (23), the 
justification for which we shall give in a moment, we obtain the formula 


m Pan igen: aged | 
u(2)) fva) adr afda 


(34) p 














Q S) 
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and formulas analogous to this. 
Hence, the left-hand side of (23) assumes the form 


[ea oU aY Ad 
Ox ÖT Oy Oy Gz O2 , 
QD) 
i.e., it becomes the left-hand side of (18). 
The right-hand side of formula (23) upon interchange of the order of 
integration, the justification for which will also be given shortly, gains the 
appearance: 


UL fron de jam 


(S2) (51) 
m ri, dn | fo cos senta. do, |f 
v 10 


(S) 


(S) (8;) 

= 2z [1(0) V (0) dc zr fu (2) seo 

(S) (S) (S3) 95 
= [vo fauo- fue) et ao lac 
G5) (Sa) Ra j 

dU, 

= | V(0) du 993 
(S) 


for one has 


£08 (Tos No) cos (759 Vo) 


2 x u(0) — fue n. ee tae) + fu) i 05 
(S2) “(S2) 
dU dU; 
cem eC a 


The right-hand side of (23) is therefore equal to the right-hand side of (18). 
Assuming the interchange of the order of integration to have been justified, 
this then completes the proof of formula (18). 

From I, $6 to justify the interchange of the order of integration on the 
left-hand side of (23), it suffices to prove the existence of the integral 














> 1 1 ! 
Q0— | d—, | 
linc bol | ye |i ias as 2 
“list (D,) 
First Tu 

| 1 1 

RC ES Hor eee 

| àz | rd, ' Oz ro ’ 
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and hence 
1 1 
| i | "marci. la 
é | Ox Ou Toe 25 * 
(4) (Dj) 
We shall establish the validity of the inequality 
1 1 C 


For this purpose we consider the sphere of radius 2r,, about the point M, 
and denote the portion of the sphere lying in (D;) by (w). The plane normal to 
MM, passing through the midpoint of this segment decomposes (w) into two 
subregions (w’) and (^); let (w’) contain the point M, and (w”) the point M;. 

The integral (25) may be written as the sum of the corresponding integrals 
over (D; — w), (w’), and (w”). We shall estimate each of these integrals. 





r 
In the region (w’) ro > 2) and hence 
Fd 1 4 dt 322 
a met Se Rufe inen 
| Tio 730 Ti» J Tio Tia J Tio (2) 712 
(o) (o) (w) 


We have here made use of the fact that the integral over (w’) of a positive 
function is less than the integral over (w), while this in turn is less than the 
integral over the entire sphere of radius 2r,,; the value of the last integral was 
established in II, 811. 


Since (w”) is contained in the sphere of radius 3r, ; about M;, we obtain an 
analogous estimate for the integral over (w”). 


M12 


In the region (D; — o) rio > 2r,, and hence < Moreover, 


Nie 


Fio 
| rio — roo | S r45, and hence 


1 T20 l 
So É 2 
1 T30 
2 M Tjo 
and hence i 
Teo = Tio 


Let R be the diameter of the region (D,). The integral of a positive function 
over (D; — w) is then less than the integral over the spherical shell with radii 
2r,, and Rand midpoint M,. We therefore obtain: 


fara 
Tio TÀo 


(Dj- w) (Dj-w) 27a 


do —16z 2 (s. ue 


2T15 
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Therefore all the integrals can be estimated by a quantity of the form 3 
Fi2 
wherewith the estimate (25) is proved. From this it follows that 

















l à a + 
iv (1) | aa TA dtido, 
(S) Dp ' 


is an everywhere bounded function of M,, and the integral over (S,) certainly 
exists. This completes the proof of the justification for interchanging the order 
of integration on the left-hand side of (23). 
Repeating the considerations of 84, we arrive at the estimate 
i 1 | COs (729 Ng) S (reo No] gg o<- 


Tio 730 
(S) 


hence, the integral 
fii cl I fira ll. | {= sos Czo Vol dias 
(S) (8) P v 


exists; this shows that the interchange of the order of integration on the right- 
hand side of (23) is also justified. This now completes the proof of formula (18). 

In addition to the identities (18) and (19), we also prove the following 
assertions of which we shall later make use. 


1. If for a potential of a simple layer the equation T = 0 holds for all 


points of (S), then the potential V and its density in the ordinary case and in 
case (E) is everywhere equal to zero; in case (J) V is equal to zero outside of 
(S) and is constant inside (S), (S™), . . ., (S®). 


Indeed, p = 0 implies 
n 
fig) + Gg) + Ge) |2* = 2m xds-0, (19) 


=0, V = const. 











Qr Oy ós 

At infinity however V — 0;so in the connected region containing the infinitely 

distant point V is equal to zero. This connected region in the ordinary case and 

in case (E) coincides with (D,). In case (J) this is not the case, since the con- 

nected region does not here contain the regions interior to (SU), (S), . . ., 
(S®) in which V is constant. 

Since in the ordinary case and in case (E) the potential V is equal to zero in 
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(D,), it also vanishes on the entire boundary (S). Formula (19) shows that V is 
constant in (Dj), but since it vanishes on (S) it is also equal to zero in (D,). 

If V is everywhere zero, then 
D oe Any, Hc. 

2. If the potential V is zero in (Dj), then it is everywhere zero. For since V 
vanishes on (S), it follows from formula (19^) that the derivatives of V in (D,) 
are equal to zero and hence V is constant in (D,). Since V vanishes on (S), V is 
also zero in ( D,). 

Addendum. Let U be harmonic in (Dj) and let V be the potential of a simple 
layer. One easily sees that formula (18), and hence formulas (19) and (20), are 
valid. 





02 


If M, lies in (D), then. is a harmonic function of the point My in (Dj), and 





Fio 
hence 
/ 1 1 1 ^ 
f (ac I RN TN: Fe 
OF oz Oc Oy | Oy Oz Oz (26) 





be = — fue cos > do. 
n Pu (d 


Letting the point M, in (26) tend toward the surface (S), multiplying the 
equation so obtained by p(1), integrating over (S), and interchanging the 
order of integration, we arrive at the desired formula (18). 

As a consequence of formula (20) we obtain: 


dV, do A. V, Sos (no) a 
dn rj | 4% Tio 
e (S) 


DE dV, do 1 cos (r3o.N) F 
0 ix] irl +a [Ve eda, for My in (D); 
(S) (S) 





V(0) — for Moin (Dj), 





analogous formulas are obtained for V, and a The derivation of these 
n 


relations in I, $8 was also based only on formula (20). 
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$7. Proof of the Theorems in 85 


We now proceed to the proof of the theorems in 85 and suppose that the 
function (0) has a pole of kth order at £9. We put then 


D, (¢, 0) 84 (0) ð (0) 
HO) = Dig C- ^ Gye to (17) 





where #,(0) is not identically zero. Then 





__ 1 fudo _ 1 ET. a 
mes 2n To (£— «Y Wo ai (C—O)! Be preso 
(S) 
with 

Ww = — p ^9, 

(S) 
wo = — ene 
22 ? 

(S) 


W © is here not identically zero, for then 9,(0) = 0. 
1. We substitute W into the equation 























dW; . dW, _ 
igi c CL a) 
ns dW, , dW, 
- lth me) 2f E ty (Fe + 4) 
and compare coefficients of ee = we thus obtain: 
(E — Lo) 
aW, (0)  qw,o TT. dW) dW, (28) 
ie ae [us dn ) 
One then arrives at the equation 
dW ,) dW, Ms 





(1+ E) SF = 1 7 | 29 


Multiplying equation (29) by W and integrating over (S), we find with the 
help of (19) and (19: 


ata [z Eas - [zi oe) ar. | G0) 


For £, = —1 it now follows that 
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fx (2me¥ar o. 
(D,) 

Hence, W‘ is constant in (D,) for this value of £. In the ordinary case and in 
case (E) W is then everywhere equal to zero, whence it follows that (0) is 
everywhere equal to zero. This contradicts the initial hypothesis. Hence, 
neither in the ordinary case nor in the case (E) can £y = — 1 be a pole of the 
function p. 

2. We now suppose that fy is a complex number. Then #,(0) and W may 
also be complex. We put 


W= Vo i yD; 
Equation (29) then reads: 





dV(D avy avd , .dV,O ' 
cr eiu) (tite) GD 
Multiplying both sides of (31) by VU? — iV™ gives: 
a+ c) [ve 442. WD oye) dV d dm (vo te — ae a) 
ye, (32) 





B ; T D p aV PLASS 
=í = fy rot 4 yo ded (Y 57 qu — vente S) 


If this equation is integrated over m then according to (20) the integrals of 
the quantities in parentheses is zero, and we obtain: 


one te e 


enon suf aleve (ups. © 


Denoting the two integrals occurring in (33) by J; and J, and putting 
to = £g + ino, We further obtain: 





PEM b= E tn, = Jm. (33’) 


Now J; and J, cannot both vanish, for then V(? = V =0, so that W =0 
and 95(0) = 0, contrary to hypothesis. On the other hand, from (33)' there 
follows the homogeneous linear system for J; and J, 


(LF Eoi t (1 — &)J,— 0 
no J 4— Mo Je= 0, 
The determinant of the coefficient of this system must vanish: 
—4 + oyo — (1 — Eo) = — 2y = 0. 
From this it follows that 29 = O, i.e., fy is real. 
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3. Let to be real. Then in equation (30) 
(bash o[z (se) = Gon] (oe) 2 


both integrals cannot vanish, for in this case Ww and hence ,(0) would be 
identically equal to zero everywhere. If the integral on the right-hand side 
vanishes, then £j = —1, and if the left-hand side vanishes, then it follows that 
fo — 1 
to + 1 
has a finite positive value, which means that the inequality £y > +1 or 
to < —1 holds. 

From this one obtains finally the result that there are no poles of the function 
p. between tọ = — land £y = +1. 

4. We now suppose that k > 1. Substituting the expansion of W into (B) and 


£9 = +1. If both integrals are different from zero, then the quotient 





comparing the coefficients e pc ; on both sides, it follows that 


I 
TEJET 
aw) WD e em dW) AWD | Vy 
dn “dn 91 dm dn )-( dn dn iF 
whence 











dW) a WO) d Wo) aw, (°) 
(1 + So) - = (1 — $9) © ose 5 dn -. (34) 


We multiply (29) by W(® and (34) by W'? and then subtract the second 
product from the first. We thus obtain the equation 


a nU dW;Q) 
(l t 
+ E) (W ye n E 


ae 


— Wo 


dW, 


Zi ty (w ag d (wm T 4 WO 


ET. att n 


er) 


Integrating this equation over (S), it follows that 


[zy zem — à (35) 


j) 








We now write equation (30) in the form 


a tof (Se) a sss of x (as - o. (307) 


(Dj (D,) 





Since 


1 —1 
| =1—Co+17 o= 2 


1+ĉ 1—% 





we find by solving the system of equations arising from (35) and (30^): 
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oWto 2 We) 
JaUxje-9 a 
(Di) 


These equations can however not hold, i then WU? = 0 and hence2,(0) = 0. 
Therefore the assumption that k > | leads to a contradiction; hence k can only 
be equal to one, as was to be shown. The four theorems of $5 have now been 


proved. 
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If we substitute the value for u of (17) into equation (7) 


1 (0) = — gz f u (a) $9 0899. gg, +. pro) 
(S) "io 
we obtain: 
D,6,0 = —g (DiC, 1) AH do, + OD). — (sg 


(S) 


We multiply this equation by do and integrate over (S). We thus find: 


[heoa 


e 1) cos x do, + D,(L) [rn 0) do (37) 


ES (3) (5) 
— cos (Tio V 
p - fD, »( [goes s D, [ (0) do. 
(Sy G zi ($ 
Now since the point M, lies on (S), 
fs CoNo go = — f Efm do See 
Tio Tia ` 


(S) (S) 
Equation (37) now assumes the form 


[Di 0) dc = ¢ | Ditt, 1) doy + DC) f f(0)do 
(S) (S) (S) 
and it follows that 
1 — 0 [Di (č, 0)do = D, È) f f(0)do. (37) 
(S) (S) 
Let us suppose that the case at hand is the ordinary case or the case (J). For 
— ] we obtain from (37^): 
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0 = D,0)ff(0)46. (38) 
(S) 
From equation (38) it follows that either ¢ = | is a zero of the function D,(£) 
or that 
[fO do — 0. (39) 
(S) 


Condition (39) is certainly satisfied if £ = 1 is not a zero of D,(£). Hence, we 
have: 

1. Equation (39) is the necessary condition that ¢ = 1 not be a pole of the 
function (0). 

Assuming now that condition (39) is satisfied, we find from equation (377): 


(1—£)[D,(E, 0)do = 0; 
from this it follows (S) 


that for £1 fDi, 0)do = 0. 
(S) 
The last integral is an entire function of ¢. If this function is zero for all values 
of £ distinct from 1, then it is also zero for = 1. Hence, 
2. If condition (39) is satisfied, then 


[Di0,9)do — 0. (40) 
(S) 
We now suppose that £ = 1 isa zero of D,(£). Dividing (37?) by 1 — ¢ and 
then putting ¢ = 1, we obtain: 


[310,946 = — Dj (1) ff(04o. (41) 
(S) (S) 
But now p has a simple pole at £ = 1. Therefore Dj(1) is different from zero, 
and we find: 
3. If £ = Lis a pole of (0), then the expression f D,(1,0)do vanishes only 
(S) 


if condition (39) is satisfied. 

In the case (E)condition (39) must be altered. Instead of integrating equation 
(37) over the entire boundary (S), we now integrate over each of the surfaces 
(S9) (I = 1,2,.. ., k) separately. We then obtain in place of (37) the equation 


[DE do =- 5 f Die, 0) ( fete ui do, 
* Edid 0 
(st) (5) (s(?) : 
+ D.) [f(0) dc. 
(s() 


(37) 


Now 
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COS (719 No) cos (To, No) s 
10 io 
(s()) (s(0) 


this integral is different from zero only if the point M, belongs to the surface 
(SX), since all point of the surfaces (S, i Æ /, lie outside the region bounded 
by (S). We may therefore write equations (37,) in the form 
[ Dit, 0)do = ¢ | DE, 0)do + DC) [f(0) do 
(s() (s) (sa) 
(bd. or) 
From this follows 


(1 — Df Ditt, 0) do = DiG) f f(0) do 37) 
(s) (s(0) 
(121,2,..., k). 
Repeating now the considerations applied to the ordinary case and the case 
(J), we find: 
1. The k equations 
[/(0)do — 0 (| —1,2,..., k) (39) 


(s() 


are the necessary condition that £ = 1 not be a pole of the function (0). 
2. If the k conditions (39^) are satisfied, then the k equations 


[31,9940 — 0 (| —1,2,..., E) (40^) 
(st) 
also hold. 
If £ = lisa pole of the function 4(0), then 


f D.C, 0) do = —D/ü)ff()dc  (—1,2,...,b). (41 
(s(%)) (s@) 

From these equations we conclude: 
3. If £ = lisa pole of (0), then the integral 
f Did, 0) de 

is()) 

for a particular / is equal to zero only if for this value of / 

{f(0)do — 0. 

(s) 
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89. The Sufficiency of the Conditions Found 
Lemma. If the function e(0) satisfies the equation 


1 :08 (rio N 
e (0) = — 5> e(1) nio qu (42) 
"5 Tio 
i.e., if o(0) is an eigenfunction of equation (7) corresponding to the pole & = 1, 
then the potential 

P y = [2m 
To (43) 
(53) 
is constant in the region (D). 


Proof. Making use of (42), we find: 





d V, dV, cos N 
da ~ ae T 4700) = — 2 f oa aT go, 
(S) 
T _ 5 dV (h, , dV, 
From this it follows that |» "dun Vdn TE) 
a= [Z(5)4 9. 


(D;) 
i.e., in (Dj) V = C, as was to be proved. 

In case (E) the constant has a particular value inside each of the regions 
bounded by the surfaces (S(?) which may be different from one region to the 
next. Hence, in case (E) one must write the equation obtained in the form 
V = CX? if the point M, lies inside the region bounded by (S?) (/ = 1, 2, 
-n k). 

To establish the sufficiency of conditions (39) and (39^) we consider the 
ordinary case with case (J) and the case (E) separately. 

1. We first consider the ordinary case or the case (J) and suppose that con- 
dition (39) is satisfied: [ro do = 0. 

(S) 


Let £ = 1 bea pole of the function u. In this case equation (40) holds. From 
equation (36) 


N » 
Dit, 0) = —g. f Dat, 1) 99929 do, + p, (51) 
(S1) 


H 


we obtain, putting £ = 1, the equation 


Di(1, 0) = — g; [ Dia, 1) 6919. doy, (44) 
(S) 
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i.e., D,(1,0) isa solution of equation (42). Hence, from the lemma 
(D10504o 


Tio 


(81) 


We introduce a new function fo of the points of (S) and put 


Then 
ffo(0)do = 8, (46) 
(s) 
where S denotes the sum of the areas of all boundary surfaces belonging to (S). 
If (0) is the value of (0) corresponding to fo(0), then 














#0) = 69 
D, ($) 
where D,(Z,0) and D,( are certain entire functions obtained by replacing /(0) 


in (17) by fo(0). m 
From (46) it follows that £ = 1 isa pole of the function u(0); we have: 


[D0 0)do = — D; (1) 5. 
(5) 
The equation 





leads to the relation 


—— 1 f———— cos (Tio No) 
1,0) =— y, fDi) ON” do, 
(S) 
from which it follows that D,(1,0) is also a solution of equation (42). From this 
it then follows that 


Vo 


= Ec doy=Cy in (D). (45,) 


. Tio 
(S;) 


We multiply D,(1,0) by Vdo and integrate the product over (S). Since V is 
equal to C on (S), we find: 


fD,(, 0) Ydo = C(D,1,0)de = —D/()58C. 
(S) (S) 


On the other hand, from equations (40) and (45,) we obtain: 
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fortare Pra [^st 
(5) (S) (S) 10 
= [Pit n( [Peet \ dey - 04] Dat 1) do, =0. 
(S) G3) 10 e 


Hence, MET 
—D/(A)SC=0., C=0. 


But if the potential of a simple layer is equal to zero in (Dj), then it vanishes 
everywhere ; hence, 


D,(1,0) = 0, 


from which it follows that £ = 1 is a zero of the function D,(¢,0). But ¢ = 1 is 
D,(6,0) 

1 
hypothesis. This then shows that the two hypotheses 

1. = 1 isa zero of D,(Q), 

2. condition (39) is satisfied, 
contradict one another, i.e., = 1 cannot be a pole of (0). 

In order to prove that in case (E) conditions (39^) are sufficient, we have to 
alter the considerations above somewhat. In this case we assume that the k 
conditions (39^) are satisfied and that £ = 1 is a pole of (0). Equations (40^) 
then hold, and we conclude from (36) that 


also a zero of D,(%); the fraction is then reducible, contrary to 


y= [2095.00 inside (8) Q—1,2,..., k). (48 
i 
We introduce a new function of the points of (S), putting 
fo(0) =a) on (SM) (L—1,2,..., k), 
where the a(? are arbitrarily chosen positive numbers. 
We have: k k 
[roo do -— X [roo do x d 0. (46^) 
ms zi 
(S) (50) 
If 1(0) is the function p corresponding to f5(0), then we may write 
TL 
D,Q) 





where D,(£,0) and D,(Z) are entire functions of ¢. On the basis of (46), £ = 1 
is certainly a zero of D,(£). Moreover, 
[D,1,0)d4e = —D/ü)e0S0 — (—1,2,..., E) 
(s) 





and 
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COS (719 N o da 


10 


E pum 1 | m 
D,0,0) 2 — y, [Did 1) 
Hence, (S1) 


y,- f Dı CD qa — Co inside — (S0) (467) 
(Ludo os k). 
From which we conclude that 
OVES TEN k "— P 
faa 0) Vdo => [DG 0) Y dc 
l=1 
(8) Du 
- = Xo [52.9 0)do = -Dr (1 i) FEMA se, 


(s) 





Then 
fora, 0)Vdo = [2.4.9 o [wu 
(s) (si ig T 
Expat ní Ve Te) as 
a: Tio 
(S1) (S) 





k 
= Xo |D (1, D) de, — 0. 
(s,0) 
Hence, for arbitrary positive 


k 
JOa SO = 
i21 


which is possible only if 
CO= 0 (LoT S each) 

From the last equations it follows that V is zero in (D,) and hence vanishe. 

everywhere; hence, 
D,(1,0) = 0. 

This equation, however, cannot hold, since it implies that the nominator and 
denumerator of the function (0) have a common factor. Therefore, condition 
(39’) and the hypothesis D,(1) = 0 are also contradictory in case (E). 
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§10. The Solution of the Inner NEUMANN Problem 


Ordinary case. We note first of all that in investigating the inner NEUMANN 
problem the function f cannot be prescribed arbitrarily. 
Since a constant is a harmonic function in (Dj), it follows from formula (18) 


of 86 that ; 
[ 3245 =(. 
dn 
(5 


From this it follows that in prescribing the function by the condition 
dV, 
dn — j 
equation (39) must also hold. Equation (39) is therefore a necessary condition 
that the problem have a solution. 
In the previous section we have seen that if condition (39) is satisfied £ = 1 
is not a pole of the meromorphic function (9): 











D,(6,0 
i (0) =a : = 0o - Coi C gs + 
with 1 Pr 
cos (r 
0o = J, -+ On = — 5g) o0 E eal 2 do, . 


(S) 
Now ¢ = 1 is also not a pole of the function (11): 


T -JAn EN Vit CY,-4- Cy. + Dun 








Tio 
(S) 
in y 1 Op-1(1)do, — — safes do, ] 
k^ 2x Tio |». Ont dn Ty 
(S,) (S1) 
Functions (9) and (11) have no poles between € = —1and ¢ = +1. Since 
č = —1 is also not a pole of these functions, we may set £ = 1. We find: 
W=V +V + V+ (47) 
where according to the remarks of §2 
aw, | ZA 
"dn d s 
A solution of the problem is therefore given by the series 
V-—-—VW-—Y—Va—e. (41) 
Since the series ' 
(9°) 


pO (0) = Oot A+ 02b 
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converges uniformly on (S), P f pde 





2n Tio 
(8) 
The potential V does indeed possess a normal derivative which satisfies the 
condition dV, 
dn m , 


since the function (9^) is the solution of equation (7) for ¢ = 1. 

Since a constant is a harmonic function in (D;) whose normal derivative 
vanishes on (S), in solving the inrier problem we may add an arbitrary constant 
to the function V. This remark is completely in accordance with the theorems 
proved above. One may clearly add an arbitrary solution of the homogeneous 
equations (42) to each solution u of equation (7); but from the lemma in 89 
this amounts to adding a constant to the function V. 

Case (J). Just as in the ordinary case, in case (J) equation (39) is a necessary 
condition that the inner problem have a solution. The above considerations for 
the ordinary case are also valid for the case (J). 

However, in case (J) the function (9) can have two poles: € = land £ = —1; 
if condition (39) is satisfied only the pole at ¢ = 1 vanishes. We cannot now 
find the value of the function W by simply putting £ = 1 in the series (11), since 
the radius of convergence of the series may be equal to one. 

If we multiply the function W by 1 + £ we obtain: 


(1+ OW V, + (Va + VDE + (Vat VCH: Vn V, geo 134 ese, 


If W has a pole at £ = — 1, then since this pole is simple the function 
(1 + OW has no pole there; £ = 1 is likewise not a pole of this function. 
Hence, the radius of convergence of the last series is always greater than one, 
so that we may set & = 1. We find: 


W= MV, t (Vet Vy) + (Vat Ve) +--+ + (Vat Vna) +]. | (48) 
The solution sought is given by the series 
V= h (Vit (Vat Va) HVH Va) Het (Vat Fna), d) 


As in the ordinary case, it is easily seen that V is indeed the potential of a 
simple layer and has a normal derivative which fulfills the conditions of the 
problem. 

The remark above on the most general solution of the problem is also 
applicable here; to obtain this solution one adds an arbitrary constant to the 
function found. 

Case (E). In case (£) one can apply formula (18) to each region bounded by 
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a surface (S(?). From this it follows that the inner NEUMANN problem has a 
solution only if the k conditions (39°) 


ffdo=0 (| —1,2,..., k) 
are satisfied. (se 
If the k conditions (39^) are fulfilled, then £ = 1 is nota pole of the functions 
(9) and (11). Incase (E) £ = —1 is likewise not a pole of these functions which 
also have no poles between £ = —1 and ¢ = +1. The radius of convergence 
of the series (11) is therefore greater than one; if we put £ — 1 there, then 


W =V, + V+ Vati. (49) 
A solution of the NEUMANN problem is given by the series 


Vie Vg cente (49") 


We indicated that the treatment of the case at hand can be replaced by the 
investigation of k inner NEUMANN problems. The function which we would 
thus obtain as solution for the region bounded by (S?) would be valid only 
inside this region, while the solution just found presents the function sought as 
a single series which is valid for all the inner regions. 

One may add to the solution V found a function which is constant in each of 
the regions bounded by the surfaces (S?) but whose value may change when 
passing from one region to another. This situation is in accordance with the 
lemma of 89 for the case (E); adding solutions of the homogeneous equation to 
the function » amounts to simply adding constants to the potential V which 
have the property mentioned above. 


We now wish to include a remark on the relation between problems A and 
B. We obtained condition (39) as a necessary and sufficient condition for the 
solvability of problem B. It is also therefore a sufficient condition that problem 
A have a solution. Is it sufficient? We shall show that this is the case. In order 
to have a specific case in mind, we consider the ordinary case. 

For the proof we assume that the function U, harmonic in the interior of 
(Dj), satisfies condition (1) on the boundary surface (S), where 


Jfdo=cS, c+ 0. 


. (8) 2n 
The function f, = f — c then satisfies condition (39), such that there exists a 





potential V of the simple layer having ad = f,. The functions W = U — JV, 
n ; 


harmonic in the interior of (Dj), then satisfies the condition 
dW, 


Pru 
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on (S). If c > O this means that the function W decreases as one moves from a 
boundary point along the normal into the interior of region (D;). Hence, the 
point at which the function W assumes its minimum cannot lie on the boundary 
of the region (Dj); this contradicts a fundamental property of harmonic 
functions. 

In the same way one sees that c cannot be less than zero. It is herewith shown 
that condition (39) is necessary for the existence of a solution of problem A. 

From what has just been said it follows that every solution of problem A can 
be represented as the potential of a simple layer; this demonstrates the 
equivalence of problems A and B. 


811. The Solution of the Outer NEUMANN Problem for the Case (E) and 
for the Ordinary Case 


We obtain the solution of the outer NEUMANN problem by determining the 
value of the function W for ¢ = — 1. In case (E) and in the ordinary case the 
function W does not have a pole here. On the other hand, ¢ = 1 may bea pole, 
since the values of f in the outer problem are not limited by a particular con- 
dition. Hence, one may not set £ = — 1 in the series (11). 

If £ = 1 isa pole of W, then this pole is simple. The function (1 — £)W is 
therefore holomorphic in a neighborhood of ¢ = 1, and one may find the 
desired value of W by putting £ = — 1 in the series 


(1— E W= V, + (Vj  V)£ + (V4 — V) (V. Va) tees 


We then find that the function V satisfying the condition 


dV, 
ix — f on (S) 

can be represented by the series 

V= [Ve (Vas Va) + (Vas Fare ote DV. Va) $01.00 


We shall treat the solution of the outer NEUMANN problem for the case (J) in 
$16. In this case  — — 1 may bea pole of the function W, so that the series (50) 
is no longer meaningful. 
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812. The Eigenfunctions Corresponding to the Pole ¢ = 1 in the Ordinary 
Case and the ROBIN Problem for this Case 


In the ordinary case = — 1 is not a pole of the function (0). If condition 
(39) 
[fà =0 
(8) 


is satisfied, then neither is Z = 1 a pole of this function. The radius of con- 
vergence of series (9) 
A(0) = 0o + £8 bcc etes n 


is therefore greater than one. It is therefore possible to find a number in the 

; ; 1 

interval 0 < + < 1 such that series (9) converges for ¢ = -, and the general 
T 


term 
0, 


u* 
of the transformed series is arbitrarily small in absolute value. 
If condition (39) holds, then 


Onl « ^ for n >N. (51) 


If the function f is prescribed arbitrarily, then the radius of convergence of 
series (9) may be equal to one. But since £ = — 1 is not a pole of the function 
p. and since the pole at £ = 1 is simple, the series 


(1 — £)u(0) = 0o + (01 — 09)6 +++ + (On — On)” +: 


always has a radius of convergence greater than one, and there exists a positive 


number T « 1 such that 
On — Ln- 
d 





becomes arbitrarily small in absolute value. 
Hence, for any arbitrary function f 


lon — Once | < T" for n >N (0 «& v « 1). (52) 
Since for m n the equation 


Om— Qn = (Om— Om-1) + (Om-1 = Om-—2) Stentor (On41— On) 
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holds, we obtain the inequality 
| Om — On! < | Om — Cm- || -peenyen eene On| 
< trt p. 


therefore, for any function f 





lOm— On| « av" for m>n>N (0<r<1). (53) 


The last inequality is called the principle of ROBIN. It shows that as n — oo 

e, tends to a limit which we shall denote by o: 

lim 0, = o. 

n -— oo 
From inequality (51) it follows that if condition (39) is satisfied o is equal to 
Zero. 

It is to be noted that the functions e, converge uniformly on (S), for in 
deriving inequality (53) no assumptions were made on the location of the point 
on (S). 

Because of theuniform convergence of e, in (10) we may take the limit under 
the integral sign and write: 


1 N 
(0) = — d: foa) t 29 a; (54) 
($1) 
hence, if the limit function o does not vanish it is an eigenfunction of equation 
(7), 
1 (9) = — c fn a) 5999-6, + f(), 
(S) 
corresponding to the pole ¢ = 1. 
Integrating the nth equation in (10) over (S), we obtain: 


1 i cos (Tio No) 
Jendo=—yaf Jen Soe den) do 


(S) (S) \(S\) 








-i feo [8g as 
"s 

1 : 

case [eges inp 
(S) (s) ] 

= fe (040. 

CS) 

Hence, 
fen (0 )do = fe, 5(0)do — -- -= f'ey(0 )do = f f(0) do. 
(s) (S) (Ss) (S) 


Passing to the limit n — oo in this equation, we find: 
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feW)do=ff(O)do. 
(S) (S) 
From this it follows that if condition (39) is not satisfied then o is different from 
zero; ois therefore in this case an eigenfunction of equation (7). 

The product Ce, where C is a constant, is likewise a solution of equation (54). 
We wish to show that this is the most general solution, i.e., there is no eigen- 
function corresponding to the pole £ = 1 which does not depend linearly on 
o. For this we suppose that two functions f' and f" are related by the equation 


jf'4o — [f'ac . (55) 


(S) (S) 


Let o' be the solution corresponding to f": 


o —limo, w=, 
n> oco 
NE 1 , cos (rio No) 2 
Q, = sz) ena 12, do; 
(S) 

similarly, let o" be the solution corresponding to f”. We shall find the solution 
corresponding to the function f' — f"; we denote it by o. We have: 

0 — lim On = lim (On = On ) 

ro aon n —> co 


with eo = f* — f" = e$ — eo 
The equation e = ọ' — o" now follows. However, o = 0, for from (55) 


f(f—f')do 20; 
(S) 
hence, 


0 =E, 


i.e., the two distinct functions f’ and f" related by equation (55) lead to the 
same solution. 

If the functions f’ and f” do not satisfy relation (55), then at least one of the 
two integrals in (55) is different from zero. Supposing this to be the case, let 


J f'do be different from zero; one can then find a number b which satisfies the 
(S) 
equation 


b[f'dc = [f'do. (55?) 


(S) (S) 


The solution corresponding to bf’ is equal to be’, for if f’ is multiplied by b 
e, is also multiplied by b. Hence, 


bo =o. 
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The method of SrEKLOv-RoBIN with any choice of f therefore leads to 
solutions of equation (54) which differ at most by a constant factor. Since 


[odo = f fdo, 


(S) (S) 


this factor is completely determined by the value of 


ffdo. 


(S) 
It remains to see if by the method under consideration one can obtain all the 
solutions of equation (54). 
Let o be a solution of (54). We put f = o; then 








Co €; 
1 [f cos(ngN,) 
&— -zje nodes p. 
(S) 
AM cos (C10 No) , = 
05 safe ro do = dim Qu em e. 


We therefore see that with the method of STEKLOV-ROBIN we do indeed obtain 
every solution of equation (54). 
If o satisfies equation (54), then the potential (43) 
y = [225 


Tio 
6) 
is constant in the region (Dj) by the lemma in 69. 


Taking this into account, we may assert that in determining o wc have also 
solved the following problem in electrostatics (the Robin problem), It is 
required to find the charge distribution on a surface (S) such that there is no 
force exerted at any point in the interior of the region enclosed by (S). 

From what has been said it also follows that the solution of this problem is 
completely determined if the total amount of electric charge on (S), 

[odo — M, 
(S) 
is known. To find the solution in this case, it is sufficient to put 


we then obtain: 
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813. The Eigenfunctions Corresponding to the Pole ¢ = 1 in Case (J) and 
the ROBIN Problem for this Case 


In case (J) the function s can in general have poles at £ = 1 and at £ = — 1. 
We shall assume first of all that condition (39) is satisfied. In this case = 1 
is not a pole of u; if £ = —1 is a pole this pole must be simple. Hence, the 
function 
(1+ 0) = po + (6 + 6) 6 + (03 + 0) (56) 
has no poleateither € = 1 or £ = — 1, so that the radius of convergence of the 
series (56) is always greater than one, and the relation 
Qn + 05i 
1? 


for a certain positive value of 7 becomes arbitrarily small in absolute value 
as n — oo; we have: 
los + On-al<t for n >N. 


From this inequality it follows that if condition (39) holds, then lim (o, + o, 1) 
Es. 
Now let f be an arbitrary function. If u has a pole at £ = 1, then this pole is 


simple; neither £ = 1 nor  — —1 is then a pole of the function 
(1+ 0u— 05. = o + at 
+ {(@2 + e) — (01 + 0)] C (57) 


T (0s + On-1) ~ (05-1 s 05-3)] 6^ poses 
Since the radius of convergence of the series (57) is always greater than one, 
for a certain number 7 of the interval 0 < 7 < 1 we have: 


(On + 05-1) — (On-1 + 04-3]  *" for n>N. 
Using the same arguments as in $12, we obtain in analogy to inequality (53) the 
inequality 
(m+ Om—1) — (On + On-1)| Cat" for m 5 nz N. (58) 
From this inequality it follows that 
Ont 05i (59) 


tends to a limit which we shall denote by e. It is clear that the quantity (59) 
converges uniformly on (S). We have now that 
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1 cos (Tio Ng) 
8,0) = — yg | e, (1) ge da, | 


(8) 
à 60) 
1 cos (Tio NV o No). ( 
eae ij 
On-1 (0) zx | es 0) rey d 0 | 
(S) 
and hence 
N 
en (0) + &&(0) = —g; f les) 6,400] GE doy. 
7) 
Passing to the limit n — œ, we find: 
1 QN 
9 (0) = — 5 [o (1) 99929 qo, (61) 


724 
(S) : 


If then the limit function is nonzero it is an eigenfunction of equation (7) 


corresponding to the pole ¢ = 1. Integrating the first equation in (60), we 
obtain: 


fendo ar 22 ( fon) EE iy 
(S) (S) XS) 


= zz fet DU Se ao jan = [o Ide 


(5) (5) (S) 
From this it follows that 


fendo = ferido =- = feodo = f fdo, 
(S) (5) (S) (S) 


[Cnt Ona) do = 2 [f4o. 
(S) (S) 


Passing to the limit gives: 
fodo — 2 [f4o. 
(8) (S) 


From this equation we can conclude that o z& 0 if condition (39) is not 
satisfied. Integrating (60) over one of the inner surfaces (S(?), we find: 


fendo ee zJ ( fec) m dö Nes 
(st p (8) 


1 cos (To, No) 
see ca 


(S) (sH) 


> - fen (1) do. 
c5,0) 
Indeed, the integral 
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cos (rg, No) 
je 9- do 


Tio 
(s(D) 
is different from zero if the point M, lies on (S(?); in this case it is equal to 
— 2m, since the normals are directed into the interior of (S(?). Hence, 


fondo = (70 f ondo = -- — (7107 f fdo. 
(s@) (s()) (sD) 


so that if for one of the surfaces (S?) (J = 1,2,..., K) 
[fdo = 0, 


(sf!) 


then o, has no limit, whence it follows that the principle of ROBIN is not 
satisfied. 
The equations 


fent on)do=0, fedo=0 (1=1,2,...,h) 
(si) «s (D) 
follow from the formulas obtained. The last of these equations can be obtained 
from equation (61); indeed, integrating over (S), one finds: 


N 
fedo = -5 ( CO qnem de 


(s) (Ss) cS) 


-z fe) I arn xu e )do,. 


x (s(0) (8,0) 


We shall subsequently prove that o is equal to zero on (S(?). 

One easily sees that the general solution of equation (61) is obtained by 
multiplying the function o found by an arbitrary constant. 

If the functions f" and f" are related by condition (55), then we find with the 
help of the considerations of the previous section that the solutions o' and o" 
corresponding to these functions coincide. For the function f" — f” satisfies 
condition (39), so that the corresponding solution o' — o" is equal to zero. 
From this it follows that the function o is completely determined by the 
condition 


fe do — M. 
(S) 
; ; ; M 
To determine o by the method described, it suffices to put f = X 
From arguments already presented in $12 we see that the method presented 
actually gives all the solutions of (61). Indeed, if o is a particular solution of 


this equation and if we put f — e then 
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0,— lo, | 0. 0.70; 
we thus return to the function o. 
From the lemma of $9 the potential 
y= [2e 


Tio 


(62) 
631) 
is constant in (D,), so that in the case (J) in question we have found the solution 
of the RoBIN problem. 
Integrating over a surface (S) (J = 1, 2,..., k), we obtain: 


QV, fy av, NR [5s — 0: 
[Z(5:)4*- - fr doo Fedo =0; 
(D, 0) (s()) (s()) 
(D®) here denotes the region bounded by (S“”). 
Thus, V is also constant in the interior of (D). From this it follows that 


V retains the same constant value inside (S(?) and that on the surfaces (S9) 
(50:2 5) 








dV, dV, 
dn dn 
L.e., e is equal to zero on the inner surfaces. 
‘In the language of electrostatics this says that the total charge is distributed 
on the outer surface (S), 
Because of this situation the function e satisfies the equation 


4zp = 





-0, 





1 N ; 
e0) = -zz fec) do; (61) 
(s,0) 


therefore, o is the same function which we found in the previous section as 
solution of the Rosin problem for the surface (S). 


814. The Eigenfunction Corresponding to the Pole ¢ = 1 in Case (E) and 
the ROBIN Problem for this Case 
In case (E) £ = — 1 is not a pole of the function y. If the conditions (397) 


ffdo=0 (L =1,2...., k) 
(s() 
are satisfied, then £ = 1 is also not a pole; hence, the radius of convergence of 
series (9) is greater than one. 
If 7 < 1 is a positive number and n = N, then in this case 
les] < 7", imos =O 


If f is prescribed arbitrarily, the radius of convergence of the series 
(1— $) u (0) = os + (91 — 696 + (093 — 007 + - 
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is greater than one; hence, 
[05 — eus « t" for n >N 
The considerations of 812 establish the validity of the inequality 
los —0s.| <ar” for m>n>N, 


1.e., in the case at hand the principle of ROBIN is satisfied. 
Passing to the limit n — oo in the equation 


E cos a No) 
Onl E —ga|[ e do (63) 
(Sı) 
one obtains equation (61) 
; 1 No) 
(0) = — 35 fo(1) ^9. doy, 
(Sı) 


i.e., if the function e is nonzero it represents an eigenfunction of equation (7) 
corresponding to the pole £ = 1. 
Integrating (63) over (S), we find: 


fondo =— se ( [o0 cee Ciao) je ds 


(s) (500) M8) 


1 N 
= za | e ee dejan oraaa 
(st) (Si) 


the integral 
cos (79, N ) 
f a 0 d g 


Tio 
(S00) 


does not vanish only if the point M, lies on (S“”); in this case it is equal to 27. 
Hence, 


fondo — fondo =.) fido, 
(s (y (s(0) (s() 
[ode - [jàe | (—1,2,..., E). | 
(s() (s9) 
We thus see that o is different from zero if one of the conditions (39^) is not 
satisfied. 

From equation (64) it follows that there exist several linearly independent 
eigenfunctions. Indeed, the eigenfunction corresponding to the function f, with 
ffdo+0, fhdo=0 

(sy (s) 
is linearly independent of the eigenfunction corresponding to the function f, 
NER [de — 0, [do +0. 

(580) (s (2) 


(64) 
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We introduce k functions /), f)... f which have the property that 


f\ = 0 if M, does not lie on (S?) and f = sm if Mo does lie on (S0). 


Let the corresponding eigenfunctions be 
QD, (9, ..., Q0, ..., 900. (65) 


The function o(? satisfies the conditions 


[odo =0 for ài, 
(s) 
1 
fendo = gu fdo 71. 
(s) (SM) 


The eigenfunctions (65) are linearly independent, for if there exist constants 
Ci, C2,...; C, such that 


C, o0) + Co + ed Cio qe C,o(? =0 ; 
then integrating the last equation over (S'?) we find: 
C, = 0. 


Every eigenfunction e obtained from a certain function f in the manner 
described is a linear combination of the functions (65). Indeed, if 


(69 





[ido = a (| =1,2,..., k), (61) 
(s) 


and o is the eigenfunction corresponding to f, then the function 


f =fH-aMf@ — g@fe)—...— gl) fH 
corresponds to the eigenfunction 
o— a 0290) = a (2) 9 (2) Eo a a 090, 


which vanishes since f" satisfies the k conditions (39°). 
Finally, every solution of equation (61) can be obtained in this manner. Let 
e be such a solution. Setting f = o we find 


o= 0; 0177 s... 057 0,...; ime,= p. 


fi — œ 
From the foregoing one can further conclude that the solution of equation 
(61) is completely determined as soon as the values af, a(2, . . ., a of the 


integral 
g fedo (L—1,2,..., $) 
(s() 
are known; the solution then reads 
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o= a (1) 9 (1) qeu x (90), 
From the lemma of $9 we come to the conclusion that the function 
y= I e (1) d o; 
Tio 
(S;) 
solves the ROBIN problem in case (£) and that the solution of this problem is 


completely determined by the distribution of electric charge on each of the 
surfaces (S°) (/ = 1, 2,..., K). 


$15. The Pole £ = —1 in Case (J) 


We shall now return to the investigation of the function (17) 





D, (5,0) 
(0) = DO 
and determine under what conditions = —1 is not a pole of this function. 


Of the function D4,(£,0) we know that it satisfies the equation (36) 


N 
Dit, 0) = — f Dt, 1) 950899. doy + DESO), 
(So di 
We integrate (36) over each of the inner surfaces 
(SQ, .. (89). 

This gives: 

[Dig do = - ( [n.c, uu St ee PALO Fae 
(st?) (8) Xs) 

= z; [Din | jp cedet DC) [1()4« 
(st) (50) 
= -t[ D, 1) do, + Di [FO do; 
«s, 0) (s) 
f cos Cor No) do 


Tio 


(s) 


the integral 


(s()) 
is different from zero if the point M, lies on (S(?); in this case it is equal to 
— 2r, since the normals of the surface (S“”) are directed into the interior of the 
region bounded by this surface. For the function D,(¢,0) it follows from the 
last equation that 


(1+ 4(Do,0)do=D,(2)[fO)do | (—12,..., k). (68) 
(sQ) (s()) 
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Putting ¢ = —1 in this equation we obtain 
0 —D,0 1)1 f(0) do (121,2,..., k). 
P (sl) 
Thus, the k equations 
ffOdo=0 (=1,2,..., k). (69) 
(s9) 
are the necessary condition that = — 1 is not a pole of the function (17). 


If the k conditions (69) are satisfied, then equations (68) have the form 


(1+ 0 f DiC, 0)do = 
«s 
hence, for £ zz —1 
[n,04c—0  (—182,..., k). (70) 
(s(Dy 


Since each of these integrals is an entire function of C, equations (70) must also 
be satisfied for £ = —1; hence if the k conditions (69) hold we find: 


fD(-1,0)do=0  ((-1,2,..., E). (71) 
cs) 
We shall now assume that ¢ = — I is a pole of the function (17). Dividing 


both sides of equation (68) by 1 + ¢ and then putting £ = —1, we find: 


[D\(-1,0)do = D/-2[fdo | ((—1,2,..., k). 
(sd) (g() 


From this it follows that if £ = — 1 is a pole of (17) the equation 
[D:(-1,046 = 0 
(s9) 
holds only if the condition 


ffdo=0 
(s(4)) 
is satisfied. 
With considerations analogous to those of §9 we can easily show that 
€ = —1 is nota pole of (17) if conditions (69) are satisfied. We first prove the 
following lemma. 


Lemma. /f the function o satisfies the equation 
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o (0) = "IER TU ncs doy, 
: (53) 
then the potential 
y = (emer 
T 
S) 10 


is constant in the individual connected components of the region (D,). 


Proof. On each of the boundary surfaces (S1), .. ., (S) 





dV, dY, — = cos (T19 No) dV, ; dV, 
uu c ua e COE Jan ao a ag 
(S,) 
hence, av 
Sle ms 
dn > 


and therefore [z(s)« =0. 
(D,) 


Hence, V is constant in each connected subregion of (D,). 
It will now be assumed that the function f satisfies the k conditions (69) and 


that ¢ = —1 isa pole of (17). From this there follows the relation 
D, (—1, 0) = gni —1,1) 8/59 go, 
10 


(8) 
and the validity of equations (71). 
From the lemma we conclude that 


(8) 
is constant in (D,). Let V = Cf" be the value of V in the region bounded by 
(SX) (l = 1, 2,..., k). Outside (S) the function V is equal to zero, since it 
vanishes at infinity. 

We introduce the function fy which satisfies the conditions 
[o — aO on (SM), (81.2. v. cod 


where the «(? are some nonzero constants. We have: 
fodo = 0 80; 
(s) 


hence, fo does not satisfy conditions (69), and £ = —1 is certainly a pole of the 
corresponding function 


D,Q,O0) 


: (72) 
D, (0) 


Bui if now £ = —l isa zero of D,(4), then the function D,(£,0) satisfies the 
equation 
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j 008 (no No) ) 


D,(—1, 0) = gg) C Ex i, ade 
^D 
from this it follows that the potential 
Va = Di(—1,1) do, 
Tio 
(84) 


is constant in each connected component of (D,). Let C$’ be the value of V, 
in the component of (D,) bounded by (S“) (/ = 1,2, . . ., k); outside (S?) Vo 
is equal to zero. 

We multiply D,(— 1,0) by V and integrate the product over (S); it follows 
since V vanishes on (S) that 


[ac —1,0)Vdo = $00 [DT Ddo 
(S) (s) 


= soo al) Dy (—1) 8®. 


On the other hand, we find with the help of equation (71): 


uTDw Lam (DBCcLhl 
[5c 0)Vdo = |D, »( PR 
(S) (S) (S4) 


- {Dy x c iC cU 
(S1) (S) 
= [D,(-1, nV4)4o, 
(Sy) 
k 
= 30 fD —1,1)do, — 0. 
(S,0) 


Comparing the last two results, we see that the constants a(? are related by the 
relation 


co aO D, (—1)80 — 0. 
1=1 


From this it follows that c =0. WV coh) 

Hence, V is equal to zero in the entire region (D,), which means that the 
function D,(— 1,0) is everywhere zero. We have now obtained a contradiction, 
since it has been shown that the numerator and denominator of the function 
(17) must have a common factor contrary to the original hypothesis. 

Hence, if conditions (69) hold, then £ = — I cannot be a pole of (17). 
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816. The Outer NEUMANN Problem for the Case (J) 


The outer problem has a solution only if the equations 


{fdo=0 (0 —1,2,..., k) (69^) 
(s() 
hold for all the inner boundary surfaces. Indeed, the potential sought is 
harmonic inside each region bounded by an inner surface; if 
=F on (89) 
then the equality 





[/4«— [2 de 
(s()) (s()) 
must hold. If conditions (69^) hold £ = —1 is not a pole of the function 
V= V,+ 64+ VH, (73) 
since € = — 1 is not a pole of y. 
If the function (73) has a pole at Z = 1, then this pole is simple. Hence, the 
radius of convergence of the series 
(LQ) VS Vic (Ve= VOCE (S — Ve) e (74) 
is always greater than one. One may therefore compute the value of V by 
putting £ = —1 in (74). The function 


V- MY,— (Vo— V) + (V — V) —4 
is the solution of the outer NEUMANN problem. 

To the solution found a function « can be added which vanishes outside the 
outer boundary (S?) and assumes constant values inside the inner surfaces. 


Indeed, one may add solutions of the homogeneous equation to the function p 


which is equivalent to adding a function « of the form indicated to the potential 
V. 


517. The Eigenfunctions Corresponding to the Pole ¢ = —1 in the Case (J) 


If the conditions (69) [fdo xb (l—1,2 k) 


(sl) 


are satisfied, then € = — 1 is not a pole of the function (9) 


u(0) = (0) + o (0) + £05(0) 
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Neither ¢ = I nor £ = — I are then poles of the function 
i (0) (1 — £) = @ + (61 — 09€ + (66 — 1) C2 +-- 
Es (On — On-1) 6" Tee , 
so that the radius of convergence of this series is always greater than one. For 
some positive number 7 « 1, 
le»— eal <T" forh >N; 


whence follows the inequality 


lêm — On| <L at” for |m >r N. 
This inequality shows that if conditions (69) hold o has a limit. 
Let f be an arbitrary function. The function 4(0) may then have poles at 


6 = land ¢ = — I. Since these poles must however be simple, the radius of 
convergence of the series 


(1 — £2)4(0) = o) + e£ + (0$ — 09) C? + (0, — NSE (15) 
T (On — On-2) 7 F5 
is always greater than one. Hence, it is possible to find a positive number 7 < 1 
such that 
los — @n-2|<t" for |n >N. (76) 
From this inequality it follows that if mand n are either both even or both odd 
and m > n, then 
lom — On! sS |O m — Om-2| F |ê m-.2 — Om-4| + Pots [8542 — Onl 
<T” HTM- 4 gt 


« at", 
The sequences 
0» 025 04 5 02m + +> (77) 
Op 03» 05 «5 Oan apo -- (77°) 


have limits which we denote by A and B. 
If conditions (69) are satisfied, then e has a limit; in this case A = B. Now 


1 N 
@2n(0) = — gg | een- (1) = dy, | 
e ! - (60^) 
-— S cos (ro No) 
024, -1(0) m z 02,» (1) rh a do,. | 


(S1) 


Passing to the limit, we find: 
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- gj BU) cos roi 55 | 
"o 


-faw COS zs 10 Vo) do, ; | (78) 
"BD 
subtracting these two equations it follows that 
A0) — BO) =F filaa) -Bay SG") qa. (a9) 
(S) ue 


This implies that if the function 
y—A-— B, (80) 


is nonzero it is an eigenfunction of equation (7) corresponding to the pole 
Ces n 
Integrating (60^) over (S‘”) (| = 1, 2,..., k), we obtain just as in §13: 


fendo = — fen-1d0 = —1)* f fdo; 
(sy (s(0) (st) 


J (0:4 — 034-946 = 2 | fdo, | 
(s@) (st) 
| (81) 


then 


[(4 — B)do = f ydo = 2 | fdo. 
(s(0y (s(0) (SQ) 
From the last equation it follows that y is different from zero if one of the 
conditions (69) is not satisfied. 
We now introduce k functions f), f, ..., f defined in the following 
manner: 


[0 —0, for M, not on (89) . 
1 
[9 — zs for M, on (S800) , 
We form the corresponding functions 
A0,4(G,..., A0, BO, B,..., BOYS. 
we obtain the corresponding eigenfunctions 


yO, yp, ar y O (82) 
by putting 
y O —A40— BO. 


From (81) 


fyOdo — 0 for A+1, fyOdo=1, ffQdo=}. (83) 
(s(4)) (s) (SQ) 
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The eigenfunctions (82) are linearly independent. Indeed, from (83) we can 
conclude that the identity 
Cry + Cy O MF C, (O0 zm, 


where C,, C,..., C, are some constants, can hold only if all the C, vanish. 
It is easily verified that the eigenfunction corresponding to an arbitrary 
function f is a linear combination of the functions (82); it is equal to the sum 


a (1) y) + a (2) y2) + veep a C092 


[fdo = bald, 


cs) 


with 


Indeed, if V is the eigenfunction corresponding to f, then the function 


f =f Df. ţa lfe) (84) 
gives rise to the eigenfunction 
y — aD yl)... — ale y(t), 


However, since f" satisfies the conditions (69), the last function is identically 
zero. 

It is easily seen that one can obtain all the solutions of the homogeneous 
equation for = — 1 by the method presented. If 4 is such a solution one can 


put f = »- Since 


1 N 
p (0) = gz [v a) ATO do, 
($1) 


it then follows that 
= ly, 07—Àhwy, Oo=hy,..., 


the procedure thus leads back to the function V. 
From the foregoing considerations we can conclude that the function / is 
completely determined by the values of the integrals 
fydo (d= 1,2,..., k), 
(st?) 
§18. A Remark on the Question of Whether the Solution of the NEUMANN 
Problem Belongs to the Class H(/,A,A) 


As we have seen, each solution of the NEUMANN problem can be represented 
as the potential of a simple layer V[u]; the density u is obtained as the solution 
of the integral equation 


£08 (T10 No) do, -F f0) (85) 
Qn? 


T¥o 


#(0) = — 5 fH) 
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which we shall write in the form 








M = f, andfor f= —1 
dV dn 
V[u] is a solution of the outer problem x = f. 

dn 


To have a specific case in mind, we consider the region of the ordinary case 
and investigate whether the solution of the NEUMANN problem belongs to the 
class H(/,A,A) in dependence on whether the surface belongs to the class 
L,(B,4) and the function f to the class A(/,A,A) on (S). In the ordinary case 
equation (2) (£ = — 1) for an arbitrary continuous function f(0) has a unique 
solution. The resolvent of the kernel K,(1,0) at  — — 1, which we shall denote 
by R,(1,0), is bounded in the ordinary case. Hence, 


01€ [X.0)] +! f8,0,09 5p) do, 
(5) 


< Max | X.,l ( $ Max f |R,(, 0)|de,) 
(Sy 





< C. Max |f; 


here it is clear that Max | Z, | < C, Max |f |. Therefore, if A is an arbitrary 
upper bound for f 


jul SCA. (87) 


If £ = 1 then equation (86) has a solution only if f satisfies the condition 


ffdo=0. (88) 
GS) 

If condition (88) holds, then equation (86) has multiple solutions which 
differ by summands of the form ce where o is the ROBIN function. Among these 
solutions there is one which satisfies condition (88). We shall show that the 
solution of equation (86) thus chosen also satisfies inequality (87). Indeed, from 
the theory of integral equations the resolvent of the kernel K,(1,0) in a 
neighborhood of the point Z = 1 has the representation 

e(t, z 
Wes 


where B(£;M,,Mo) is bounded in a neighborhood of the point Z = 1. If 
condition (88) is satisfied, then from this it follows that 


+ Bit; Mı, Mo), 
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- M 
uE; Ma) = E.G; Mo) + 2 I [E + BGs ah, Ma] aC; thao, 
s (89) 
= E.G Ma) Un [n (5 My, M) Su (5 Maddy, 
(Si) 
where Z, with f also satisfies condition (88). From this we conclude that 


u(t; Mg) for all ¢ sufficiently close to = 1 satisfies inequality (87). Moreover, 
integrating both sides of equation (85) over (So), we find: 


[ (297 zp f0 4o; 
(So) (So) 
hence, the solution (89) for ¢ + 1 satisfies condition (88) if this is the case for 
f. The function u(5; Mo) is an analytic function of the parameter £ in a neighbor- 
hood of the point & = l and therefore also satisfies condition (88) at = 1. In 
the following we shall treat the cases & = — 1 and £ = 1 together; in the case 
€ = 1 we shall understand by p the solution mentioned above, while we shall 
assume without reservation that f satisfies condition (88). 
The solution y of equation (86) for £ = 1 thus chosen yields that solution of 
the inner problem which satisfies the condition 
[oy 4c =0, 
(S) 
It is this solution which will be considered. 


Lemma. /f (S) € L,4 ,(B,A) (k Z 0) and f € H(l,A,3) on (S) (0 < 1 k), then 
u € H(LcA,A) on (S). 
Proof. From (87) | u | < cA. From Theorem 2 of II, $21 (H-continuity of the 


normal derivative of the potential of a simple layer with bounded density) it 
then follows that 


dV[u] , 
22 «€ H(0,c, A, 4). 


Since f € H(/,A,A), it follows that f € H(0,A,/2,A) and thus since u satisfies 
equation (86) that p € H(0, A, X) on |(S) 
We shall assume that u € H(l',c" A,ÀA^) on (S) with 
0Oclzl—i,4 <A, 
and now show that the relation u € H(I + 1,0 A,A) with A’ < A" holds. 
Indeed, ^ + 2 E 1| 1  k + land therefore (S) € L,' , ;. Using Theorem 4 
of Il, $21, it follows from u € H(l',c' A,A^) that 
V 2 a” 
SU eH +a A) WAN 
Since fe H(I' + 1,A,A), it follows from equation (86) that 
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u € H(U +1, 6A, 4). (90) 
It has already been shown that the function u belongs to the class H(0,02 4,A^); 
it follows therefore from (90) that u € H(1,c34,A),..., p € Hc, 42A4,A’). 
The lemma has now been proved. 
Remark. Let f= 0. If the homogeneous equation (86) in this case has a 
solution e with | o | < Ao, then clearly 


o € H(k,cA,, 4). 


If f € H(LA,X) (0 S IS k), then it follows from the lemma just proved and 
Theorem 4 of II, $19 that V[u] € H(I + 1,cA,A’). This gives the theorem: 


Theorem 1. If (S) € L, 4 ,(B,A) and f € H(l,A,2) (k= 0,0 < 1< k), then the 
solution of the inner (outer) NEUMANN problem belongs to the class 
H(I + 1,cA,À) in (Dj) (in (Dà). 

Remark. Let e, be that solution of equation (86) for f = 0 and ¢ = 1 for 
which V[u] is equal to one on (S) and in (D,). Further let Max e, = Ap. As 
already mentioned, o, € H(k,cA9,A^), and hence 


Vio] € H(k--1, c A,, 4). 
This remark will be of use in studying the solution of the outer DIRICHLET 
problem (IV, $818). 
From Theorem 1 there follows an analogous theorem for surfaces and 
functions f of class C®. 


Theorem 2. If (S) € C** (B) (k => 1) and fe C4) OS I  K), then the 
solution of the inner (outer) NEUMANN problem in (Dj) (in (D,)) belongs to the 
class C((cA). 


Proof. If 7 — 1, 
f€ Hl —1,c4, 1). 


Moreover, (S) € L,(c,B,1); from Theorem 1 the solution of the NEUMANN 
problem belongs to the class H(lc; 4,3) (4 < 1)and hence to the class C'(c, A). 
If I = 0, ie: if f is a continuous function, then u is also continuous and 
satisfies inequality (87). The continuity of the solution of the NEUMANN 
problem and the validity of the inequality 


[Vj < cA 


are then obvious. This completes the proof of Theorem 2. 
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§19. On the Uniqueness of the Solution of the NEUMANN Problem! 


We shall treat the inner problem in the ordinary case and in case (J) and the 
outer problem in the ordinary case and in case (E). In these cases the solution in 
a connected region will be sought. We shall not distinguish these cases and shall 
denote the region in question by (D). 


Theorem 1. A function harmonic in the interior of (D) is equal to a constant 
(equal to zero in the case of the outer problem) if its normal derivative vanishes. 


Let T(a,k,h) be the solid of revolution bounded by the surface 


lta 
z = k(x? + y?) ? (k > 0, > 0)and the plane z = A. We shall call the point 
(0,0,0) the apex of the solid and the part of the boundary lying in the plane 
z = h the base. 

We shall say that the connected region (D) belongs to the class A if to each 
boundary point M of this region there can be assigned a solid 7’ congruent to 
the solid T(a,k,4) having its apex at M and contained in (D + S). If the 
numbers «, k, h are independent of the point M we shall say that (D) belongs to 
the class B. 

One easily verifies that regions bounded by LYAPUNOV surfaces belong to the 
class B. Indeed, taking the surface point M as the origin of our coordinate 
system and the corresponding tangent plane as the (x,y) plane, then for the 


subregion of the surface contained in a LYAPUNOV sphere about M: 
1-2 


lz] < b(a* + y*) 2 . 

If we choose k > b and « « A, then the portion of the lateral surface of the 
solid of revolution in a neighborhood of the apex lies in (D). The quantity A is 
now chosen such that the entire solid T(«,k,h) lies inside the LYAPUNOV sphere 
about M. Since b, A, and the radius of the LYAPUNOV sphere are independent of 
the location of the point M, it is possible to choose the numbers k, «, and A 
independent of M. 

Theorem 1 is a consequence of the following more general theorem which we 
shall now prove. 


Theorem 2. Let U be a nonconstant function harmonic in the interior of the 
region (D) and Mo be a boundary point of (D) at which this function has the 
boundary value Ug which is equal to the lower bound of its values in (D). 

If a solid T^ can be enclosed in the region (D) which is congruent to a solid 
T (a,k,h) and has its apex at Mo, then 


! In this section we present the work contained in the paper by M. V. Ker pvsH and 
M. A. LAVRENT'EV, Doklady AN SSSR, Vol. XVI, No. 3, 1937. 
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a »0, (91) 
where M, is a point on the axis of the solid T(a,k,h). 


Proof. Let U, be the minimum of U on the base of the solid T(«,k,h). Clearly, 
U, > Up, since if U, = Uy this would mean that the harmonic function U 
assumed its minimum in the interior of the region (D). . 

We shall now assume that there exists a harmonic function W in T(a,k,h) 
such that on the base 


W< U, (92) 
on the lateral surface 
l W<U,, (93) 
at the apex of the solid W= Up, 
and furthermore W satisfies 
the inequality lim M 0 (94) 
Tig 7 10 


From the maximum principle for harmonic functions this would imply that 
W<U in T'(x,k,h) 
and hence 
UM) — Uo ~ WM) —WOMo) | 


Tio Tio 


(95) 


From (94) and (95) then would follow that for rio — 0 the inequality (91), so 
that the proof of Theorem 2 would be complete. It therefore remains to 
establish the existence of a harmonic function W satisfying conditions (92), 
(93), and (94) having the value Ug at the apex of the solid T(«,k,h). 


Let « and k be fixed. We shall subsequently determine the value of ^. We put 
W = y [rcos O + r1*6P,.5(cos O)] + Up, 


where y and £ are positive constants and r = NES + y? + z?^; © denotes the 
angle between the radius vector of the point (x,y,z) and the z axis; P, +t) is 
the solution of the LEGENDRE differential equation of order 1 + 8 which is 
regular at £ = | and assumes there the value one: 
d dP 

grla- Ge] + 0+ A2+ APO =0. 
Clearly, W(M,) = Up. One easily checks that W is a harmonic function. 
Moreover, on the axis of the solid cos © = 1, and we obtain: 


W(M,) — Uo 


Tio 


i.e., condition (94) is fulfilled. 


—yütn r0 (rio — 0), 
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We shall now show that by appropriate choice of y and £ conditions (92) and 
(93) can also be satisfied. 
Indeed, in the interval —1 < ft S 3P,,,(¢) has the series representation 
P, (t) 
A 3 2 3 ? k(k—1 
= 1AE E. 2+38+8—2 2+38+8 ( ERS 1) 1; 


























2.1? 2.92 B 2. k? 
hence, 
2--38--fP* 2+3 B 36+ 6 
Pap 1 — ERE 4 SE m 
LHEPERE ME (fe 
2.1? 2.92 2.32 
rm > 10—38—f* 
+ 9792 Bp 2.42 + ita 
4—3B—f* 10—38—f — m-E3m—38—8' , ] 
ny (0704 7  3(m4* i 


If | B | < 1, then the series in the square brackets is positive and less than one, 
since for m = | 


m*-p3m 38 —B* _m+4m+4  m+4+38+— 


0< “2(m + 2)? © s 4 2) Sima ae ^3» 
Therefore, 





PpO ae E E ele pee 
M 3B-- f 
(1- 2 ) 





The positive constant f is now chosen such that the two conditions 


0c? EP. and faa 


are satisfied. 
From the first condition it follows that 


P,,4(0) < 0. 
We shall now study the behavior of the function 
r cos O + rite Piae (cos O) 
on the lateral surface of the solid T(«,k,h). We have: 


dea 
r cos O =z = k(z?-- y?) 2 = k(rsinO)!** = kr!*?sin!**O 


and hence 
r cos O + r8 P g (cos O) = kritt sinte O + 11+? P,,5 (cos O) 
= rf [k r1- sinte O + P,,5(cos O)]. 
If the point of the lateral surface tends toward the apex, then r — 0 and 
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O — 2 hence, the quantity in the square brackets remains negative for all © 


of a certain interval 


0,07 (0,50), 


We choose h so small that on the lateral surface of the solid 7(a,k,/) the 
inequality © > ©, holds. Condition (93) is then satisfied for arbitrary y > 0 
on the lateral surface of this solid T(«,k,h). 

Since Up < U,, through choice of a sufficiently small y > 0 one can also 
achieve that inequality (92) is satisfied. Theorem 2 is herewith proved. It 
affords the following conclusion: If the normal derivative of a nonconstant 
function harmonic in the interior of (D) exists at each boundary point of the 
region (D), then there exists at least one boundary point at which this derivative 
is different from zero. This then proves Theorem 1. 


CHAPTER IV 
THE DIRICHLET PROBLEM 
81. The Statement of the DIRICHLET Problem 


Problem A. Jt is required to find a function V harmonic in the interior of (Dì) 
which satisfies the condition 


V, —f on (S) (1) 


where f is a given function, defined and continuous on the boundary. 

This is the inner DIRICHLET problem. The outer DIRICHLET problem is 
similar: 

It is required to find a function V harmonic in the interior of (D,) which 
satisfies the condition 


V,—jf on (S) Q) 


where f is a given function, defined and continuous on the boundary. 

Depending on the character of the region (Dj), one treats the ordinary case, 
the case (J), or the case (E). It is assumed that (D;) is bounded by surfaces 
which satisfy the LYAPUNOV conditions. 

In case (J) the outer problem is equivalent to an outer and several inner 
problems of the ordinary case. In case (E) the inner DIRICHLET problem can be 
replaced by several inner problems of the ordinary case. 

One easily verifies that the DIRICHLET problem can have no more than one 
solution. Indeed, if U and V are two functions harmonic in ( D;) which coincide 
on (S), then their difference U — V is harmonic in the interior of (D;) and 
vanishes on (S). As we have seen in I, 88 a function harmonic in the interior of 
(Dj) assumes its maximum and minimum only on the boundary of the region. 
Therefore, the maximum and minimum of the difference U — V are zero, and 
hence U — V = 0 in (Dj), i.e., U = V. This establishes the uniqueness of the 
solution of the DIRICHLET problem. 

Let the function V be defined in (D,) and let V(R) be the maximum of its 
absolute value on the sphere of radius R about a fixed point of space. We shall 
say that V is zero at infinity if V(R) tends to the limit zero as R — oo. 
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If two functions U and V possess continuous second derivatives in (D,), if at 
each interior point they satisfy the LAPLACE equation, if they are further zero 
at infinity, and if in addition they assume the same values on (S), then from the 
same principle of the maximum U and V coincide in (D,). We shall see in what 
follows that the solution of the outer DIRICHLET problem always exists and is 
given either by the potential of a double layer alone or by the potential of a 
double and a single layer. These potentials have moreover the property that 
their product with the first power of R and the product of their first derivatives 
with the second power of R remain bounded as R — oo. 

Every function v which satisfies the LAPLACE equation at every interior point 
of (Dà and vanishes at infinity has the property that the products 


Ov. Qv Qv 
20V 29" 20t 
Rv, R PE R ay R ae 





remain bounded as R > oo. 

To prove this, let (D;) be the subregion of (D,) which lies outside the sphere 
Xp the radius R of which is so large that the entire boundary of the region (D,) 
lies inside Zg. Let U be the solution of the outer DIRICHLET problem for (Di) 
which assumes the value v( S) on the outer surface (S) of Xp. Then v and U agree 
in (D2), and hence in (D;) v is the sum of the potentials of a simple layer and 
double layer on (S). This now establishes our assertion with regard to the 
behavior of the function v and its first derivatives as R — oo. This also proves 
the assertion in footnote 7 of Chapter I. 


82. Replacing Problem A by Another Problem 


In place of Problem A we shall treat the following problem: 

Problem B. Jt is required to find the potential of a double layer on (S) which 
satisfies condition (1) for the inner problem and condition (2) for the outer 
problem. 

We shall see that Problems A and B are not equivalent; there are cases in 
which Problem B has no solution. The study of Problem B leads us to the 
complete solution of Problem A. 

We shall now replace Problem B by the more general Problem C. 

Problem C. /t is required to find the potential W of a double layer which 
satisfies the equation 


W,— W,— 26W--2f on (S) (C) 
The bar over a letter always indicates that the value of the corresponding 


function at a point of (S) is meant. 
W is a function of £; one sees easily that for £ = 1 this function is the 
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solution of the outer Problem B and for č = — 1 the solution of the inner 
Problem B. Indeed, according to the formulas of II, $3, 
IV; — W, —4z xdensity ot W, W, + W,— 21V. (3) 


With the help of these formulas we find from equation (C) for & = 1: 
W, —= W, = W, + W, + 2f, W, x: —f.) 
For č = — 1 we obtain from the same equation: 
Wd a VS est He 
This proves our assertion. 


We denote the density of the potential W by y or—what is the same—we 
put i 


raz l £08 (Tro Na) 
W = xf 8) ris do,. (4) 
(31) 
From the first equation in (3) it follows that 


N 
$0) = y, [910 “GO do, + £00). (5 
(S) 


The problem is thus reduced to the study of the integral equation (5). 


$3. The Formal Solution of Problem C 


We wish to find the solution of Problem C in the form of a series, and we put 


Substituting (6) into (5) and comparing like powers of £, we obtain 
Bo = Ts | 
zd 4 908 (719 N3) 
81 = y. | P0(2) rio do, 


Ter" (7) 
9,— iz [ 9.10) AY ao, 


> 
Tio 


If we assume that the series (6) converges uniformly on (S) for certain values 
of č, we find on substituting (6) into (4) that 
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W=W,4+W,C+W,0C+---+W, 072+ ..- (8) 
with 
W= sq) Po(1) cos ee O8 10 PD do, 
(51) 


9) 
_ 1 COS (Tig Ny) ( 

W,= z; | 9-02) Tło do, 
(Sı) 


One can write the equations (9) in another form which makes it possible to 
compute the potentials W, in succession without making use of the functions 


(7). 
If we substitute (8) into equation (C), we find: 
(Wik — (Wi). = 2f, 
(W,), — (Wa). = 2Wi, 


With the help of the first formula in (3) we obtain from these equations the 
relations 


9,(0) ("y ð, (0) wo å — Pa-ı(0) 
2f —4m "pn? 2W,—4m-— E 2W„-1 = 4x 
From this it follows finally that 


f=2 0), W,=9,(0), .. W.u-$2,4(0), .... (10) 


From formulas (10) it follows that equations (9) can be replaced by the 
equations 


m= fin MSY as, 


To 
(S) 
— d (wr. eos (io N3) 
W, -— on Wi T1o d Oy , 
(Sy) 


these equations clearly have the property mentioned above. The potentials 
(9^) are called NEUMANN potentials. 
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We thus see that the solution of Problem B reduces to the question of 
whether the series (8) converges at € = l1 and £ = — I. 
84. The Actual Solution of Problem C 


The kernel of equation (5) reads 


1 cos (Tio Ny) 


K (1, 0) = 9 rh (11) 
In solving the NEUMANN problem we studied the equation 
N, 
(9) — — 5 [n (a) OO) do fO) (12) 
(Sp Y 
with the kernel 
— _ 1 eos (rio No) 
MED) =o ae re (13) 


K(1,0) and K(1,0) are associated kernels. Indeed, we find on interchanging 
the indices | and 0 in (13) that 


1 cos (roi Vy) 1 cos(rig Ny) 
K(0,1) = ae wx = 55 cw me D» — K(1,0). 
From this it follows that one can obtain any iterated kernel K,(1,0) from the 
corresponding kernel K,(1,0) by interchanging the indices 1 and O. Thus, for 
ipe 
;0,0) = [K( K (1 (2, 0) d o; 
(5) 
= [| K (2, 1) K (0, 2) do, — { K (0, 2) K 2,1) do, = K,(0, 1). 
(Sr) (Sa) 
From the theorem in IH, $4 we know that the kernel K,(1,0) = K,(0,1) is 
bounded if n satisfies the inequality 


2—nA« O0. 
Thus, writing equation (5) in the form 
(0) = C (X (0,1) 9 (1) do, + /(0), (5) 
(S) 


we can reduce the determination of9(0) to finding the solutions of the equation 
0(0) = C" f K,(0,1) 0 (1) do, + C, (0) (14) 

(5) 
wherein C,(0) denotes the sum of the first n terms of series (6). We have 
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similarly in LII, 85 reduced the solving of equation (12) to solving the equation 


p (0) = £^ (K, (1,0) (1) do; + (0). (14^) 


(S 


The associated equations (14) and (14’) have the common resolvent 








D (6,1, 0) 
D) ay) 
which was introduced in III, §5; in this section we obtained: 
D(¢,1, 0 D, (2,0 
20) = 3.0) +6" [ Dee do, =. ag 
(S) 
In the case at hand we find: 
2 1269.0 gg, = 2&0, 
EOS i 9 [6,00 De 4? — b, (17) 
The solution found now leads to the solution of Problem B ifthe mermorphic 
function (17) does not have poles at = 1 and € = —1. We shall now 


establish under what conditions this is the case. 

In the previous section when studying the function (16) we proved: 

(x) function (16) has no nonreal poles; 

(B) there are no poles between —1 and +1; 

(y)if č = 1 and £ = — 1 are poles of the function (16), then these poles are 
simple. 

Out investigation would be considerably simpler if we could show that the 
function (17) also had these properties. This is the case if the following 
assertions (a), (B), (y) hold; we do not here consider poles of the fraction (17) 
the absolute value of which is greater than one, since these are of no importance 
for the problem at hand. 

(«) the fraction (15) has no complex poles with absolute value less than one; 

(8) except for possibly £ = 1 and ¢ = —1, the fraction (15) has no poles of 
absolute value equal to one; 

(y) if č = land £ = —1 are poles of the fraction (15), then these poles are 
simple. 

The denominator of the fraction (17) is obtained from the denominator of 
fraction (15) by cancellation; if assertions (a), (8), and (y) hold for (15), then 
they also hold for (17). 

Remark. The proof that the fraction (17) has these and even more general 
properties can be carried through with the methods used in III, 87. In this case, 
however, one must make use of the normal derivatives of the potential of the 
double layer. These derivatives exist only when certain additional conditions 
are fulfilled, so that we should first of all have to establish that the potential W 
satisfies these conditions. 
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85. Some Remarks on the Kernel K,(1,0) 


In the following investigation of the kernel K,(1.0) it will always be assumed 
that n is odd. We first of all note three things: 

1. If the point M, lies on (S), then in all cases (in the ordinary case and in 
cases (J) and (E)) 


[K40,9)4o —1. (18) 
(S) 
Indeed, 
[£40,046 = [£«a0,2) K(2, Ododo 
(S) (S) N33) 
ES» fK, ds) ate: 
F (S2) 6S) 
But since 
— _ 1 f eos (roo No) COS (Tog No) 
K(2,0)do = ar "h da =s/ TERR do —1, 


(S) (S) (S) 


it follows for a point M, on (S): 


fh (1, dues | Ree = bs 2) dow= | Kn 0, 0)d 


[K,(1, 0)do = | Kn-1 (1, 0)do = --- = | K (1, 0) do = 
(5) (S) (S) 


2. In case (E) for a point M, on (S) 


and 


[K.0,0)de —1, for M, on (S0) 
«s (y i 


and (19) 
fK, (1, 0)do=0, for M, noton (S0). 
(s) 


Indeed, in this case 
fK, 0)do = Kia [E Ode ae, 
(s) (53) cs 

= | Ka-1 (1, 2) doz, 
(S) 

for the potential of the double layer 

[K(2,0)do (20) 
(D) 


is zero if M, is not on (S'?) and equals one if M, lies on (S). 


$6. Proof of the Assertions Made in §4 185 


From this it now foHows that 
[K,(1, 0)do = [K,-1(1, 0)do=--- = [K(1,0)do. 
(gs) (sl) (sy 


If the point M, does not lie on (S“), then the last integral is equal to zero; 
otherwise it is equal to one. 
3. In case (J) for a point M, on (S) 


[K.(0,9)do = (—1)”, for M, on($9), 
m (21) 


nd 
[A 0)do —0, for M, not on (S0): 
(s(?) 


a 


here (S?) denotes an inner boundary surface. 
In this case 
[K,(1, Odo = (K,.,, 2)( [&Q. Olde us 
(s) ($3) (SO) 
= (-1) f K,-1(1, 2) doz; 
(S, C) 

the potential (20) is here equal to zero as long as M, does not lie on (S‘”) and 
equals — | if M, lies on (S(?), since the normal is now directed into the interior 
of (S). From this it follows that 

[K,(1, 0) do = (—1) f K„-1(1, 0)do =--- = (-17-! (K(1,0)do. 

(s(4)) (s4)) (s) 

If M, does not lie on (S‘”), then the last integral is equal to zero; for a point on 
(S?) it has the value — 1. 


86. Proof of the Assertions Made in $4 


In III, 83 we obtained by solving equation (12) the series 
A (0) = (0) + F0,(0) + C*9,(0) +- + C^o,(0) + -- 
with 0o(0) = f (0), 


cos (T10 No) 


e,(0) = —gz | on-a) eTe doy, Q2) 


From the properties of the iterated kernel we may write the nth equation in (22) 
in the form 
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6,0) ={K,(1,0)f(l)do,  (n—12,3,..). Q2) 
(S1) 
In the previous chapter we proved several theorems regarding o, which we 
shall use in what follows. In particular, we showed that o, has a limit in the 
ordinary case and in case (E). This limit is equal to zero if 


| £O)de =0 inthe ordinary case 
(S) 
and if 
[ fO)do = 0 (I = 1,2,...,k) in case (E). 
(s) 
In case (J) o>, tends to a limit A, while o;,. , has a limit B which is in general 
different from A. A + B is equal to zero if 


{f(0)do — 0; 
(S) 
A — B is equal to zero if 
ff@)do=0  (212,..., k). 
cs? 
In all cases e, is bounded. 
We now come to the proof of the theorem regarding the resolvent (15) 

D(é, 1, 0) 

DE) 
The resolvent F(¢,1,0) of the equation 


9(0) = 2 { L1, 0)p(1) do, + f(0) 
(S0) 





satisfies the equality 
F(¢,1,0) — Cf L(2, 0)F(£, 1, 2) do, + L(1, 0); 
(Se) 

from this it follows that the function (15) satisfies the equality 

D(X, 1, 0) = o"{ K„(2, 0) D (Ẹ, 1, 2)do, + D(C) K,ü0,0. — Q9 

(82) 

We suppose that the fraction (15) is in lowest form. Let fy be a pole of this 
fraction; then 


D (Čo, 1, 0) = CF | K,(2, 0) D (Co 1, 2) dog. (24) 
(G1) 


Iterating one obtains: 
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D(éo, 1, 0) = & f K,(2, 0) (JEG, 2) D (to 1, 3) dos) do, 
(81) (Ss) ! 
=" (Dity, 1, d Ata: 2) (9. 04e; des 
(6S3) (S2) 
= C; f Kan (3, 0) D (Èo, 1, 3) doy. 
(S3) 
Continuing these operations, we find: 
Dto, 1, 0) = C f Ens (2 0) D(Co, 1, 2) dos. 
5 ; (81) 
If in (22) we substitute puse D Eno is 


then from (22’) follows 
Ons = [Kei 0) D(&s, 1, 2)do;, 

(S2) 
which makes it possible to write (24^) in the form 

D Kan l, 0) = b na (0) " 
If we now assume that 

| čo | < 1 , 

then letting s increase without bound in (25) we obtain: 


D(6,,1,0) = 0; 
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Q4? 


(25) 


(26) 


this however contradicts the hypothesis made above that the fraction (15) was 


in lowest form. 


If čo is not real with absolute value equal to one, then one can always find 
an odd number n satisfying the inequality nA > 2 such that £5 is not equal to 
l. In this case the right-hand side of (25) can tend to no other limit than zero 
as s increases without bound. Indeed, in the ordinary case, case (E), and case 
(J) e,,(0) has a limit for odd s, while Z5* on the other hand does not. The limit of 
o,,0) must therefore be equal to zero. If this is the case, however, (26) then 


holds; but this leads to a contradiction. 
Putting £9 = — 1 in the ordinary case or in case (E), we obtain: 
D(—1,1,0) = (—1Ye,,(0). 


(25) 


In these cases o,,(0) must tend to a limit as s increases without bound; hence, 


this limit must be equal to zero. We thus return to the equation 


D(—1,1.0)—0, 
which contradicts the hypothesis made above. 


Supposing that £9 = 1, and also £y = — 1 in case (J), does not lead to a 
contradiction. 
We now wish to show that there can be no multiple polesat = lorg = — 1. 


Differentiating equation (23) with respect to £, we obtain: 
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D'(5, 1,0) = no" [ K,(2, 0) D(¢, 1, 2)do; 
($3) 
+ C ( K,(2,0) D(C, 1, 2)do, + Do) K,(1, 0). 
(S2) 
If we suppose that = 1 is a multiple pole, then D'(1) = 0, and from (27) it 
follows that 
D'(, 1,0) = n ( K,(2, 0) D(1, 1, 2)do,+ | K,(2,0) D'(1,1,2)de,. — Q8) 
(Se) (Sa) 


(27) 


Let us treat first of all the ordinary case or the case (J). Integrating (28) over 
the entire boundary (S), we obtain: 
{DU 1, 0)do = al {K, (2, 0) D(1, 1, 2n dd 
(S) CS) \(S:) 
+ J fk, (2,0) DU, 1, 2403 46; 
(S) \(S2) 
From the remarks in the preceding section it now follows that 
[D (1,1, 0)do = n (D(1,1, ah [ £4. Nyaa) das 
(S) (S2) (S) 
pae JH ales yao dd, (29) 
(S2) (S) 
=nf D(1, 1, 2)do, + [D'(. 1, 2)doz. 
(S1) (S2) 
From the last equation it follows that 
fD0,1,0)do =0. (30) 
(3) 
If in (22) we now put 
9o 7 /[-— D(1,1, 0), 


we obtain from (30) for the ordinary case: lim o,, = 0. From equation (25), 
$—-00 


which has the form 
D(1,1, 0) = 0,,(0) 
in the case under consideration, one finds that 
D(1,1,0)— 0, 


which leads to a contradiction. 


In case (J) 
A+ B=0 
with 
A = lim e, 2c) B = lim e, tat +03 
from this it follows that 
D(1,1,0)=A, D(1,1,0)= B, 2D(1,1,0)=0, D(1,1,0)=0. 
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which is again impossible. 

Now let us treat the case (E). We integrate equation (28) over the surfaces 
(SX) ( = 1, 2,..., k). In place of equation (29) the following equations are 
then obtained: 

{D(,1, 0)do —  [D(1,1, »( j£. de d 
«s» (S2) (8) 
+ fD'(1,1, »( {K, (2, 0) dnd Q9" 
(S2) (Ss) 
=n [D(1,1, 2)do,+ [D(1,1, 2)do, 
(821) (82) 
(1 —1, 2, ..., k). 


(This is because the integrals of the kernel K, are different from zero only for 
points M, lying on (S(?).) Hence, the equations 


[D(,1,0)do —0 (1—1,2, ..., k) (30) 
(st!) 
hold. From these equations it follows that if 


0 = f= D(1,1, 0) 


limp,,—0,  D(1,1,0)=0, 
8 — oo 
i.e., we obtain a contradiction .Thus the hypothesis that & = 1 is a multiple 
pole leads in all cases to a contradiction. Thus there is at most a simple pole at 
p. 
We now consider the case (J) and assume that £ — —1 is a multiple pole. 
Since n is odd, we obtain from (27) in place of (28) the equation 


then 


D'(—1,1, 0) = n f K,(2, 0) D(—1,1, 2)do, 
(Sz) 
= {K, (2, 0) D'(—1,1, 2) dag. 
(S2) 
Integrating (29^) over the inner boundaries (S(?) (/ = 1, 2, . . ., k) and taking 
into account the fact that the integral of the function K,(2,0) vanishes for all 
points M; not on (S(?) and has the value (— 1)" = —1 for points on (S), we 
find: 


(28°) 


{D(-1,1, 0)do = — n (D(—1,1, 2)do,+ (D'(—1,1, 2)do, 
(s@)y (S,(4)) (8,6) 
(| 21,2, ..., E). (29°) 


From this it follows that 
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TUR —1,1,2)do,=0 (l=1,2,...,&). (30°) 
(Sy 
If equations (30^) th then, putting oo = D(—1,1,0), 
lim 0,.5, — 4, lim Palet = B, A—Dn-—O0. 


t— oo t+ 
But equation (25) now has the form 
D (—1, 1,0) — (— 1)*0,,. 


Comparing this with the preceding expressions for the limits 4 and B, we 
obtain: 


D(—1,1,0)=A, D(—1,1,0)=—B, 
2D(—1,1,0)=0, D(—1,1,0)= 
A contradiction is thus again obtained. Hence, £ = — 1 isat most a simple pole. 


§7. Two Lemmas Concerning an Integral Equation with Kernel K,(1,0) 


Lemma 1. Jn the ordinary case or in case (J) the equation 
0) = f K, (1, 0) P(1)do, + F(0) (31) 
($1) 
has a solution if the equation 


[F(0)do =0 (32) 
(S) 
holds. 
Proof. The equation 
P(0) = C^ f K„(1, 0) P(1)do, + F(0) (33) 
(S) 
is solved by the function 
_F afp ZELA go = PEA 
P(0) =F(0)+¢ fra pe was (34) 


(S) 
for function (15) is the resolvent of equation (33). 

We shall assume that the fraction in the second part of (34) is in lowest form. 
To prove the lemma it then suffices to show that £ = 1 is not a pole of the 
fraction (34). 

Integrating the identity 


D4(5, 0) = C" f En (1, 0) Da (C, 1) do, + Dy (6) F (0) (33) 
(S1) 
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over (S) and making use of condition (32), we find: 


[Ds(6, 0) do = EI [K.(, 9) D, 1) d) do 
(5) 


4S) ACS) 
= t^ | D;¢, »( fK, oar do, 
($1) (S) 


= C | Da (Ç, 1)do,. 


Sı 
Then Sn 


(1— 0) f Dat, 0) da =0 
and for PÆ 1 A 


fDat, 0)do — 0. 
(S) 


But since the last integral is an entire function of £, the last equation also holds 
for £ = 1. Hence, 


{D,(1,0)do — 0. (35) 
(S) 
We now put 
o= f= D;(1,0) 


in (22). Then, just as in the preceding section, from the equation 
Ds(1, 0) = f K,(1, 0) D,(1,1)do, 
(S) 
which holds when ¢ = 1 is a pole of the fraction (34), we can deduce the 
MU D3(1,0) = On = Ons; (36) 


from condition (35) it follows that 
D4(1,0) = 0. 
Since, however, the fraction (34) is in lowest form, this equation is impossible. 
Hence, ¢ = 1 cannot be a pole of the fraction (34). 
Lemma la. Jn case (E) equation (31) has a solution if the k conditions 


[F()do=0 (| —1,2,..., k) (32^) 
(st) 
are satisfied. 


Proof. Integrating the indentity (33^) over (S‘”), one obtains: 
f Dat, 0) do —tríD,(,1de, (—1,2,..., k), 
(SO) (5,0) 
since the integral of the function K,(1,0) which here enters the computation is 
nonzero only for points M, lying on (S(?). From this we can conclude that 


192 IV. The DiRICHLET Problem 


fDi, Odo =0 do 1 (l=1,2,..., k). 
(500 
Then also 
fD, 0)do — 0 (| —1,2,..., $). 
«50 
If now the k conditions are satisfied and if we assume that ¢ = 1 is a pole of 
(34), then it follows, on putting oo = D3(1,0), that 
D;(1, 0) ae lim ns = 0, 


86a œ 


which is impossible. 
Lemma 2. The equation 
P(0) = — ( K, (1, 0) P(1)do, + F(0) (31) 
(5) 
has a solution in case (J) if the equations 


[F()àdc-0 (-12,..9. (Q2) 
(s) 
hold. 
Proof. We shall show that if conditions (32^) hold, then there can be no pole 
at¢= —l. 
Integrating the identity (33^) over (S‘”), we obtain: 
f Datt, 0)do = t^ f Dat, 1) ( JRA, Ode) a 
(s) (8) (sq?) 
= — ¢" Ds (6,1) doy; 
(5,0) 
the integral in parentheses vanishes if M, does not lie on (S‘”) and for points 
M, on (S) equals 
(—1)^2 —1. 


From the equation 
(1+ £* f D4(£, 0) da — 0 


(st) 

one concludes that 

fDs(t,0)do=0 for fe —-1 (L=1,2,..., k). 

(s) 
Since this integral is an entire function, it follows that 
{Ds(—1,0)do =0 (L =1,2,..., k). (35°) 
cs) 

If Z = —1 is a pole of the fraction (34), then 
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D,(—1, 0) = (—1)^ f K, (1, 0) D (—1, 1) doy. 


. S1) 
Putting : 


. 0, = f= D4(—1, 0) 
in (22), one obtains: 
D;j(— 1, 0) T (— 1)"*6,,. 


es D,(—1, 0) = lime, s, = A, 
(— œ 
D4(—1,0) = lim (— Onte 4) = —B; 


t-> œ 


from condition (35°) A — B = 0, so that the equality 


D,(—1, 0) = 0 
results; but this is a contradiction. 
Since £ = — 1 is also not a pole of the fraction (34), we can determine P(0) 


by putting £ = — 1 in formula (34). 


88. Two Lemmas on the Potential of the Double Layer 
Lemma 1. 7f the function is defined on (S) satisfies the equation 


TD 608 (749 N1) TF 
W(0) = ao a 1 W1)do,, (37) 
(S) 
then W(0) is constant on (S); in the ordinary case and in case (J) W(0) has the 
same value on the entire boundary, and in case (E) W(0) has a particular value 


CX? on each boundary surface (SC). 


Proof. Writing equation (37) in the form 


W(0) = f K (0, 1)W(1) do, 
(31) 
and applying the iteration procedure, we obtain: 


W(0) = f K (0, 1) W (1) do, = | K,(0, DWO) doy 
(S) (S) (37°) 


=... = | K,0,1)W(1)do,. 
($1) 


We first consider the case (J) and the ordinary case. We take two arbitrary 
points M, and M; on (S); here M, need not necessarily lie on the same 
boundary surface as M, (Fig. 27). 
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My 


Fig. 27 
We put 
F(0)— K,(3,0) — K,(2, 0). 


From the remarks in $5 


[F(04c = [K,(3, 0)do — [K,(2,0)do =1—1 = 0; 
(S) (S) (S) 


therefore, the equation 

P(0) = f K,(1, 0) P(1) do, + K,(3, 0) — K,(2, 0) (38) 

(S) 
has a solution in the ordinary case and in case (J) on the basis of Lemma 1 of 
the preceding section. 
Writing (37^) in the form 
W(1) = [K,(1, 0W() do , 
(8) 

multiplying W(1) by P(1), and integrating the product over (S), we obtain on 
making use of (38): 


[Wj Pa) doy = [ P(t) ( T veo DIO d 


(S) (51) . (8) 
ER STOOR qe ae 
(S) (S) 
= fW0) {P(0) — K,(3, 0) + K,(2,0) da 
(S) 


= fW) P(0)do — (&,(3.0)W(0)do 
(S) cS) 
+ [K,(2, 0)W (0) dc. 
(S) 
From this it follows that 
[ K.(3, 0) (0) do = {K,(2, 0) W(0) dc 
(S) (5) 
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and further 
W(3)- W(2). (39) 
This means that the value of W(0) at an arbitrary point M is equal to its value 
at Ma, Le., 
W(0)- C. 
We recall that because of the properties of Gauss’ integral a constant is 
indeed a solution of equation (37). 





Fig. 28 


We now investigate case (E). For this we consider two points M, and M, on 
the same surface (S'?) (Fig. 28) and form the function 
F(0) = K,(3,0) — K,(2,0). 
For each of the boundary surfaces (S‘”) 
[F(0)do= f K,(3, 0)do — [K,(2, 0)do — 0, 
(s@)) (s(0) (s(0) 
since both integrals vanish for / i and are both equal to one for / = i. 
Equation (38) therefore has a solution, and we see that condition (39) is also 
satisfied here; hence, on (S(?) 
W(0)= co. 
If the equality 
W(0)=C on (8%) (J=1,2,..., k) 
holds, then from the properties of Gauss’ integral for a point M, on (S“) 
1 f cos ("10 Ny Wü) dores X a ate (Tio Ni) do, = Oli; 
2. ga Tio 
(S) (s, 7) 


since in the last sum only the integral over (S(?) is different from zero, and this 
has the value 27. We have thus found the solution of equation (37) for the case 


(E). 
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Lemma 2. Jf in case (J) the function W(0) satisfies the equation 
Woy — t. 99829 Ma) Fy, 
Wi) = — g. [ wo) Wa) dor, (40) 
(53) 
then it is constant on each boundary surface. On the outer boundary surface 


(SX) it is equal to zero; the value of the function may change when passing from 
one boundary surface to another. 
Proof. Writing equation (40) in the form 
W(0) = — ( K (0, 1)W (1) do, 
(51) 
and applying the iteration procedure, we obtain: 


W(0) = —[K(0, ) W01) do, = (—1)?{ K,(0, 1) W(1) do, 
(S) (S) (40^) 


+ = (—1)} f K,(0, 1) W(1) doy. 
(51) 


Let M, and M, be two points of an inner boundary surface (Sf?) (Fig. 29); 





Fig. 29 


we consider the function 
F(0)= K,(3,0) — K,(2,0). 


For every inner boundary surface (SC?) 


[FO)do = | K,(3,0) do — fK,(2,0)do =0 
(s) (s() (SQ) 
(l =1,2,..., k), 
since these integrals both vanish for / z i, while for / = i they are equal to 
(— I)". From this it follows that the equation 
P(0) = — f K,(1, 0) P() do, + K,(3, 0) — K,(2, 0) (41) 
(51) 
has a solution if 7 is odd. Writing (407) in the form 
Wa) =—fK,(1, 0f (0) do, 
(8) 
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multiplying this equation by P(1), and integrating the product obtained over 
the entire epa (S), we find with the help of (41) that 
[WO P() do, = — J Wo) ( [Ratton de de 
65) (S) (51) 
= [W(0) P(0) da — f K,(3, 0) W(0) dc 
(5) (3) 
+ f K,(2, 0) W(0) do; 
(S) 

hence, 


[K,(3, 0) W(0) do = | K, (2, 0) W(0) do, 
(S) (S) 
W(3) = W(2). 
Therefore, W(0) has the constant value 
W(0)— C 
on the boundary surface (S'?). From this it follows for a point M, on (S) 
that 


and further 


Wo) = — A. (299€) yi) do, + dow soos ho ae, 
^ 9x Tio T? 
(S0) (s9) 
= — L feos N) ur . 
= on To W(1) do, 3 
(5,Q) 
but the equation __ 1 feos os ra ro Ny) 
V(0) = EL W(1)do, 
M rio 
(5,0) 
for the ordinary case has only the solution 
W(0) = 0 
on (S), since in the ordinary case & = — 1 is not an eigenvalue. 


Conversely, if W(0) is equal to C? on the boundary surface (S'?) 
(| = 1,2,..., k) and equal to zero on (S‘), then it is easily shown that W(0) 
isa selulian of equation (40). Indeed, for a point Mo on (S“) 





E! | cos (Tio Ny) Wa m. [^ Tio N1) do = — C® 
27 ; 


2o 
2n rT? Text 


since for this point only the integral over (S?) is different from zero; its value 
is — 2r, since the normals of (S?) are directed into the interior of (S°). 
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89. Consequences of the Lemmas of 58 


From the lemmas of 88 we have found all the eigenfunctions of equation (5) 
corresponding to the eigenvalues & = — l and ¢ = 1. 

In the ordinary case and in case (J) there exists only one linearly independent 
eigenfunction corresponding to the eigenvalue ¢ = 1; the most general 
eigenfunction is equal to C. In case (E) there are k linearly independent eigen- 
functions corresponding to the eigenvalue & = 1; one may assume that they 
satisfy the following conditions: 

q0— a0 +0 on (SY), q0—0 on (SW) 
(G +l, l=1,2,..., k). 

In case (J) there are k eigenfunctions corresponding to the eigenvalue £ = 

1 which can be selected such that the following conditions are satisfied: 


g0— a0 #0 on (SO), qQ0— 0 on (S?) 
(i +1, 1—1,2,..., k). 
This now clarifies the results obtained in the previous chapter. We know that 
the integral equation (12) 


B N 
nO — —g f EO 4o, = f0, 
(S) 


with £ an eigenvalue has a solution only if the equation 


JAO) p0) do — 0 
(5) 
is satisfied, where (0) is the general solution of the homogeneous equation 
associated to (12) corresponding to the eigenvalue ¢. 
From this it follows that in the ordinary case and in case (J) for £ — 1 the 


condition 
f(0) dc — 0, 
4 
and in case (E) the conditions 


f £0) ¢ (0) do = (f(0) C^ da — 0 (C + 0), 
(S) (sy 
e [Ido — 0 Deelsosus 
(s) 
must be satisfied; finally, for € = — 1 in case (J) conditions of the same form as 


the conditions for % = | in case (E) must hold. 
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810. The Solution of the Inner DIRICHLET Problem for Case (E) and the 
Ordinary Case 


The considerations in §6 show that we are able to solve the inner DIRICHLET 
problem in case (E) and in the ordinary case. The number ¢ = — 1 is not a pole 
of the function 2(0) and hence also not a pole of the series (8) 


W -WLRIWQX-OWue 


W, = iia cos en do,, 
(S) 


with 


It is hereby assumed that there is no pole of the function 2(0) at ( = 1. 

The radius of convergence of the series (8) is equal to one if £ = 1 isa pole of 
the function 9(0). Since this pole must be simple, the radius of convergence of 
the series 


(1—¢)W= W,+ £(W,— Wy) 
+ Y, — We) +--+ E (Waai Wate 


is always greater than one. If we replace £ by — 1 we obtain the function 
W= L(W,—(W,— W,) + (W, — Wy — +--+], 
which from remarks in $2 satisfies the condition 
W,-f on ($), 


$11. Investigation of the Pole ¢ = 1 in Case (E) and in the Ordinary Case 


We shall here treat exclusively the case (E), since the ordinary case is obtained 
as a special case for k — 1. As we have found in 84, the function (17) 


—. D,(6,0) 
"de Dat) 





is a solution of equation (5) 


t N 
(0) = z;j?i Seam do, + f (0) 
(51) 
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We shall now determine under what conditions ¢ = 1 is not a pole of this 
function. 
The number ¢ = 1 is an eigenvalue of equation (12) 


4 (Tio N, 
uO = —gz f u 0) A da, (0) 


(S) 
associated to equation (5). Hence, equation (5) has only one solution for £ = 1 
if the equation 
fO 9(0) do — 0 
(S) 

is satisfied; here (0) is the general solution of the homogeneous equation (12) 
corresponding to the eigenvalue ¢ = 1. 

In III, $4 we found all the eigenfunctions of equation (12) belonging to the 
eigenvalue £ = 1; among these there are k linearly independent functions o? 
(A = 1,2, .. ., k) characterized by the following conditions: 


feo®dc=0 (+4); foMdo =1; 
«st (S) 


e®(0) = — zy fata ei doy. 
($8) 


In the ordinary case there is only one eigenfunction which we denoted by o. 
The k equations 


[fe do — 0 (| —1,2,..., k) (42) 
(S) 
thus constitute the necessary and sufficient conditions for the existence of a 
solution of equation (5) for ¢ = 1. 

Without making use of the results from the theory of integral equations just 
cited, one can immediately show that if conditions (42) hold then the function 
(17) has no pole at ¢ = 1. 

Putting (17) into equation (5), one finds: 


DG, 0 =f DoE) oaa, DOSO. 03) 
(S1) 


We shall assume that conditions (42) are satisfied. Multiplying both sides of 
(43) by o and integrating the product so obtained over the entire boundary 
(S), we find: 
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i Dz (t, 0) 0 (0) do 
(S) N 
m = [e^ ( foa t, 1) cos Ps S (1o N3) dedo + D,( [FO e dc 
($) (S)) (S) 


i N 
=$ ft, D( a ex) do, 
(S) 


(Si) 


= — zl D;(6, 1 I [55 (Foy Na) dide utn 
(S) (3 "io 


= C[ DG. 1) 69()40; 
($4) 


whence it follows that 
(1 — £) f Da (C, 0)o9)do — 0. 
(S) 
Thus for £1 
f Datt, 0) eM do — 0. 
(S) 
Since the integral on the left-hand side of the last equation is an entíre function 
of £, this equation also holds for ¢ = 1, i.e., 


fD, 0)e%(0)do —0 | Q—1,2,..., E). (44) 
(S) 
Now let £ = 1 be a pole of the function (17); replacing ¢ in (43) by 1, we 
obtain: 
D,(1, 0) = g; [Dal 1, 1) 569 go, (45) 
ES "fo 
With the help of Lemma 1 of $8 we deduce from equation (45) that on the 
surface (SC?) 


D,(1,0) = CO (1—1,2,..., k). 
Substituting this value for D,(1,0) into (44), we obtain: 


[2.2.9 0) 00) do = X [D,(1, 0) odo 
l= 
(S) (si) 


k 
l= 
: (s0) 
(21,2 ari ee 
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From this it follows that D,(1,0) is equal to zero and that contrary to hypothesis 
the fraction (17) is not in lowest form. We thus arrive at the conclusion that 
t = lis not a pole of the function (17). 

If conditions (42) hold we can now obtain the solution of the outer DIRICHLET 
problem. In this case the function W does not have a pole at & = 1, and the 
radius of convergence of the series (8) is greater than one; the function 


W= W,4-W,-4.-- (46) 
is the solution of the DIRICHLET problem with the property that 
W,- -—f. 


Conditions (42) do not however stand in any direct relation to Problem A. 


812. Interpretation of Conditions (42) 


We solved the outer DIRICHLET problem after imposing conditions on the 
values of the function on the boundary which are entirely foreign to the 
problem. In this section we shall show that conditions (42) are necessary for 
the solvability of Problem (B,). 


Theorem. For each double-layer potential 


W= pa) 879. do, 


(S,) 
and for each eigenfunction 
[W.oàc =0. 
(S) 
Proof. Supposing that the proof has been completed, one sees that it is 
impossible to solve Problem (B,) if the conditions (42) are not satisfied. 
To prove the theorem, we note first of all that 


ae a nj- fea) ee 273. do, — 2210). 
(81) e (S) 


from this it follows immediately that 
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c : N. 
[ We dc «e Jens eee = 22 [ 4(0) oda 
S S) o dios (8) 


= Jee) feo e de)do,— 22 [nt omao 
(55) (8) 2 (S) 


= AO fee a) do,— 22{ (0) ode 
(S) (S) 2 (S) 
re 22 f w(1)e (1) do, — 22 f u(0)0%(0) do =0, 

(51) (S) 


as was to be shown. 


813. The Solution of the Outer Problem for Case (E) 


We now make use of the results found in §11; let « bea function of the points 
of (S) which is constant on each surface (S): 
a=al) on (S0); 
let the constants af? be chosen in such a manner that the function f — « 


satisfies conditions (42). 
Since 


k > 
fo a) @Mdo = [fede — Xo [oae =| eae — a) 
. ý f=] , 
(S) 68) (s(D) (S) 
we must put 


aD = [fotido (0 =1,2,..., k), (47) 
(S) 


Let w be the solution of Problem (B,) corresponding to the function f — a; 
from $11 one has: 


w= w + w t Wyte, w-af (48) 
with 
w= gf- 2) RGD doy, 


ri 


Re D ae beak at A sabe Sie N d E , (49) 


For points in the interior of (D,) the first equation of (49) gives us 
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co Kal) f cos (rio N : 
x7 cos ( oe uou e Eas i=W,, 


0 
(S) (s, (0) 


while for points of (S) 


TM sl cos A us do, b rud cos (Tio Ny do, = W, — a; 


2n I=] Tío 
(S) (S, 0) 





the integral 
f cos (ria Ny) 55 
1 


Tfo 
(s, 0) 


is equal to zero for Mo in the interior of (D,) or on one ofthe surfaces (S) with 
\ Æ land equals 27 if M belongs to the surface (S). Making use of the value 
found for w, to compute w, and proceeding in this manner, we obtain 
successively: 


W = W,, ts = W,— a, Wg = Ws, w, = W, — a, " 


^ 


From this it follows that the series (46) and (48) do not differ inside (D,) and 
that the series (48) converges in this region only if conditions (42) are not 
satisfied; in this case, however, 


W,—-a-—f 


(« is defined by equations (47)). 
In III, $9 we proved that each potential 


(0 da, 


Tio 


(50) 
(S) 
is constant inside each surface (S). Let CÓ) be the value of the potential (50) 
in the interior of (S), One can always choose numbers 
Vir Yn so Y 
such that the following k equations are satisfied: 





T Odo à 
Zn f° i= a) on (S90) (Qe12,..85. D 
(S,) 


These equations are equivalent to 
P Cj = a. G1) 
k) 


If the system (51^) had no uem for a certain set of constants a), . . ., al 
then one could find constants ô}, . . ., 8, not all zero satisfying the conditions 
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k 
Eà0P9-0 (121,3,.... k). 
1-3 
For such constants 8,,. . ., 9, the potential 
k 
36,00 45 
12 10 
(S) 


would be zero in each of the regions bounded by the surfaces (S(?); it would 
therefore be everywhere zero and would imply that 


k 
> 6,0 — 0 
1-1 
which contradicts the linear independence of the functions o(?. From this it 
follows that one can indeed find numbers y,, y;, .. ., y, with the required 


property. For points on (S) equations (51) demonstrate the validity of the 
equation 


^ k 
da 
v=] È yie -> = 6. 
l=1 10 
(84) 


V= V-W. (52) 


We put 


Computing V,, one finds: 


F= (Voe— We=a— a +f=f; 
from this it follows that the function V is the solution of the problem in 
question. In the case at hand the solution of Problem A is given as the sum of a 
simple-layer potential and a double-layer potential. 


814. The Case (J). The Conditions that ¢ = — 
Not Be a Pole 


It remains to consider the DIRICHLET problem for case (J). We turn first to 
the inner problem. To solve the corresponding Problem B, one must find the 
solution of equation (5) 


-£|9o E do,+f(0 


d ) 
for £ = —1. In the case at hand this solution is given by the value of the 
function (17) (0) = D, (£, 0) 





De) 
for £ = —1 if there is no pole here. 
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We proved in III, $17 that corresponding to the eigenvalue ¢ = — 1 the 
equation (12) 
e E .€os (rig À No 
n) = — g, [u SO doy +7 (0) 


(Gy) 
has k linearly independent eigenfunctions ¥) characterized by the following 
conditions: 


jv?(04o20, if 12, 
(s(?) 


[v(0)do —1 (^ 2. GER) 
(2) 
and mre 
v0) = ay] POU) cos B No) die 
(5) i 
From this it follows that equation (5) has a solution for € = — i only if the 


following conditions are satisfied : 


Rus )y?(0de 2-0 (221,3.....k). (53) 


If these conditions are satisfied, then ¢ = — 1 cannot be a pole of the function 
(0). Multiplying both sides of the equation 
D45,0) = 3| Dall, jo de it D. $)J(0) 
(3) 


by 40) and integrating the product over the entire boundary (S), we obtain 


on making use of (53): 
5; [v^ e [ 6: peus 1) doy) do 


foe. 0) v? (0) dc 


(3) (S) (S) 
GI - i cos (rg, V4) 
x] Pas. 0( fv tpi 
(Sj) (S) 
= — $ fD: S, D yO) do. 
whence it follows that oy 
(1+ $) f D, 0)? (0) do = 0. 
(S) 
The last integral is an entire function of £; since this vanishes for 4 = — 1, 
it is also equal to zero for £ = — 1. Hence, 
f D:(—1, 0) (9 (040 — 0 (2 —1.2..... E). (54) 


(S) 
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If we now assume that £ = —1 is a pole of the function (17), then 


D,(-1,0) = — j- = [Da 
(S) 


cos fof Ny) da 
1 
Tio 


From Lemma 2 of 88 we conclude that 
D,(—1,0)— C(0 on (S) (l=1,2,---,k) 


and equals zero on (S). 
Putting these values of D;(— 1,0) into equation (54), we find: 


k 
[5 0) y(? dc = [Dai 0) pda + à [5.1 0) pda 
í l=1 
(S) (s) (sh) 


k 
- 200 [ydo = O4= 0, 
|= 
j (SQ) 


From this it follows that D,(—1,0) must vanish everywhere on (S); this 
however is impossible since the function (0) is irreducible. Hence, if con- 
ditions (53) are satisfied £ = — 1 cannot be a pole of the function 9(0). 


$15. The Solution of the Inner Problem for the Case (J) Assuming the 
Validity of Conditions (53); The Meaning of These Conditions 


Even if £ = —1 is not a pole of the function (0) one is not justified in 
setting £ = — 1 in the series (8) 
W= W,+0W,+02Ws+--- 
since the radius of convergence of this series may be equal to one. It is possible 
that W has a pole at € = 1; however, the function 


(1— QW-W, 4 C(W,— Wi) + lW Wc: 
has no pole here. From this it follows that the value of W for £ = —1 is given 
by the series 
W= iW, — (W,— Wi) + (W,— Wa) — +o] (55) 


and that this series provides the solution of the inner DIRICHLET problem for 

the case (J) if conditions (53) are satisfied. These conditions are not in any 

direct relation to the problem under consideration, but one can easily see that 

they are necessary for the solution of the corresponding Problem B. Indeed, if 
wafa 9993929. a, 


Tio 
(S) 
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is the potential of a double layer, then 
[Wiv? 4o — 0 UI CN ki 
(3) 
There is therefore no potential of a double layer which fails to satisfy conditions 
(53). If the values of the potential on (S) are not subject to these conditions, 
then Problem B is not solvable. 
To prove our assertion it suffices to note that 


ix Jag dd = (na) Ger? do, 2210), 
(S) i (S) 





hence, 
[ W.vac = Tn fpa Go) do d 42a f (0) (0) do 
(S) (S) (S) 10 (3) 


- fn AD fv via el ncn nd d is 0)? (0) dc 
(S) (S) 


oP T iun S 
(S,) (S) 


§16. The Solution of the Inner DIRICHLET Problem for the Case (/) 


We introduce a function « of the points of (S) which is equal to zero on 

(S9) and on (S?) (/ = 1, 2,..., k) equals a certain constant «'”, We thus put 
x=0 on (SM), a=al on (SM) (121,2,...,X). 

The numbers a(? are chosen such that the function f — « satisfies the con- 


ditions (53). Taking note of the fact that « is zero on (S”), it follows that the 
equations 


[e a) pda = [vac — Sa [yor PEN [ras say es f 


(S) (S s) (8) 


must hold. 
Just as in the preceding section, we now determine the solution of the inner 
problem corresponding to the function f — «; we obtain: 


w= [u — (wy — w) + (wy — wa) — +], a oma (56) 


with 
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=Z fo- eee eno): o) ag,, 


2 ) rio 
1 f_ cos (Tio N1) 

Wr — 2n Wa-1 r d 1» 
(S,) 


If the point Mj is in the interior of (Dj), then it lies outside the regions 
bounded by the surfaces (SC?) (/ = 1, 2, .. ., k); hence, 


w= d. f seo Cer) do; _> EN do, 








j=, 2% 
id 
= fs E dc. o= W,. 
6s 
The same formula shows that for a point M, on (S?) the equation 
vw, = W, + at 
holds, since the normals of (S) in case (J) are directed into the interior of 
(S). 
It now follows that for a point Mo on (S) 
Wy = Wi + a. 


Similarly, one finds: 

w=W,, À,—W,—a«, w,—-W,, w,—W,-ra,.... 
This implies that for all interior points of (Dj) series (56) coincides with series 
(55) and that series (55) converges in the interior of (Dj) only if conditions (53) 
are not satisfied ; in this case, however, 


W, Em f- a. 
We now choose numbers y,, y2,..., 7%, such that for points on (SC?) 
(A = 1,2,..., k) equations 


k 
vo do, — (å 
Pn = a) (57) 
(S) 
hold; this is always possible. Indeed, we know that the potentials 
yp do, 
Tio (58) 
(S) 


are constant in all regions except (D,). If (58) equals C(? inside (S) (A = 1, 
2, . . ., k), then it follows that equations (57) are equivalent to the equations 
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x 1) 
p = = al’), 


This latter system of equations has a solution for arbitrary «', for otherwise 
the system 


X4c- (å —1,2...., k) 
would have a solution in which at least one of the numbers 3,,.. ., 5, were 
different from zero; then since (58) vanishes outside (S (9) the potential 

k 
> Ô, e dor ? 
(=l Tio 


would vanish outside (D;) and hence everywhere; this would imply that 
k 
> 0; vo =0 , 
l=1 
which is impossible because of the linear independence of the functions y” 
(Dm hake 


We now put Vo = f rv 
(S) 
and consider the function 
V= W+ Vp. 
We have: V= Wit (Vo= f- a+a= f; 


V is thus the solution of the problem in question. Just as the solution of the 
outer problem for the case (£), the solution of the inner problem for case (J) is 
also the sum of a double-layer potential and a simple-layer potential. 


817. The Outer Problem for the Case (J) 


The outer problem for the case (J) is equivalent to an outer problem with the 
surface (S(9)) and k inner problems with surfaces (S) (7 = 1, 2,..., k). The 
formulas derived in the preceding sections therefore make it possible to 
immediately find the solution of this problem in the form of a single equation. 
One can obtain this solution by putting ¢ = 1 in formula (17) for the function 
3(0) if č = I is not a pole of this function. 

Since £ = I is an eigenvalue of equation (5) and the eigenfunctions e(0) 
of equation (12) which is adjoint to (5) differ only by constant factors—we 
studied these eigenfunctions in III, $13—we conclude that equation (5) has a 
solution for £& = | if the equation 
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[fede =0 (59) 
is satisfied. G 


If condition (59) is fulfilled, then function (17) has no pole at £ = 1. Indeed, 
from the equation 


o NV 
Dall, 0) = sf D,(,1) 909909) do, + Dae) f(0) 
ad 10 
(81) 
with the help of (59) one can derive: 


N 
[ Dat, O)odo = -zf Patt [epa de. 
C$) (S) (8) 


- ¿f Delo, Dedo; 
(S3) 
Hence, 
(1 — 0 | Da (t, 0) e(0) do = 0. 
(S) 


Since the integral in the last equation is an entire function of ¢, it must vanish 
for £ = | as well as for £ Æ 1, i.e., 


f 23,9) e(0) 4c, — 0. (60) 
(5) 
If the function 9(0) had a pole at £ = 1, then 


D,(1, 0) = zz] Dell, 1) 225 10 n do. 
z Tio 
(S) 
From Lemma 1 of §8 this implies that 
D,(1,0)= C on (S). 
Finally, (60) then implies 
€ fedo =0. 
(S) 
Since the integral in the last equation is different from zero, it follows that 
C = O and hence that the fraction (17) is reducible; this however contradicts 
the hypothesis that (17) is irreducible. Thus, if condition (59) holds ¢ = 1 
cannot be a pole of 9(0). 
If condition (59) holds, then the function 
(1+ C) W= W, + C(OV, + W,) + č? (W; + Wa) guez 
has neither a pole at = 1 nor at = — 1; the function 


W= AW, + (We + W,) + (W34+ Wat] (61) 
provides the value of W for £ = 1, and it follows that W, = — f. 
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Condition (59) is not directly related to the DIRICHLET problem we con- 
sidered, but it is a necessary condition for the solution of the corresponding 


Problem B. 
Any double-layer potential 


Ww = fa) TCI dd 
(5) 


does indeed fulfill the condition 
fv. odo =Q. 


To see this, one need only repeat the considerations of $12 with but minor 
alterations. 


We now take the eigenfunction o which is defined by the equation 
f odo =1 ; 
; (5) 
the potential 
Í edo 
Tio 
(8) 


is a (nonzero) constant in the interior of (D;). Let C be the value of this constant. 


If 
[odo =a, 
(S) 
then we form the solution w of the DIRICHLET problem corresponding to the 
function f — «. Since this function satisfies condition (59), we may write: 


w= ws (we + wy) + (w+ w) eo] w=a-— f (61^) 
with " -z[u-o ees (rio Ma) 


(S) 


1f. cos (Tio NV 
= ga] v. co Ny) au 











2 
(Sı) 
C" E 
cos c e «& f cos (Tio N4) ; 
= 55 J do, f Ae de, — W, in (D), 
En (Si) 
cos (749 N1) « f cos frio Na) 
W = Mim 19-71 do, — = | he 1 do, =W,—« on (S), 
) (S) 


from which it follows that inside (D,) series (61^) coincides with series (61), that 
this series converges in (De), and that the equation 
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W,=a—f 
holds. We now introduce the function 


and put (S) 
V—y,—W. (62) 
Since V, (V9. - Wm 5E aff, 
function (62) provides us with the solution of the problem in question. 


818. A Remark on the Question of Whether the Solution of the DIRICHLET 
Problem Belongs to the Class H (14,24) 


For simplicity we restrict ourselves to regions of the ordinary case and prove 
the following theorem: 


Theorem 1. 7f (S) € L,,,(B,3) (k = 0) and fe H(LA,3) OS 1 k + 1), 
then the solution of the inner (outer) DiRICHLET problem belongs to the class 
H(1,cA,X’) in (Dj) (in (D,)). 


Proof. As we have seen, the solution of the inner DiRICHLET problem can 
always be represented as the potential of a double layer W[u], the density u of 
which satisfies the integral equation 


8 N. 0 C a 0 
(S) 


with £ = — 1. We prove the theorem first fork = 0,7 = 0. Since f € H(0,A4,3), 
| f | < A, and one proves just as in III, 818 that | | < cA. From Theorem | of 
II, 821 it now follows that W[9] € H(0,c,A,A’). Hence on (S) 9 € H(0,c,4,A’); 
Theorem 1 of II, $19 now implies that W[9] e H(0,c44,A^, wherewith for 
| = 0,k = Qin the case of the inner DIRICHLET problem the theorem is proved. 

We now turn to the outer problem. The solution of this problem can be 
represented by the potential of a double layer if and only if 


nite = 0, (64) 





(63) 


where e, is the density of a simple-layer potential which is equal to one on (S). 
If condition (64) is not satisfied, then one can represent the solution of the 
outer DIRICHLET problem by a sum 


W[9,] 4- CV[e) (65) 
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in which the constant C is so chosen that the equation 


[a£ — Cdo 20 
(S) 
holds; 2, is the solution of integral equation (63) when one there puts £ = 1 
and replaces fby C — f. Without explicitly writing this equation down, let us 
denote it by (63,). Since | f| < A, 


fesa a 
AD o 
[629 

(S) 
for on (S) e, — O. In IIl, 818 with Max o, = Ae it was proved that 
Vie] € H(k + 1,cAo,A’) in (Dj); from this it follows that CV[o,] € 
H(1,Cc,Ao, 4’) in (D,). 

We must prove that W[9,] € H(0,c,A,4’). For this we need to show that 
among the solutions of equation (63) there exists one which satisfies the 
inequality | 2, | < c34, where c4 depends only on (S). We shall not here go 
into the proof of this assertion, since it is similar to the one in III, $18 for the 
NEUMANN problem. From the inequality |2, | < cA it follows that W[¥,] 
€ H(0,c,A4,À^) and from equation (63,) that 2, € H(0,c;A,A’); hence, W[9,] 
€ H(0,044,A)). Formula (65) then implies the validity of the theorem for 
k = 0,1 = Qin the case of the outer DIRICHLET problem. 

We now come to the proof of the theorem fork = 0,/ = 1,2,...,k + 1. 
Let fe H(LA,?) on (S). It then follows from Theorem 3 of III, $19 that 
W[f] € H(lcA,A") in (Dj) and in (D,). Since / = 1, W[f] has a continuous 
normal derivative on (S); hence, W[ f] can be represented as the potential of a 
simple layer in (D;) as well as in (D,). We shall denote the simple-layer potential 
which represents W[f]in (D;) by V, and that which represents itin(D,) by V2. 
The inner as well as the outer DIRICHLET problem is then solved by the simple- 
layer potential 








cj = SA 


1 
fom SU Va) (66) 


Indeed, on (S) the value of the potential V, is equal to W; and that of the 
potential V, is equal to W,. Hence, the potential V on (S) is given by 


W.— W 
fm. ES 
p 47 I, 


which proves our assertion. 
To prove the theorem it suffices to show that 


V, and V, € H(l, cA, 2’) in (Dj) and in (D,). 
For V, the proof is simple. In (De) 
WIJE H(LcA, 7’) 
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and the first derivative of W[f] € H(I — 1,74, ); since / — 1 < k it follows 
that ome HQ — 1,c,A,A’) on (S). Therefore from Theorem 1 of III, 818 


V, € A(hc,A,\’) in (Dj) and in (D,), for V, is the solution of the outer 
NEUMANN problem. 


We shall now prove that also V, € H(l,cA,A"). Indeed, V, isa solution of the 
inner NEUMANN problem 


dn dn ` 








Let V, be that solution of this problem which satisfies the condition 


fa Vide —0 

(S) 
on (S). From Theorem 1 of III, $18 we can conclude that Vj € H(I,c, A,A) in 
(Dj) as well as in (D,). Clearly, 


V, — Vi + cVfej]; (67) 


from this it follows that 
Viz W= 2xf4- W[f]— Vite 
and further that 
le|= [2af+ WU1— Vil < 64. 


Since V[e,] € H(k + 1,0,49,A), Viei] € H(lc4A9,A); it then follows from 
(67) that V, € H(lc,A,À), and this completes the proof of the theorem. 
With the help of Theorem 3 of II, $19 and Theorem 3 of II, $21 one can prove 
the theorem for / = 1, 2,..., k in the same way as for / = 0. 
For surfaces and functions of class C? there follows: 


Theorem 2. If (S) e C** (B) (k = 1) and fe C (4) (1 1 k + 1), then 
the solution of the inner (outer) DiRICHLET problem belongs to the class 
CC (cA) in (Dj) (in Dà). If f € CO), then this solution belongs to the class C9. 


Proof. Since / — 1, f € H(I — 1,c,4,1) and (S) € L,(c;B,1); thus, from 
Theorem 1 we conclude that the solution belongs to the class H(/ — 1,cA,A) 
and hence to the class C^ P (cA). If / = 0, i.e., if fis continuous on (S), then 
the solution of the DIRICHLET problem is continuous in (Dj) and in (Dj); one 
cannot however assert that this solution is H-continuous. This completes the 
proof of the theorem. 


CHAPTER V 


GREEN'S FUNCTIONS AND THEIR 
APPLICATIONS 


81. GREEN'S Function and Its Principal Properties 


Let the function f € H(1,A,A) on (S). In IV, 818 we have found that it is then 
possible to represent the potential of a double layer WT f] with density f both in 
(Dj) and in (D,) by means of potentials V, and V, of simple layers which 
coincide with W in (Dj) and (D,) respectively. The potential 


V= 0, -Yd (1) 


is at once the solution of the inner and outer DIRICHLET problem: V = fon (S). 
As we have seen, it is here the case that V € H(1,cA,A’) in (Dj) and in (D,). 
Let M(x,y,z) and M'(£,5,C) be two given points a distance R apart; we shall 
assume that the segment MM’ is oriented from M to M’. We fix M in (D) or 
(D,) and ask for the harmonic function T of M'(£,3, C) which represents the 
solution of the inner or outer DIRICHLET problem with the condition that 


r= Y on (S). (2) 


Since the function R has derivatives of arbitrary order in a neighborhood of 


(S), we may conclude that I is the potential of a simple layer which has 
H-continuous derivatives of first order in (Dj) or (D,). The function I more- 
over depends on the choice of the point M and thus is also a function of 
M(x,y,z). We put 


1 
G (x,y,z; č, 1,0) =p — F[.. (3) 
The function G(x,y,z; §,0) = G(M,M’) is called GREEN's function. Con- 
sidered as a function of M'(£,5,C), it is harmonic at each point of (Dj) or (De) 


with the exception of the point M(x,y,z) at which it becomes infinite; on (S) it 
is clearly equal to zero. 
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We shall prove that GREEN's function is a symmetric function of the points 
M and M’, i.e., 


G(M,M') = G(M', M) (4) 


We choose two distinct points M, and M, of (Dj) and consider in (Dj) the two 


functions G,(M’)= GM, , M), 
G,(M*) = G(M,, M^). 


e) 


Fig. 30 


Let (c,) and (c,) be the surfaces of spheres about M, and M, respectively 
whose radius o is so small that (c,) and (c2) lie entirely in (D,) and have no 
points in common (Fig. 30). We consider the subregion of (Dj) lying outside 
these spheres. In this region the functions G,(M") and G,(M’) are harmonic 
and continuous and have continuous and bounded partial derivatives of first 
order, so that GREEN'S identity is applicable. 

Making use of this identity and choosing the outer normals on (c,) and (o;), 
we obtain: 








dG, dG, dG, dG 
foem Em |do - jte "PR iude 
(5) (e) 
dG, dG 


(e) 
Since on the surface (S) 
G,—0, G,—0 
the last equation assumes the following form: 


dG dG dG dG 
fte. S —G, at) do = | (G25 — 6 12 de. (5) 


(v) 93) 








We study the left-hand side of this equation. On (c,) as well as in the interior 
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of the sphere bounded by (c,) G, and uen are bounded. Denoting the distance 





dn 
of the point M, from M’ by R,, on (oj) we obtain: 
1 1 
* m t n) D 
hence, on (c,) dn dk, /R,=¢ e 
21 d, _ 1 ar, 
A= dn = Q9 —— dna" 


D 
where I’, and a + are bounded functions on (o,). 
n 
Since G,(M') has bounded derivatives of every order in a neighborhood of 


the point M,, v is bounded on (c,) and G;,(M) differs from G(M,,M,) 
/ 


= G,(M,) only by a quantity of the form Ae, where 4 is a bounded function. 
From this it follows that the Mer on V left-hand side of (5) is ies to 
AG (Ma, My) + > a E ee a +4 < GE, My) zum + Ap 
Hence, the integral on the left-hand un of equation Po differs po 
41G(M ;,M ,) only by a quantity of order B,o. Similarly we conclude that the 
right-hand side of (5) differs from 47G(M,,M,) by a quantity of order Bye. 
The difference 
4z[(G(M,, M) — G(M,, M) 


thus tends to zero as o — 0; since it does not depend on e, it is therefore equal 
to zero. Equation (4) has now been established. 

From the symmetry of G(M,M^) it follows that G(M,M^), considered as a 
function of the point M, is harmonic for all M’ different from M. Its derivatives 
with respect to £,5,5 and x,y,z are likewise harmonic functions at each point 
with 

(E— zy? (— y} + (—2? »0. 

In a similar manner one proves the symmetry property of the GREEN's 
function for the region (D,). In the following we shall denote the GREEN's 
function for (Dj) by G,((M,M") and that for (D,) by G.(M,M?). 

Now let the point M lie in the interior of (Dj). G(M,M^) as a function of M’ 
tends to + oo as M' approaches M; hence, on the surface (c) of a sphere of 
sufficiently small radius o about M the function G,( M, M^) is positive. Since 
G((M,M^) is harmonic in the subregion of (D,) outside this sphere and non- 
negative on the boundary of the region, it is everywhere nonnegative, and we 
can conclude: 


0x 2 —I-Q(L, M). 
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; ; : ai 1 
Moreover, as a harmonic function which assumes the positive value k on 


(S), T is likewise positive. Therefore, 


, 1 1 
the same thing can be proved for G,(M,M’). 
If dg is the diameter of the region (D,), then 
1 ^ 
fadt < 4x [-L RAR = 4rd 
(Dj) 0 


from this we obtain the following result which will be important in what 
follows: 


fI (M, M’)Pdt & 42d, — A. (7) 
(D) 
The integral of the square of the GREEN's function G((M,M") is thus bounded 
by a number which is independent of the location of the point M. It is easily 
proved that the last integral is also a continuous function of M, but we shall 
not go into this here. 


82. The Solution of the DIRICHLET Problem for a Special Case 


Let the function F € H(1,4,3) on (S). The solution of the corresponding 
DIRICHLET problem can then be represented as the potential of a simple layer 
which we denote by V. If we assume that the point M lies in the interior of 
(Dj), then from the remarks of IIT, 86: 


_ 1 fay; a cos ao 
=h * zz] Ps ae 














dn 
re d i (RN) 8) 
on 0, cos ! 
anl as R +E R? dgy: 
(81) (S1) 


Applying GREEN's identity to the functions V and I and taking into account 
the fact that l = E on (S), one finds further: 


, dY; dr 1 dV; an B 
fu ies Vi) an = fi 45 — FO, )do, =0. 
(S) (3) 
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Multiplying this equation by x and subtracting the result from (8), one 
T 


obtains the relation 


fa l, 

1 | R ar I |an dG; 
ede a) ei es i lg (9) 
(5) (S) 
Equation (9) makes it possible to solve the DiRICHLET problem for any 
function F satisfying the above conditions if the GREEN's function is known. 
We have thus reduced the general DiRICHLET problem to a very special 

problem, namely, finding the function T. 

The computations above were carried out for the inner problem. For the 
outer problem we need only change the sign in the identity (8); we thus obtain 

for the solution of the outer problem the following formula: 








r 1 fpadG i 
! =z; f7 d» O (9^ 
(5) 
Scholium. Suppose that F = 1. Then for the inner problem V = 1, and in 
(Dj) the equation 
) " EF do = 4x 
dn 
(S) 


holds. In ( D,) this equation is no longer valid. However, the right-hand side of 
(9°) tends to one as the point M approaches the surfaces (S) from the outer side. 
If this point is sufficiently close to (S), then the difference 


dG 
* do — 4x 
J dn 
(5) 
can be made arbitrarily small. The quantity 
1 (dG, 
gad an S 
(S) 
is a harmonic function which assumes the value one on (S) and vanishes at 
infinity; at each point of (D,) it is therefore greater than zero and less than one. 


83. A Lemma Due to LYAPUNOV 


For subsequent considerations we need an inequality due to LYAPUNOV 
which we shall now derive. Let Mo(xg.yo.zo) be a point of the surface (S). We 
wish to solve an inner DIRICHLET problem by means of the method presented 
in $2; let the function F be 


F= {$ — 29)! + (2 — Yo)? + (£— £55 


222 V. GREEN’S Functions and Their Applications 


this point from Mọ. The second factor is nonnegative, and the integral is 
therefore no smaller than 


o? dG; 
> (- ^h Jae. 
Hence, qum 
e fT A do X U « A» 
ám dn 
and therefore (S- o) 
1 Ae 
4 (- t) e dee (13) 
(S- a) 


This inequality is the content of the lemma due to LYAPUNOV which we 
wished to prove. 

If the point lies in the interior of (De), then in formula (10) one must change 
the sign; in this case G increases from zero to + œ as the point M’ of (S) 


approaches M, and Er is positive. Hence, for points in the interior of ( D,) we 
n 


have the inequality 


A 1 
| (46 go < AG. (13^ 
4aJ dn e? 

(5-0) 


84. The Solution of the DIRICHLET Problem in the General Case 


Let f be a function on (S); it is required to find the harmonic function 
defined in the interior of (D;) which assumes the same values as f on (S). We 
shall prove that the solution of this problem is given by the following function: 





"uas de (14) 
(3) 
We note first of all that the function V is harmonic in (D;), for 
1 /(,{ 0G, E 0G; 06, . . : 
y- -zi]/l gE 608 (Nyx) + "js C98 (Nyy) + ge Cos Qa] doy; 
the quantities en 

06, òG; 6, 
oS ° on ^? oc 


considered as functions of M(x,y,z), are harmonic in the interior of ( Dj). 

Let the point M lie on the normal to (S) at Af, at a distance ê from Mg. 
We consider the cylinder introduced in the preceding section. If we denote the 
value of f at M, by f and recall the remarks made at the end of 82, we find: 
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-in hE PIA do — fo 


(5) 








safi tu aa afande) (15) 
(5) To 

7 ax] V — fo (— Gt) de 
(3) 


We write this equation in the form 


V- h=- fo(- E )do a fu = mee 
(9) 


(- 





If we assume that f is less than B on (S), ies 
If—fol << 2B. 


Using the continuity of the function f we choose e so small that 


\f— fol «€ on (0). 
Then 


is U— (7 Gat) de 











For the second integral we have the estimate 

















1 / dẹ, 2B dG; 2BAS | 
4n [4-5 . 5o n (- Ti) de < poc 
(S-0) (S-0) 
hence, 2AB 
LE dr E (16) 


We now choose a number à, such that the second summand in (16) is less than 
e for 8 = 8$. We then find: 


|IV—-f «2e, if ó«6ó. 


From this we see that lim V = fo as M approaches M, along the normal to (S) 
through Mo. 

By again repeating arguments already used many times, we can show that it 
is always the case that lim V = fo if M approaches Mo while always remaining 
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on the same side of (S) (Fig. 32). For if M, is the point of (S) nearest to M, then 


Mo 





Fig. 32 


M lies on the normal to (S) at M,; if 8, and 8, are the distances of the point M, 
from the points M and M, respectively, then the inequalities 


ô <ô, 0, ô, + ô< 26 
hold. Therefore, for sufficiently small 8 
lf, — fanl <e |War-- far, <E; 
from this it follows that 
[Var — fu] Va — ful (far, — 2 < 25. 
In solving the outer DIRICHLET problem it is necessary to change the sign in 
formula (14) and to alter formula (15) somewhat. In this case f, is not equal to 


iz] fo 

(S) 
but differs from this expression by a quantity which is less than e in absolute 
value if 8 is less than a certain 89, Inequality (16) is then replaced by the 


inequality 








dG, 
dn do, 


2AB? 


p? 





|V — fe < 2e + i. UP ô< 00, (16^) 


from which the same conclusions follow as from (16). 
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85. The Function of F. NEUMANN and Its Properties 


In the outer NEUMANN problem for the ordinary case and case (£)—we 
exclude the outer problem for the case (/)—it is always possible to find the 
function which is harmonic in the interior of (D,) and has the normal 
derivatives 


cos (R N) 
B (17) 








on (S). 
The inner problem for the ordinary case and case (J)—we exclude the inner 
problem for the case (E)—has no solution under such conditions. Indeed, 
HR) Jo, = én, 
(81) 


while for the solvability of this problem it is necessary that this integral vanish. 
For this reason, when considering the inner problem we replace the function 
(17) by the function 


cos (R N) 4a 


R? g? (17^) 








wherein S denotes the area of the entire boundary; the problem is then solvable. 
Let I? be one of the harmonic functions which solves this problem; all other 
solutions are given by the formula 
re oM). 
where C(M) is an arbitrary function of M. 
For the outer problem we put 


i 


GO (x, y, 2:55 90)-. + Peo (18) 
and for the inner problem 
GO (x, y, z; 6, 2,0 = lc Te C (M); (187) 


in the latter case we choose the quantity C(M) such that the condition 


fae (a, y,23&,,€)do =0 for all M in (Dj) (19) 
(S) 
is satisfied. 
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The functions so defined are called NEUMANN functions. They play the same 
role in the NEUMANN problem as do the GRrEN's functions in the DIRICHLET 
problem. 

Each NEUMANN function in its region of definition is a harmonic function of 
the point M’ except at the point £ = x,» = y, ¢ = z where it becomes infinite. 

From the relation 


ak 
_ 
dn 


we obtain for the function G(? : 


cos (RN) 
He 


1 
ag are dx cos (RN) u cos(R N) 











dn dn dn Rt R? =0 on (8). 
The function G has the following property: 
: i 1 
ag B ar) d. O eo(RN) 4a cos(RN) ^ 4m ig 
dn dn dn R 5 p =g on ws 


One can easily prove that G and G are symmetric functions of the points M 
and M’, i.e., 
G(M,M’)= G(M' M) 
where 
G (x,y,z; £o 5) = G(M, M"), 

We shall study the function G™. Just as in $1, we consider spheres ot radius 
e about the points M, and M, with surfaces (c,) and (o;) and direct our 
attention to the region bounded by the surfaces (SS), (c,), and (o;). 

GREEN’s identity gives: 


, 260 p 460 p 400) p 460 
( 2 1 i 1 
f (e t an ap 5") do - fep — a} 1) do 





J dn dn 
(S) (e) 
agi) ace 
— (i) 2i (i) li = 
fet i, -4 za =0 


with 
Ge? - GO (M,, M^), ex = G? (M,, M^). 


dG? ng 469 


Tue : 4 
Each of the normal derivatives and j is equal to — 5 on the surface 
dn 


(S). Hence, the first integral of the last identity equals 
4 . * 
-S [e — ef)as, 
(S) 
and so from (19) it is equal to zero. Our identity now takes the following form: 
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p 468 n act HI p 26) 
[eZ 24 — gf i) aa = fap St — Ge? B ae. (20) 
(e) (01) 





This equation has the same form as equation (5) in 81; by exactly repeating the 
arguments of that section, we come to the conclusion that 


CO (M,, Ma) = GO(M,, My). 
For the outer problem one finds immediately: 








ac? age 
ae =N gee "ER 


this leads directly to equation (20). 

Remark. We excluded the inner NEUMANN problem for the case (E) and the 
outer problem for the case (J) only in order to not encumber the presentation. 
Making use of the theorems of Chapter III, one can construct NEUMANN 
functions which are also valid for the excluded cases. It suffices in (17’) to 
choose the additional terms corresponding to the boundaries (S(?) (/ = 1, 2, 

., k) such that the conditions for the solvability of the problem are satisfied 
and to add a term to the solution found which is independent of £, 7, ¢ and is 
so chosen that condition (19) is satisfied for each of the boundary surfaces 
(SO) (I= 1,2,..., k). The rest of the considerations remain valid in the 
excluded cases. 

In 81 we obtained estimates (6) and (7) for the GREEN's function. We wish to 
show that for the NEUMANN function G(?(M,M’) the inequality 


fle@(M, M)Pdt <A 
holds. Qj) 
We first of all prove that there exists a constant c > 0 such that 


fluldo & c f|f|do (21) 
(3) (S) 


where p» is the density of a simple-layer potential which solves the inner 
NEUMANN problem 
ae 


i 





p. must satisfy the condition 
Judo =0. 
(5) 
Indeed, as we have seen in Chapter III, the density p is determined by the 


formula p EN) + fB, (1, 0) 3, (1)do,; 
($1) 
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from this it follows that 








fluldo < [|En (0 nde JIZ, || f18,(, 0)! doo) do, 
(S) (So) (So) 
<cf| 5,00 )| doy. 
(S) 


It is easily seen that the inequality 


f 12.0) do,x c" f|f|do 
(5) 


(S) 
holds, for 


f fKG, of) doy) js fT JK (1,0)! - |f fade doo 
CS) (GS) | (S) Lest) 


= fif 


| do, < c" (|f (0), doo. 
(So) (31) 


(So) 


,K (0, 1)| do, 





Analogous inequalities are obtained for all the summands of the sum Z/,(0). 
This proves the inequality (21). 

Let (w) be an arbitrary region of diameter 6 which together with its boundary 
lies in (D;). One can then estimate the integral of the square of V[u] over (w) in 


the following manner: 
es ind 


(eres [^2 do, he 
= fua | fue (nemis 
(S) (S2) (w) 


(w) (o) 
aae Vailas sade {\slaof' 
(S) (S) 


ó 2 
juu r?dr 
Jg Et Sind <le je if) 7? | —4zó. 


Hence, denoting by d, the diameter of the region (Dj), 








here 











JU LIES dae] [fiae = «| fIf| dc. (22) 
(D) (S) (S) 
One sees similarly that the inequality 

i V[ulldo < e f|f|do (23) 


6S) 
holds. 
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The function I ?(M,M^) is defined as the solution of the inner NEUMANN 
problem with 


_ _ 4% cos(RN) . 
j S pz R? t 





we have: 
[ute < 4a + (ICI ao 


(8) 
We wish to prove that the integral on the right-hand side is bounded. If 


the distance of the point M from (S) is no less than : (d is the radius of 


; : 4 
the LYAPUNOV sphere), then the integral is not greater than as Let now the 


distance 8 of the point M from the surface (S) be less than d and let M, be the 


point of (S) nearest M. As usual, we denote by (Z) and (o) the subregions of 
(S) inside the LYAPUNOV sphere and inside the sphere of radius 28 about Mo. 
The distance of the point M from the surface (S — 2) is then not less than 


2 and the integral over (S — Z)is no greater than Ss. The surface (o) is not 


larger than 27(28)? = 828?, while R is not less than 5. Hence, the integral over 
(c) is no greater than 87. 

It remains to consider the integral over (Z — c). We denote the distance of 
the point of integration M’ from Mo by Rand assume that the segments M'M 
and M’M, are oriented from M' to M and Mo respectively; then 


|R cos (R N) — Ry cos (Ra N)| = |ô cos (8, N)] < ô 








and hence 
cos (R N) ó H 4 29:8 20)4 6 
| R? | <- R, + E > | cos ( RN) | A a ) [= oo + Dati J o^ -2 


From this there E the estimate 


d d 
re mlio i: in fdo + ig 








Re 
(2-0) 
-4n(i- —5)+? pee SUS ae Tg. 
This proves that the integral of | f | is bounded. 
From inequalities (22) and (23) it follows that 
f ro(M, M')?dv <A, (24) 
(Dj 
[ Tor, ado <B. (25) 


(3) 
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Integrating (18^) over (S) and making use of condition (19), we find: 


| 
joan = 5 f ade fTOdo 
(S) (S) 





1 1 
2 3E fi do| «C. 
(S) i 
Since the integrals 


1 ; Au 
at, fire (M, M’)?dz, [tc asas 
(D) (Dj (D) 


are bounded by numbers which do not depend on the position of the point M, 
the integral of the square of G‘(M,M’) is bounded, as was to be proved. 
Moreover, 
[180 ar, wc « có, 
(w) 
where 4 is the diameter of the region (w) lying in (D,) which contains the point 
M. 


86. The Solution of the NEUMANN Problem 


We shall first of all concern ourselves with the inner problem. Let f be a 
continuous function given on (S); it is required to find a function harmonic in 
(Dj) with normal derivative equal to f. We know that this problem can be 
solved by the potential of a simple layer; let V be this potential. 

From GREEN's formulas we may write: 


=; fr, RD de +; MEAE 
n 





dn R 
(S) E 
ejr Rs cos ( en do EM JE (26) 
iz} RO 
(S) 


Here, just as in $1, R is We distance from M(x,y,z) to M'(£,5,£); the functions 
V; and f will be considered as functions of £, x, £. 
GREEN's identity gives: 


ar ; "|. ar 
i i) dV, ER 1 (i) im 
ftr. "x d Sao = [(v. 5b =] f\de =0. 
($ (3) 
Now on the surface (S) 





a r(? _ eos(R N) 2. 4x. 


dn R? S" 





the last identity therefore takes the form 
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G : 
[v=o ol EE das [TP sao — S [viae =0, 
(S) (3) (8) 
or, what is the same thing, the form 


fr. (EN) ag - [TP fdo - c = 0; 27 
(5) (S) 
c is here a constant equal to 
4 
g fv do . 
(S) 


If we multiply equation (27) by + and subtract it from (26), we obtain finally: 
T 


= & frs Ifc pgs 35 fiado Hc. 


(S) (S) 


After we have solved the NEUMANN problem in a special case in order to 
determine G’, we now also obtain the solution of the general problem with the 
help of the formula 

y - i. [eae +e, 
(S) 
where c' is a constant. 

In the case of the outer problem the solution is simpler. Changing the sign 

in (26), repeating our arguments, and noting that 
are .. eos (R N) 





dn R* : 
we obtain the solution of the outer problem in the form 
y-2- iz] /e02o. 


(3) 


87. The Problem of Stationary Temperature 


We suppose that heat is distributed in a body (D) in such a manner that the 
temperature at each point of ( D) remains constant in time; this is only possible 
if the temperature on the surface of the body is held constant. 

Let do be an element of a surface either in the interior of the body or on its 
boundary; de may be taken to be planar. Àn upright cylinder is now con- 
structed whose generators have the same direction as the normal of do. We 
assume that this normal is directed from the base to the top and denote by u, 
the temperature of the lower surface and by u, the temperature of the top 
surface (Fig. 33). 
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do u 


Fig. 33 


The amount of heat which in time dt passes through the cylinder in the 
direction of the normal is proportional to the difference uv, — u;, the surface 
element de, and the time df; it is inversely proportional to the height of the 


cylinder. Hence, ; 
Aq = br dodt (k > 0). 


Letting 4n tend to zero, we find for the amount of heat which in time dt passes 
through the surface element do: 


du 


u is here the temperature, and k is a factor of proportionality which is called the 
thermal conductivity. We shall suppose that the body is homogeneous so that k 
is a constant. The amount of heat which passes from the interior of a region 
(w) in the body (D) in time dt through the surface (c) of (w) is equal to 


du 
- dt kdo. 


(e) 
Since no heat exchange takes place between individual parts of the body, this 
last quantity must vanish; thus 


[Gee = f4 udt =0. 
dn 
(e) (w) 
Since the region (w) was arbitrary, it now follows that 
2 2 2 
Auc t gat ga =. (28) 

The amount of heat which passes through an element do of the surface of (D) 
is proportional to the temperature difference between points of the surface and 
points of the surrounding space; we here assume that the surrounding space 
has a constant temperature ug. Hence, on the outer surface 

du; 


—k gn dodt = [AQ u) + f']da dt (4 5 0); 
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A is called the radiation coefficient. Thus, the temperature on the surface is 
subject to the condition 


uo chu w) 4 f, (29) 


where / is a positive constant. 
If for simplicity we put 





V= u— w, 


then we see that the problem reduces to finding a function V which is the 
solution of the LAPLACE equation 





V əv əv , 
os? ! ay? Tog = (28) 
with boundary condition 
dV; ' 
i = hV, + f. (29°) 





We shall determine V in the form of a simple-layer potential and therefore 
put 
1 (20, 











y — gi n do. (30) 
(5) 
The function V satisfies equation (287). Since 
dV; _ 1 fe(1)ecos(ryo No) 
dn 27 rio do, + e(0), 
(51) 
we find from condition (29") that 
mox cos (rig No) , ^ | 
o (0) --&jeni rio + Tio dc, f (0); 
(8, 
the density e(0) therefore satisfies the integral equation 
| A COS (719 No) +) 31 
e(9 = gz [o [0879 + 4 do. + 10) (31) 
with A= —1. en 


The kernel of equation (31) is not bounded; it is nevertheless clear that one 
of its iterated kernels is bounded, for one can apply the considerations of III, 
$4 to the kernel. It is easy to show that A = — | is not an eigenvalue of equation 
(31), or in other words that the problem at hand has exactly one solution. If 
A = — l were an eigenvalue, then the equation 


90) = —g fo ferro e bao, 


1o Tio 


would have a nonzero solution, and the function V would satisfy the boundary 
condition 
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p s AV. 


Multiplying this equation by V and integrating over (S), we find: 


- irae = [rens = (GS GH (4t) 


D) 





The last equation however can hold only if V = 0, for if not the two outer terms 
would have different signs. 

It has now been shown that the problem has a unique solution. We note that 
all considerations remain valid if it is assumed that A is an arbitrary positive 
function continuous on (S). 

After having established the existence of a unique solution, we wish to 
actually construct this solution. We return to equation (28’) and put 





V=v+ - ; 

where C is a constant. Putting this into equations (28) and (29^), we find: 

Av=0 in (D),  J*-Ehw—[—0O on (S). (32) 
We choose C such that the equation 
fif- C)do =0 (33) 
(S) 
holds and put 

v= vy + hv, thu tes. (34) 


Substituting this expression for v into (32) and comparing coefficients of 
powers of A, one arrives at a system of equations which makes it possible to 


compute the functions vo, v,, . . . in succession: 
Avy =0 S^ Lf[—0 
da= | in (D, aon on (8) 
Av,=0 zi =— v 


Since condition (33) holds, there exists a function vg; having found a solution 
Vo, one adjoins to it a constant cg such that the equation 


fodo =0 
(S) 
holds. 
One can now determine v, and add to it a constant such that 
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fondo —9; 
(S) 
one now computes v; etc. 
It remains to learn if the series (34) converges. Using the NEUMANN function, 
we find successively: 


(f — C)89 do, + e, 


(S) 
Enc gg 
vı xl 01-6, 
(S) 
= —_ fy ew 
Vg = — 375 | 2G do, + cs, 
(S,) 


Let M, be the maximum | v, | on (S). One finds easily: 


faa] eas 


<M, ig] Olde, = M,N: (35) 
(S) 


(S1) 





here 


1 1 1 1 1 1 
N= fodas i f do zs fln dLican|s 
(S) (S) (S,) 
<fr +2 < za (Mos pes sm. 
22 JR 
(S) (S) 


We have here made use of inequality (25) of 85 and the inequality following it. 
We shall now return to inequality (35); from the equation 


Tanes] J(7az [namo as =0 
(5) (53) 
it follows that 








lor S= Hae) scita do <M, NS; 
for ()X (5) 
o 
Oui] S Mk No, |v 1] S 2No M. 
One thus finds easily : 


Chal SIN M, < GN Mp- S S (2 No) t My; 
in these inequalities 


M,<N,A, A-Max|f— C|. 
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From all the preceding it follows that series (34) converges uniformly if 


à; 1 4 
h, < 2 No ac ^o (36) 
and that this series provides the solution of the problem for values of /: which 
in absolute value satisfy the last inequality. 


We shall now find an upper bound for | V |. Let g bean upper bound for | f]. 
We put 


uQ-V— - ; wy = V+ t : 


The functions (36) satisfy the conditions 


duis D Aw tg —f=0 | 
in (D,), di | on (8). 
Aw, — 0 | p 4 hw.—g—f-—0 |. 


Let M, be the point of (D;) at which w, assumes its maximum and M, the 
point at which w, assumes its minimum; since w, and w, are harmonic 


functions, the points M, and M, lie on (S). e. is positive at M,; from the 
condition g — f= 0 at this point 
m<0, Vet. 
a is negative at M5; from the condition g + f= Oat M; 
w> 0, V»-— : 
The function V assumes its maximum at M, and its minimum at M,, since ii 


h 
is a constant. Hence, in the entire region (D;) 


NE i EA I 
h < ES h^? iy] < k` 
We shall assume that /1p is a number satisfying the inequality 0 < J9 < Ap; 


iet h= hy 4 y. 


In this case equations (28’) and (29°) take the following form: 
AV20 in (D), o +7yV=f—hV on (S). 
We put V= wy t qw ahud (37) 


For wo, Wi, 5, ... we then obtain by comparing coefficients of powers of 7 
the conditions 
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d wo 








Aw) = 0 in T ew, f 

eee dw, E 
EIC d (Dj), dn * ei — — S [os cg) 
A w, = = + howa = — w 


But now since the quantity A, of the series (34) is independent of fand hg is less 


than Ag, we are able to determine all the functions wg, Wi, W2, . . .; in particular, 
; . ; 1 ; 
one obtains wọ by adding the expression LS | fae to the sum of series (34) for 
o" 


h = hg. 

Let g, be the upper bound of | w, | in (Dj) (k = 0, 1,2,...); from the 
remark above g 
gx < x , 
whence it follows that 

lI < < ur (k =0,1,2,...). 
0 


The radius of convergence of series (37) is therefore no less than ho; this 
makes it possible to compute the solution for positive values of ^ less than 2A9. 
Continuing in this manner, one obtains the solution for every positive value 
of h. 
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Just as in 81, let R be the distance of the point M(x,y,z) in the interior of (D) 
from the point M'(£,»,£); it is desired to find the function of the point M’ 
harmonic in the interior of (D) which satisfies the following condition on the 
surface (S): m 

ar R 1 
qa 0 er L (38) 


From the preceding considerations it follows that one can determine the 


function T by setting f equal to 
d — 
R 1 
dn h Rc 
We further put i 
G (M, W) = E +r. 


The function G satisfies the condition 


1 
d=- 
dG R dr 1 
ua tB cu ara v Dog de ee (39) 
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Comparing G with the function (3) of 81 and repeating the considerations 
there, we can prove that G(M,M’) is a symmetric function. It suffices to verify 
that the functions 


G,— G(M,, M'), G,—G(M,, M) 
satisfy the condition 





However, the last equation is a direct consequence of condition (39). 
Just as for the NEUMANN function, one can prove that 


[iG au, M)Pdr <A. (40) 


(D) 


Indeed, this follows from the fact that one can likewise derive the inequality 


fielo <€ fifido 
(8) (3) 
for the solution of equation (31) in 87 for A = — 1; to obtain inequality (40) 
from this one need only repeat the arguments presented for the NEUMANN 
function. 
We shall now assume that the potential of the simple layer V satisfies con- 
dition (29^) of 87 on (S). On (S) then from (39) 


"C RCM 
VE — Gt = V(-AG) — G(—AV + f) 


= — Gf = —G(M, M) f (uM). 

To the functions V and G(M,M’) we now apply GREEN’s identity tor tne 
subregion of (Dj) which lies outside a sphere (w) of radius o about M which is 
entirely contained in (Dj). Since AV and 4G vanish in (D — w), we obtain the 
equation 


f E G7.)4c = - fam, M')f (I) do, 

(o) (5) 

where (ø) is the surface of the sphere (w). and the outer normal is chosen on (ø). 
Since the right-hand side of the last equation is independent of e, this also 

holds for the left-hand side. From its form, however, the left-hand side depends 

on e; just as in the proof of the symmetry property of the GREEN's function in 

$1, one can show that the left-hand side tends to — 4zV(M) as o > 0. Hence, 

it is equal to — 4r V(M), and we obtain: 


V(M) = az] € (M, M')f(M')do. 
(S) 
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$9. GREEN'S Function and POISSON’s Equation 


Let the function u(x,y,z) have derivatives in (Dj) of first and second order 
which are continuous up to the boundary (S). Such a function we shall call 
regular in (D;). In addition, let the function u(x,y,z) satisfy one of the following 
conditions on the boundary (S): 


u=0, (o) 
du; 
i+ hu=0, (B) 
du; — = 
ag =e (c = const.). (y) 


Let G(M,M") be the GREEN's function for (Dj) when condition (a) is 
applicable, the NEUMANN function if condition (y) is involved, and the GREEN's 
function for the problem of stationary temperature if we are speaking of con- 
dition (8). Let M be a fixed point in (Dj), and let (w) be a sphere about M with 
radius o so small that (w) is entirely contained in (Dj); the surface of this 
sphere is denoted by (e). To the region (Dj; — w) and the functions G(M,M") 
and u(M’) we now apply GREEN’s formula: 


fusa- 6494 = f(u — 052) ao E [eno *) do. 
(S) 


(D; IÍ- w) 


Here 4G = 0, and the integral over (S)—except in case (y)—vanishes because 
of the conditions which the functions G and u(M^) satisfy on (S). Hence, 


flej- e)ac ri fuaa) 


(9) (S) 





the last summand here appears only in case (y). 

As in the proof of the symmetry property of GREEN’s function, one can easily 
show that the left-hand side of the last equation has the limit 47u(M) as o — 0. 
The first integral on the right-hand side has as limit the integral over the entire 
region (Dj) which we shall denote simply by (D). We thus obtain the equation 


u(M) = — «fe M, MA opum) (41) 
(D) (S) 

where the second summand is only present in case (y). Hence, any function 

u(M) regular in (D) which satisfies one of the conditions («), (8), (y) can be 

represented by formula (41). If there exists a regular solution of the POISSON 

equation Au -— —4ng, (42) 
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which satisfies one of the conditions («), (8), (y), then this solution is given by 
the formula 
v (M) = {G(M, M)g(M')dr, (43) 
(D) 
where it has been assumed that in case (y) the solution satisfies the additional 
condition 


fudo - 0. (44) 
(5) 
Moreover, for the case (y) it follows from 


du 
[4 udt = fs do 
that e ; a 
7 [4 
c=- (oras. (45) 
(D) 

From the fact that every regular solution of equation (42) with conditions 
(a), (8), (y) can be represented by formula (43) follows the uniqueness of a 
regular solution of equation (42) with conditions (a), (8), (y) and the additional 
conditions (44) and (45) in case (y). We shall now study the integral (43) under 
different hypotheses on the function 9( M"). 


Theorem 1. /f p is bounded and integrable in (D), then the integral (43) is 
a function with H-continuous first derivatives in (D) which on (S) satisfies that 
condition corresponding to the function G(M,M") chosen; in case (y) equations 
(44) and (45) also hold. 


Proof. For the proof we introduce the Newtonian potential P[¢] with density 
p. Since o is bounded, P[g] has H-continuous first derivatives everywhere. 
We first establish the validity of the following formula: 


faw, M) 9 (P) dtar =P) + 1- [Pans " 1, 0| de. (46) 
(D) (S) 
For I(M,M’) = T(0,1): 
[| "s 
_ 3 | faro,2) 1 Tu 
T(0,1) 24, J [0 — r(0,2) /" m 





(5) 
We multiply the last identity by (1), integrate over (D), and interchange the 
order of integration. Noting then that 





d 
fee dt, = P(2), fe (1) Tie dt, =à eee (47) 


The 
(D) (D) 
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we find after multiplication by —1: 


- {PON eady= zf r (0, 2) 2) A - Pe) doy. (48) 
(D) (S) : 


Since M is an interior point of the region (D), the functions P(2) and — 
l'o2 


are harmonic in the region (D,); from equation (44^) of Chapter I we obtain 
the following relation: 
1 Too 1 dP(9) 
Saa EQ Ue cu A (49) 
(8) 
In the first of equations (47) we now replace the index 2 by the index 0 and 
add to this equation the equations (48) and (49). Since 





G(0,1) - =- I'(0, 1), 


01 
we then obtain: 


fao, 0 ea» 


(D) 

_ 1 dG(0,2) _ ae 2) 

P(0) + È {Pe G(0, 2) 2) doy. (50) 
(S) 

Let V be the potential of an arbitrary simple layer. The following identities 

then hold: 











1 
d — 
= 1 dV(2) — " 
dd is a m 1) fan 
(5) 


o= ae) Ta 7 2) - voy aos; 


2 


on adding these give he identity: 








" 1 4G(012)  dV(2 
0 = V(0) + i Iram -E G (0, 2)} doy. (51) 
(5) 
Now adding (50) and (51) and introducing the notation 
u(0) = P(0)-- V (0), (52) 
we find 
d 
G(0,1)p(1)d v, = u( 9) zz [lv (2) 4802 - Ba, 2)} dos. (53) 
(D) (5) i 


It is easy to show that one can choose simple-layer potentials V,, Vp, and 
V, in such a manner that u, = P + V, up = P + Vj, and uy - P - V, 
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satisfy conditions (x), (8), (y) respectively on the boundary (S) and in the last 
case conditions (44) and (45) as well. 
Indeed, P[o] € H(1,cA,A) everywhere and hence 


P(g) € H(1, GA, A) 

on (S) and T € H(0,c; 4,A') on (S); A is here an upper bound for | 9 | and 
0OcA-—LA' «A 

As follows from the proof of Theorem 1 of IV, 818, the harmonic function 
which is equal to — P[g] on (S) can be represented as a simple-layer potential 
which we shall denote by V, It was proved there that V, € H(1,c4A4,A^) 
(A" < A’); hence, u, = P + V, has H-continuous first derivatives in (D). 
Moreover, on (S) it is clear that u, = 0. If now in formula (53) u = u, and 
G(0,1) is the GREEN's function for the DIRICHLET problem, then we find: 

JGO, 1) pA)dt = ua (0). 
(D) 

This proves our assertion for the integral (43) in case (a). 

We now proceed to the case (B). We established that the integral equation 
(31)in 87forÀ = —1 has exactly one solution. It is easy to see that the solution 
e of this equation is H-continuous on (S) if the function f is H-continuous on 


(S). Putting dP 
f--(* AP), 


we find that the simple-layer potential V, which satisfies the condition 

SE + Vg =— (qu P) 

on (S) has H-continuous first derivatives in (D); this therefore also holds for 

the function uy = P + V,. The function ug moreover satisfies condition (8) on 

(S). If G(0,1) denotes the GREEN’s function for the problem of stationary 

temperature, then 
dG 4 
dn d 

and formula (53) gives: 





u 
B — — —- — = 
C= ul hG) —- (—hug)G =0 on (S), 


[@O, 1)p(1) dr, = ug (0). 
(D) 
This proves the assertion for integral (43) in case (P). 

If in case (8) h is not assumed to be constant, but rather H-continuous and 
positive on (S), then all our considerations for the case (8) remain valid. If on 
the other hand we assume only that / is positive and continuous, then we are 
only able to prove that uş as the sum of the function P and a simple-layer 
potential with continuous density satisfies condition (8); the first derivatives of 
ug are however no longer H-continuous in (D) in general. 
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We now come to the case (y). Multiplying GAUSS' integral 


| is 
aoe = SD UM 
4x du. doc, 


(3) 
by 9(0), integrating over (D), and taking note of the second of formulas (47), 
we obtain: 


dP 
FL = -4x | p(0)dz; 


(5) (D) 
from this it follows that "T 
Na+ Ffearae =0. 
(5) (D) 


Hence, there exists a simple-layer potential V, which satisfies the conditio1 


dV; dP 4 
yt ve, = tid 
dn dn s fodar 
(D) 


on (S). The function u, = P + V, then satisfies the condition 
du 4n 
Y = — CU 
P ESL. il dta 
(D) 
on (S). Moreover, V, is determined up to an additive constant which one may 


choose in such a manner that the function u, satisfies condition (44) on (S). If 
G(0,1) denotes the NEUMANN function for the inner problem, then 





Wye A= uy + (0,1) [ede on (S); 
(D) 


it is clear that the integral over (S) of each of the summands occurring on the 
right-hand side of the last equation is equal to zero. Then from equation (53) 


[80,1 9)dn = u, (0). 
(D) 
lt remains to prove that V, and thus also u, have H-continuous derivatives 


of first order in (D). This follows from Theorem 1 of III, §18, since i is 


H-continuous on (S). 

The proof of our assertion concerning the integral (43) has now been com- 
pleted. If is H-continuous in every region (D’) which together with its 
boundary is contained in the interior of (D), then u,, up, and u, have continuous 
second derivatives at every interior point of (D) and satisfy equation (42) and 
the corresponding boundary condition. From this follows 
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Theorem 2. /f o is bounded in (D) and is H-continuous in every region (D^) 
which together with its boundary is contained in (D), then equation (42) has 
exactly one solution which lias continuous second derivatives in (D), satisfies 
one of the conditious («), (B), (y) on (S), and moreover satisfies equations (44) 
and (45) in case (y). 


Proof. The existence of such a solution follows from the preceding con- 
siderations. In each of the problems considered the uniqueness of the solution 
follows from the fact that the difference v of two solutions of the problem is a 
harmonic function which satisfies the condition («), (8), or (y) and 


~-=Q, fodo =0 
(S) 

respectively. It clearly follows in all cases that v = 0. This proves Theorem 2. 

Now suppose that o(M’) is not bounded in (D), but that e(M^) and [p(M? 
are integrable in (D). We shall say that e(M^) is square-integrable. From the 
definition of the integral of an unbounded function it follows that there exists 
a sequence {(D,)} (k = 1,2,...) of regions which together with their 
boundaries are contained in (D) such that (a) (D, ,) contains (Dj), (b) e(M") 
is continuous and bounded in (D,), and 


fie (Wy Pde sr) gras 
converges. (04) 
Let the function 9,(M’) be so defined that in (D,) it equals p(M’) and is 


zero outside (D,). Now for every e > O there exists an n such that for all k > n 
al? 7 atar (ipa ‘\Pdt<ce, 
(D-D,) 
We shall show that the integral (43) is a bounded and continuous function in 
(D)if p(M’) is square-integrable. The boundedness of this integral follows from 
the BUNYAKOVSKII-SCHWARZ ec i 


iw)? —! fG(0,1)9()dz| 
(D) 


< fia, 1)Pdt,- f|e()gan «A . fpa) |d = A. |p]. 
(D) (D) (D) 





Since the functions 9,(M^") are bounded, the functions 
= (G4(0,1)%(1)dt, (es ae 
(D) 


are continuous in (D). We shall show that the sequence of functions u,(0) 
converges uniformly to the integral (43). Indeed, making use of the 
BUNYAKOVSKH-SCHWARZ inequality, we find: 


$9. GREEN's Function and Potsson’s Equation 245 
|u(0) — %(0)| = Id [80.0191) — p 0))4 
(D) 


«y fret. ndn fi- qd: 


(D) 








«YAV, fiePav <yae (k > n); 
(D-D,) 
this holds for each point M of (D). Hence u(M) is the limit function of a 
uniformly convergent sequence of continuous functions, and this implies that 
u(M) is itself continuous in (D). One can show that in case («) the function 
u(M) has limit zero as the point M approaches the boundary (S). 

If o is bounded and continuous in (D), then, as we have seen in II, 815, the 
Newtonian potential with density ¢ satisfies the POISSON equation formed with 
the generalized LAPLACE operator 4* in the sense of I. I. PRIVALOV: 

A* P= —4zg. 

It is clear that the function u(M) defined by the integral (43) then also 
satisfies this equation. If v is square-integrable, then, as was shown in II, 824, 
the Newtonian potential P[g] satisfies the Poisson equation where the deriva- 
tive is understood in the sense of S. L. SOBOLEV. In this same sense the function 
u(M) then also satisfies this equation (42). 

Remark. Let us here present the following assertion without proof: If a 
continuous function w has the property that 4*w = 0 (4* is the LAPLACE 
operator in the sense of I. I. PRIVALOV), then w is a harmonic function (I. I. 
PRIVALOV, Subgarmonicheskie funktsii, Ch. I, 82). If in addition w satisfies 
boundary condition («) or (8), then w = 0. From this it follows that the 
equation 

A*u =— 4ng, 


wherein o is a continuous and bounded function in (D), in cases («) and (8) 
has exactly one continuous solution, and this is given by the formula (43). 

We therefore see that if a function u(M) which satisfies boundary condition 
(«) or (B) and has continuous second derivatives in (D) has the property that 
its LAPLACE expression is bounded, then it can be represented by formula (41). 
A similar assertion can be made for condition (y). 

One can also prove that formula (41) is valid for every continuous and 
bounded function u(M) which satisfies the appropriate boundary condition 
and has a square-integrable LAPLACE expression. 

Supplement. We put 1 

y (M) = -5 feu. M')dr 
(D) 


where G(M,M’) denotes the NEUMANN function for the region (Dj). 
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From what has been said in this section y,(M) satisfies the equation 


ex 
Ay, — 7 
in the interior of (D), and on (S) it are the conditions 
dy, 4z 


An 7 [ns - 0. 
We form the new function n 
y i y ? 1 , 
G.M, M^) = OM, M) + y (0) + A) — y [ys ari, 


which we shall call a modified NEUMANN function. 

It is clear that the function G,(M,M’) is symmetric, and for fixed M in the 
interior of (D) it satisfies as a function of the point M' in (D) (except for 
M' = M) the equation 








AG (M, M’) = = : 
on the boundary (S) it satisfies the condition 
dG, 4G , dy,  — 4n |4n — 
dn dn dn sw =o 
i.e., dQ, — 
dn 9. (54) 
Moreover, 
fG (M, mds = (G(M, M')dx + Dy, (M) 
(D) (D) 
+ [nOr)ds — [p (Mdr — 0, 
(D) (D) 
1.€., 
[@(M, M)dx — 0. (55) 
(D) 
If p(M’) satisfies the conditions of Theorem 2, then 
u{ M) = fo M, M’) 9 (M) pe M, M')g(M^)d 
(D) 
+ nM fom) de [y an pM) dr — " Mydr. fpd 
(D) (D) (D) (D) 


hence, in (D) u(M) satisfies the equation 


Au c —4n9 4 55 [ear)ds (56) 
(D) 
and on the boundary (S) the condition 
du _ 4a " 
(2) (D) 
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Le., du =0. (57) 


If ¢(M') is bounded and integrable, then u(M) has H-continuous first 
derivatives in( D) and on (S) satisfies condition (57). Integrating u (M) over (D), 
interchanging the order of integration, and taking account of the symmetry 
property of the function G,(M,M^) as well as equation (55), we obtain: 





dte J f0, 1) p(t) dx] dt 
nd GO) 
= { (1) | f@,(0,1) icd t. 

: (D) (D) 

ie., 
fu(M) dr =0. (58) 
(D) 

If for p(M’) the condition 

[eras — 0, (59) 
(D) 


holds, then because of (56) u(M) satisfies equation (42) and conditions (57) and 
(58). 

By repeating the considerations at the beginning of this section, one can 
easily prove that every regular solution of equation (42) with conditions (57) 
and (58) is given by formula (43) where G(M, M’) is to be replaced by G,(M,M^). 

In the following sections by condition (y) we shall mean condition (57). 
When condition (57) is being considered, we shall then make use of the 
modified NEUMANN function and denote it simply by G(M,M^). 


810. Problems Involving the Equation 4u = Lu + K 


In the following we shall restrict ourselves to inner problems. Let u(x,y,z) 
be a regular solution of the equation 


Au= Lu+ K, (60) 


where L and K are continuous functions in (D) and L is positive. 
Let the function u satisfy one of the following conditions on (5): 


u=f, (a^) 
du; , 
ue ec e) 
du; 


uie v) 
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here fis a given continuous function on (S). 

We shall first of all show that there cannot be two distinct regular functions 
u, and u, which satisfy equation (60) and one of the conditions («’), (8^), (y^). 
If there were two such functions, then the difference v = u, — u, would bea 
regular function satisfying the equation 


Av= Lv (61) 
and one of the conditions 
ae (a) 
dv 
qs PhO = 0, (B) 
do 
us v (y) 


on the boundary (S). Then 


[Lode = [vavd: = fo? do -[zGzya 


(D) (D) (S) (D) 


E zx(x)e etn (62) 
(D) S) 

In the case of conditions («) and (y) the right-hand side of (62) is equal to 
zero. Since a nonnegative function stands under the integral sign on the left- 
hand side and this integral vanishes, we come to the conclusion that 


and hence 


v= const. and L= 0, ie. vz 0 in (D). 


In case (8) since h > 0, 


] az do =- [nac x 0; 
dn 
(S) (S) 


hence equation (62) can hold here only if v = 0. 


We have thus proved that two distinct regular solutions of equations (60) 
which satisfy one of the conditions («’), (8^), (y^) cannot exist. 

Let v, and v, be functions harmonic in the interior of (D) which on (S) 
satisfy the conditions 


tet Lena 
" , dn 8 š 
The differences V, = u, — v, and V; = ug — v, then satisfy the conditions 
V= (a) 
any (B) 
dn i 


on the boundary (S) and the equation 
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AV=Au=Llu+K=L(V4 v) K= LV-(K-- Lv) - LV - F, 


i.e., AV=LV+F with F= K+ Lv, (63) 
in the interior of (D). 

If the solution V(x,y,z) is a regular function, then on the basis of the results 
of the preceding section we may conclude that the equation 


Y(M) = — ifem, M')L(M )V(MMs + D(M) (64) 
(D) 
holds with 
P B(M) =— y= [eut mranas; (65) 
(D) 


V is thus the solution of an integral equation with kernel G(M,M^)L(M?). 
We shall assume that L is bounded and investigate the second iterated 
kernel of the integral equation obtained; it reads 


Lan) | G(M, Mj) L( Mi) G (My, M’) dt, = L(M')G,U, M^). 
D 

Since the integral of the square of G(M,M’) is bounded, G,(M,M’) is a 
bounded and continuous function of the points M and M’, for we found that 
integral (43) in §9 is a continuous function if 9(M^) is square-integrable. One 
may thus apply the well-known FREDHOLM theorem to the integral equation 
(64). If (M) is bounded the solution, if it exists, is also bounded. 

We shall now assume that L and F are H-continuous in (D). We can then 
prove that every solution of the integral equation (64) in which ®(M) is defined 
by formula (65) is a regular solution of equation (63) which satisfies boundary 
condition (x) or (8) according to the choice of the function G(M,M’). 

Indeed, since V is a bounded solution of the integral equation, the first 
summand on the right-hand side of (64) is seen to be a function possessing 
continuous first derivatives and satisfying the corresponding boundary con- 
dition. The second summand is a regular solution of the equation 


Au-—F 


and satisfies the boundary condition. 

From equation (64) it follows that the function V(M) has first derivatives 
and satisfies the boundary condition, for it is the sum of two functions which 
have these properties. Thus, LV is H-continuous in (D), which means that the 
first summand on the right-hand side of (64) satisfies the boundary condition 
and represents a regular function whose LAPLACE expression is equal to LV. 
Our assertion now follows. It follows further that every square-integrable 
solution of the homogeneous integral equation 


V(M) = — fam, M) LLUM')V(M') dx (66) 
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is identically zero. 

If we suppose that V is square-integrable and L is bounded, then we can 
conclude that LV is likewise square integrable; then from a remark of $9 the 
function V is continuous and bounded. From this it follows as formerly that V 
is a regular solution of equation (61) with the boundary condition (x) or (8). 
Such a solution, as we have seen, is however identically zero. 

From this now follows that the number A = — 1 is not an eigenvalue of the 
following integral equation: 


V(M) = eut, M')L(M’)V(M') dc + O(M). (67) 
(D) 
We now turn to the study of the problem with boundary condition (y^). Let 


v, be an arbitrary function satisfying boundary condition (y’) and possessing 
continuous second derivatives in (D). For example, 


NT ae > 
v,— v— P, 


is such a function where P is the Newtonian potential with constant density 


1 ; l ; ; 
CSa | fae, and v is a harmonic function which satisfies the condition 
(S) 


on (S). The function v exists, since 
dP . 'dP 
fr eo - [120 + [Fao 
(S) (S) (S) 


= ffdo + [aPax = [fac —AncD — 0. 
(S) (D) (5) 
The function 
Vi = uy,— v, 
then satisfies the boundary condition (y) 
ea 
dn 


as well as equation (63) with 
P=K+Lv,— p[fde. 
(s) 
We shall assume that V is a regular solution of equation (63) with the 
boundary condition (y). Then 


[ AVar = A does 
; J| dn 

(D) (S) 
and hence 
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fV + F)dz — 0. (68) 
(D) 

From the results of the preceding section we can thus conclude that V 
satisfies the integral equation (64) where by G(M,M’) the modified NEUMANN 
function is meant. Just as for conditions («) and (8), we can convince ourselves 
that A = — | is not an eigenvalue of equation (67) and that integral equation 
(64) has exactly one solution. We thus conclude that equation (63) for each of 
conditions (a), (8), (y) has exactly one solution if we assume that L and F are 
H-continuous and L is positive in (D). 

Under the hypothesis that L is H-continuous in (D) and positive we proved 
that A = — l is not an eigenvalue of integral equation (67). We shall now show 
that the requirement of H-continuity is not necessary. Assuming only that Lis 
bounded, positive, and integrable, we can prove that the homogeneous 
equation (66) has only the zero solution. 

Indeed, under these hypotheses on L one can find a sequence of H-continuous 
functions L, in (D) such that 


lim |(L — Ldr — 0. 
ko. 


(D) 


We consider the sequence of functions 


V--u JOM, MW) LM) VM) at, 
(D) 
where V(M’) is a solution of the homogeneous equation (66). 
From equation (66) it follows that V is bounded and has bounded first 
derivatives; V, is then regular and satisfies the equation 


A V, = Ty y 
as well as the corresponding boundary condition. Multiplying both sides of the 
last equation by V, and integrating, one finds easily that 
ay, 


aes 4 =(52) fez <0. 
D) 

The functions V, and the first derivatives of the V, tend uniformly to V and 
the corresponding derivatives of V. From this it follows as before that the 
solution V of the homogeneous equation (66) is identically zero. 

It is to be noted that we have now actually proved the assertion that the 
eigenvalues of the integral equation 


Fn =< [ ear, mzarvarnas 
(D) 
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are nonnegative. For if à < 0, then AL = —|A[L, and the homogeneous 
equation (66) with L replaced by | A | L has only the zero solution as we have 
just shown. 


The integral equation just considered is an equation of SCHMIDT type (the 
kernel is the product of the symmetric function G(M,M’) and the positive 
function L(M’); hence, all the eigenvalues are real, and since they cannot be 
negative they are all positive. If the function L is H-continuous the eigen- 
functions are solutions of the equation 

AV4- ALV- 0 
and on the boundary (S) satisfy the condition corresponding to the function 
G(M,M') chosen. It should be mentioned that in case (y) the functions 
V = const. satisfy the boundary condition and the equation just mentioned 
for à = 0. We shall therefore call these functions eigenfunctions for the eigen- 
value 0 (and condition (y)). 


811. Lemma 


In the integral equation (67) of 810 we shall replace = by L. If one 
m 


determines the solution of the integral equation 


V(M) — 2 fG(M, M'\L(M\V(M' de + f(M) 
(D) 
by the method of successive approximation, one comes to the series 


V= y+ Aut: t Aone (69) 
with 
v= f, 
v,(M) = (GUI, M)L(M') vy- (M')dr (k =1,2,...). 
(D) 


Let / be the radius of convergence of the series (69). 
Lemma. The inequality 


Juin feu, M') LM?) f( M^) Pr diy 
(D) (D) LET (70) 
f ELNI Pdr 
holds. (D) 





Proof. For the proof note first of all that the radius of convergence of the 


series t + Avs 4-4 2t ds 
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is not less than /. 
Multiplying the last series by Lv, and integrating over (D), we obtain the 
power series 


Ay fLuvdt; (71) 
(D) 


its radius of convergence /, is likewise not less than /. 


We introduce the notation 


n= [Lu a7, Jy ly. 
Then 2) 
r= JH M) )» n LM) aM, My wca t) gear deg 
(D) 
zi M')v, 4(M) I [LM »,(M)G (ot pee dvu dog 
(D) (D) 
= fL(M') v, 4 (M^) v, (M) dtp = D n1: 
(5) 
From this follows: 
Je = Lig = Let nt = Focnaaam oom Lae = [Lr 0.47; 
(D) 
so for the series (71) one may also write 
A4, At. (72) 
k=0 
We shall show that J 1 1 
1 
To Sym Be: (73) 


if this has been shown, then the lemma is proved, for the left-hand side of 
inequality (70) is equal to the ratio of J; to Jp. 

We assume that fis square-integrable; to assume that f is continuous does 
not simplify the proof in any way. Let the function L be bounded and positive. 

It will first be shown that the kernel G(M,M^) is complete, i.e., from the 
identity 

[G (M, M')e(M')d: — 0, 
(D) 


in which ẹ(M’) is a square-integrable function, it follows that o = 0. If 
G(M,M’) is the modified NEUMANN function, it follows that o = const. 

Let (M) be a regular function in (D) which vanishes outside some arbitrary 
region (D^) which together with its boundary is contained in (D). On (S) (M) 
then satisfies each of conditions («), (8), and (y). 
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If we multiply the identity above by AU(M), integrate over (D), interchange 
the order of integration, and note that in cases (x) and (B) 


1 j , 
= 4, aat, M')Ay(M)dzy = y(M^) 


(D) 
and in case (y) 
- afea, M’) Ay (M) dy = v (M - 5 fv M') 
(D) A 
then in cases (x) and (B) we obtain the equation 
fe’) p(M')dr = 0 
(D) 
and in case (y) the equation 
[van (pan - -j [van rade =0. 
(D) (D) 


Since the function (M^) is arbitrary, it follows that in cases (x) and (f) 
g(M') = 0; 


in case (y) we conclude that 


9 (M) = pfoMdr = const. 


In the following it will be assumed that f is not identically zero. Then in 


cases («) and (f) 
= [eux M')L(M)f(M')drz0; 
(D) 
continuing this procedure, we obtain successively: v, Æ 0 (k = 1, 2, .. .). In 


case (y) we conclude, if we similarly assume that Lf Æ const., that v, Æ 0. 
Since in this case, however, the equation 


fod T=0 
(D) 
also holds, v, must assume values of opposite sign. This implies that Lv, 
assumes values of opposite sign and therefore cannot be constant. From this 
we obtain successively that Lv, Æ const. (k = 1, 2,...). 
These considerations lead to the conclusion: 
J,— fLvjdv > 0 20; 1, 25.225) 
(D) 
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Above we derived the relation 
Jy Ire Leer 
Applying the BUNYAKOVSKII-SCHWARZ inequality we find: 
IÉ-1,k+1 = ( f Lors eat) sS [Loy dr [ Lo], dx =Jk41Jk-1; 
(D) (D) (D) 


using the preceding equation, we now obtain the estimate: 


: . Ji SI yp ada. 
Since J, > 0, it follows that 








Jy Joa 
m ed 
Jia Jy 
i.e., the ratio J, 
Jia 


decreases with increasing k and thus as k — oo tends to a finite or infinite limit 
which is equal to the inverse of the radius of convergence /, of series (72). 

All these ratios are no greater than the limit mentioned above; for k = 1 we 
obtain inequality (73). This completes the proof of the lemma. 


812. Remarks on the Poles of the Solution of the Integral Equation (67) 


Let 
D(A, M, M’) (74) 


D(A) 
be the resolvent for the second iterated kernel of integral equation (67) in §10. 
Since the equation is of SCHMIDT type, all poles of this resolvent are simple. 
The solution of the integral equation in question has the form 








sr) 75 
P Duy 7s di 


where we assume that this fraction is in lowest form. The function D,(A) is 
obtained from D(A) after division by a certain entire function; D,(A) has no 
zeros of order greater than one. 

We previously found that the eigenvalues of the integral equation under 
consideration are positive. Let 

V a ga rnc ey e EE, (76) 

be these eigenvalues ; suppose that they are ordered in a nondecreasing sequence 
in which each eigenvalue is repeated as often as there are linearly independent 
eigenfunctions corresponding to it. Let 


Ve d etes Voran Voer (77) 


256 V. GREEN’S Functions and Their Applications 


be the sequence of corresponding eigenfunctions which we assume are 
orthogonal and normalized, i.e., 


[T(0V,()V,(0)dz —0, if kn, 


(D) 


Let it further be assumed that the function Ó satisfies the n conditions 


{LOV dt =0 (k =1,2,...,2), (78) 


(D) 
We shall prove that in this case the numbers 
A, Ay, ey Riis 


where À,, , > A, are not poles of the fraction (75). 
It is clear that (75) satisfies the equation 


D. ys alu 1) G(1, 0) D, (2, dt, d-D,U)O (0), — (79) 
(D,) 
If A, is a zero of D,(A), then 


Dy (4,0 qe [16 Dy (dy, 1) dt,. 


ETD 


From this it follows that the function D,(A,,0) is an eigenfunction correspond- 
ing to the eigenvalue A,; it is a linear combination of the functions (77). 
For k < n from (78): 


f L(0) (0) D(A, 0) dt = 0. 
(D) 
Multiplying both sides of (79) by L(0) D,(A,,0) and integrating the product over 
(D), we obtain: 


fz D, (2, 0)d« 

(D) 
- A [ntn ao JED G(1,0) D, diis as 
(D) (01) 


bon [4 (0) 601, 0) D, Oa) de 
(D) 
= f LO) DA, 0 YA, Nan; 


from this it follows that 
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A ^ 
( x) fro Di(2,, 0) Di(4, 0)d v = O. 
k 
(D) 


If A + A, then it follows that 


f£(0) Di (år, 0) 10, O)dt = 0. 
D) 
But this integral is an entire function of A; since for À A, it is equal to zero, it 
must also vanish for A = A,. Hence, 


fJ L0) (Di (4, 0)Pdt — 0, 
(D) 


from which D,(A,,0) = 0 follows. This is a contradiction, since the fraction 
(75) is irreducible. Hence, the numbers A, (k = 1, 2, .. ., n) cannot be poles of 
the fraction (75). 


813. Closedness of the Sequence of Eigenfunctions in a Special 
Function Space 


We shall say that the sequence (77) of 812 is closed in a function space whose 
elements possess certain given properties if for every function f(0) of this space 
the equation 


«i [10 UO: = X ips [ro ) V, (0 eas = Sat (80) 


d 


holds in which 


1 
ay = 4 | 10) V.(0/(0) d 
(D) 
From the relation 


1 2 2 n 
0< i; |20 (r - Xr dic O0) Cf(0)? d« — Zak 
(D) (D) 
the difference 
1 n 
in | A0 UO ac — Sak 
zr k=l 
(D) 
is nonnegative for every square-integrable function f. For 
us 1 ; 
P i L(0)L/(07d« 


and hence (D) 
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(D) 
The last relation is called BESSEL’s inequality. 


Let A(0) be some square-integrable function. We put 


0) = i- [10)00, nh(04n (81) 


(D) 


and wish to prove that in the space of functions f(0) having the form (81) the 
sequence (77) in $12 is closed. If we set 


= Ža, V (0) e 0), | 
(82) 
ay = 44, | 10 (V, (0) v, | 
then we obtain un 
f) — 4 [LZ GU, 0) Pm )d 
(p,) 
1 
+ qu] EO), 0) g(t) de, (83) 
(Di) 


= à EVO) 420) = DOVE + 2,0). 
Yel k=1 


Here i 
R,0) = 4 [La)00, 0) e,0)4n, 
(1) 
1 : 
b, = af ZOO VeO)dr = 5 
D 


We multiply both sides of the first equation in (82) by L(0)V,(0) (m = 1, 2, 
., n) and integrate the product so obtained over ( D). Then since the sequence 
(V4) is orthonormal: 


[2.(0)2(0)¥ (0) 4 Lo froo Ojdr+ [ime (0)V,, (0) d 
UD) NOR (D) (D) 
= 4a, + | L(0) o, (0) Mn (0) de; 
from this it follows that wo) 
j £(0) 0, (0)V,, (0) d c = 0 (m= 1,2,..., 2). (84) 


(D) 
As in $11, we now form the series 


V= tot Ande dA vg toes, (85) 
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which corresponds to the equation 


À 
VQ) = i [10)60,0Y()45 + o,(), 
(D) 
From $812 the radius of convergence of this series is greater than | A, |; indeed, 
Ais Az, + +) A, are not poles of V(0) from equations (84). 
From the lemma in 811 





Jao JL 0)6501244 de [20 )[2, (0)]2 à 
(D) (D,) E (D) gx. 
(4)* | L(0) tes (0))*d t [LO Centar ^ 4 (86) 
(D) (D) 


Two cases are now to be distinguished: 

1. If the number N of the eigenvalues is finite, then the series (85) converges 
for every arbitrary A if n = N. The radius of convergence of the series is then 
equal to + 00; from m. (86) it follows that 


JE y(0)Pdt =0, Ry=0 
and 
FO) = ga [1 G(1, 0) & (1) d c = b, Vy (0) + b,V4() +--+ + byV y(0). 


2. If the RR of eigenvalues is infinite, then since the function V is 
meromorphic À, — oo as n — oo. From this there follows: 
lim [L(0)[A,(0)2dv — 0.2) 
n- œ 


. D 
From the relation (p3 


fror ) 2, (0) Pde = [10 [f(0)2dt — 4x Soe 
(D) (D) DM 


we may write the equation obtained in the form 


2 ie \2 
s [LOU Pdt = Xu SZ [s | rimo 

(D) (D) 

This proves that the sequence of eigenfunctions of (67) is closed in the class of 
functions which can be represented by the integral (81). 

Let now f be a regular function in (D) which on (S) satisfies the boundary 
condition appropriate to the function G(M,M^) chosen; in case (y) it shall be 
moreover assumed that the integral of f over (D) vanishes. As we have seen at 
the beginning of 89, the equation 


(0) — —g; |00, 04f(04n 


(D) 
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holds for f, hence, 


e 
0) = L(1)G(0, 1) À zo. 
f(0) sal (1)G(0, D) A(1)dv, with A(1) oe 


Due to the regularity of f, Af(1) is bounded and continuous in (D). If we 
assume that L has a positive lower bound « (L > a), then A(M") is likewise 
bounded. Thus /(M^) can be represented by the integral (81), and we arrive at 
the following conclusion: For every regular function in (D) which on (S) 
satisfies the corresponding boundary condition the closedness condition (80) 
is satisfied. 


814. The Closedness of the Sequence of Eigenfunctions 


We prove that the sequence of eigenfunctions is closed only for the space 
consisting of functions which are continuous in (D) up to the boundary. Let 
JO) be such a function. For every e > 0 there exists a polynomial P(0) 
(polynomial in x,y,z) such that in the region (D |f — P| «eand | P| < M 
where M is an upper bound for | f |. Further let w(0) be a regular function in (D) 
with the following properties: (a) w(0) is equal to one in a certain subregion 
(D^) of (D) which together with its boundary is entirely contained in (D); 
(b) o(0) is equal to zero in a certain region (D^) which together with its 
boundary is likewise contained in (D) and which contains (D^) in its interior; 
(c) the inequality | #(0) |< 1 holds in (D). How one goes about actually 
constructing such a function for arbitrary regions (D^) and ( D") contained in 
(D) will not be treated here. We shall also assume that the volume of the region 
(D — D^) i.e., the complementary region of (D') with respect to (D), is less 
than e. The function F = P(0)o0) is then regular in (D): in (D) it coincides 
with P and is equal to zero outside ( D"). Hence, the function F'satisfies each of 
the boundary conditions («), (8), (y). Moreover, | F | < M. Let A be an upper 
bound for L; we then obtain: 


J EOSO) — F(0)P dv = f L(0)[/(0) — F(0)P dc 


(D) (p) 
-- (L()[/(0) — F (0dr < ADe+A.4ME<aE; 
(n—Dp') 
hence, 
f LOESO) — F(0)P dx «€ ac. (87) 
(D) 


In case (y) let it be moreover assumed that the integrals over (D) of the 
functions fand F vanish. 
The function F can be represented as follows: 
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1 7 
F= ~ feu, 0)AFds, ; 
(n,) 
thus, 


lf 1 d 
-| LOF 2 — Yai = 
ixl (O)LF (0)*d« — Yak — 0, | 


(D) , (88) 
a,— ag] DP Ved. | 
D) 
We can write the first equation in (88) in the following manner: 
L Jia = 1 1 " 
[ones - Sa} = fa [sree 4 a] 2U- Pde 


47 ee 
(D) (D) (D) 


9 oo oo oo 
tas [ ute — Nar- Sua- 34- Xa =o 
JE k=) k=1 b=] 
(b) 

with 

NC LES 

be = {LS Vede, 
(D) 
Cr = Ak — h, cas ED — f)V,dt. 
(D) 

From the last identity we obtain: 


1 o9 
ii] br -2u 
(D) 
1 r A 2 f S = 
= [EU Par anf EL - Dd: +2 Sb, t+ Xd. 
j =1 K=1 


xxn : 
(D) (D) 


From this there follows the inequality: 

1 oo 

0x ga [Estat -St 
(D) 
K 2 f œ ; oo 

< is [ P4 7 mms + as | II — fidt + 2 Xibla] + Sici. 
r j k=] k-1 

(D) (D) 

From (87) the following inequalities are obtained: 


[1 — F*4: € ac, 


(D) 


[Mfg — fidt < \/ {Lpar{ Le —fde< VAM Dae, 
(D) (D) (D) 
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24s ~ Fřdr< 
IE / žu Šu Ša 


k=1 


s afiti IET f-Pydt<, L VAM? Dae. 


(p) (D) 





Hence, 


0x ia Ad — Soe < bye 
zi k=1 
(D) 


(b is some number independent of e). Since e is arbitrary, from the last 
inequality we obtain the ME 


Lftdt = X bi . 
kel 
“oO 
this is what was required to prove. 

We have proved that the sequence of eigenfunctions is closed in the class of 
functions continuous up to the boundary. We recall the following theorem due 
to STEKLOV: /f a sequence of orthonormal functions is closed in the class of 
continuous functions, then this sequence is also closed in the class of square- 
summable functions, i.e., closed in Ly.’ Thus from the STEKLOv theorem and the 
results established in this section the sequence of eigenfunctions is closed in 
the class L;. 

It is noted that the problem of closedness of orthonormal sequences has its 
most complete solution in L2. It is just in this space that to every sequence of 
numbers which is square-summable there exists a uniquely determined function 
of L, which has these numbers as FOURIER coefficients with respect to some 
closed, orthonormal sequence of functions. There is therefore a one-to-one 
correspondence between all sequences of numbers with the property mentioned 
and all functions of the class L;. 


! Cf. I. P. NATANSON, Theory of functions of a real variable (Frederick Ungar, New York, 
1961), Vol. I, Ch. VIL, 83, Theorem 2 (Trans.). 
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815. On Expansion in Terms of Figenfunctions 


Let f and g be two square-integrable functions. Their sum is then likewise 
square-integrable; hence, 


fet + g)?dt = S(a,+ b,)? 
@) 


or 
[Ipar + Ledx + 2 Lfgdx = Sak + Ett + 2 Sarb 
A i k=1 k=1 k=1 
(D) (D) (D) 

with " 

L-2, a, = [Lf V,d*, b = [Eg V dr. 
. (D) D) 
Since 


pone = Xa, [Ipar = 38 
b) "s D) "y 


we find from the preceding equation: 


Lfgdx gu (89) 
b= 1 
CD) 


Let (w) be a region in the interior of (D). We put g(M) equal to ; in (w) and 
w 


equal to zero outside (w). It is clear that g(M) is square-integrable. Applying 
equation (89), we obtain: 


z | Eras 2 Sa) [o] Pri 
k=1 (9? 
(o) (o) 
We shall call the expression 

= Í Lfd: 


(w) 


the mean value of the function f (with weight L) over the region (w). 
The last equation means then that the mean value of the function f over an 
arbitrary region (w) can be expanded in a series of mean values of the eigen- 


functions. The expression 
1 
s [fae 


(o) 
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will be called the mean value of the function f over the region (w) in the strict 
sense. 
If we assume that L is bounded below by a positive number x and that the 
inequality 
L>oa>0 


; l. 
holds, and if we put g — jm (w) and equal to zero outside (w), then in analogy 


to the preceding we obtain: 
1 ie 1 : 
a [far UD P d 
(o) lo) 
This means that the mean value of the function f over the region (w) in the 
strict sense can likewise be expanded in a series of such mean values of the 


eigenfunctions. 
The two results just established constitute a generalization of the following 


theorem due to STEKLOV to the case of square-integrable functions. 


Theorem (STEKLOV). Jf the function M) is continuous in (D), then its mean 
value can be expanded in a series of mean values of the eigenfunctions. 
We now proceed to a theorem of HILBERT and SCHMIDT. 


Theorem (HILBERT-SCHMIDT). The function 


1 / ; , i 
f(M) = 45] 200) OM, M')h(M')dz, (90) 
(D) 
where h(M) is a square-integrable function, can be expanded in an absolutely 
and uniformly convergent series of eigenfunctions. 


Proof. First of all let us recall that in $13 we proved that the system of 
eigenfunctions was closed in the class of functions which can be represented 
by the integral (90). From this it follows that to every e > O there exists an N 
such that for n = N the inequality 


e. n 2 
[FU er) dt <e (91) 
Kol 

(D) 
holds with — 1 om 
a, — [LfV,dx = ihs, Joan. 

k k 
(D) (D) 
For each fixed M the function G(M,M’) as a function of the point M’ is square- 
integrable. Moreover, _ f 
e (1) = [LM GM, MYV Ut) de = 0D 
‘k 


(D) 
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and hence from BESSEL's inequality 


So, (DM) => er < Zie, M)Pdt <A. 
k=1 yoo] k 


D) 
Also from BESSEL’s inequality the series 


Eu 
k=1 


is convergent; thus, to every given e > 0 there exists an N, suchthatforn = N, 


XU. 
k=n+1 


We shall now show that the series Za,V, is absolutely and uniformly 
k=l 
convergent. Indeed, if n = N, the following estimate is valid independent of 


the choice of p: 


n+p n+p | V, | 
A mV E b. d 
k=n+1 k=n+1 k 
"ntp n+p ve $ 9 yp ~ n+p Rok 
= 2o um c 5 <A. 
Pani weer He k=1 Ak k=n+1 
This then proves the absolute and uniform convergence of the series 


AaV,—9 
k=1 


the sum of this series, which we have denoted by g, is a continuous function. It 
remains to verify that f = o. This is indeed the case, since we are able to prove 
that the integral of the square of the difference f — y multiplied by L vanishes. 


We thus consider the integral 
[1 — edt — [Lf — pa) + (v, — 9)edz 
(D) (D) 
<2/L(f—,)dr +2(Lip,— pdr, 
(D) D) 
where 


Pa =X Vk i 
k=1 


Because of (91), the first summand on the right-hand side of the last inequality 


is less than 2e if n = N. 
Since o, converges uniformly to o, the second summand has limit zero as 


n — oo and is thus less than 2e for sufficiently large 1. From this there follows 


the inequality: 
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[Zp — pdr « 4«. 
(D) 
Since however e is arbitrary, this inequality implies that 
IET f — 9ydx —0. 

(D) 
Since f and 9 are continuous functions and L > 0, one thus obtains the result 
f = 9. The theorem is herewith proved since ọ is the sum of a uniformly and 
absolutely convergent series of eigenfunctions. 

Scholium. In $9 it was proved that a function (M) regular in (D) which 
satisfies our boundary conditions can be represented by the integral (90) with 
h(M) = —4f/L. From the theorem of HILBERT and SCHMIDT we may conclude 
that such a function can be expanded in a uniformly and absolutely convergent 
series of eigenfunctions. If one accounts with the remarks of $9, then this 
argument also applies to continuous functions which satisfy our boundary 
conditions and have square-summable LAPLACE expressions which may be 
bounded or unbounded. 


816. The Functions of A. KORN 
We consider the integral equation 


E (1) V1). 
V0) = i ZO inso (92) 
(D,) 
in which L(0) is a bounded function which assumes no negative values. It was 
previously proved that the integral 


L(1) 
f m dt, 


(D) 
is convergent. Hence, we may apply the considerations of $811, 12, and 13 to 
equation (92). 
We thus obtain the result that if the sequence of eigenfunctions 
Vig Fesotas ass: 
is orthonormal, then the closedness condition 





& [1t Pdr Xa, a= 4 i [EOS FOV, (0)dx 


(QD) (D) 
holds for every function (0) which is given by the equation 


J0 - i [^90 as, | (93) 
(B) Tio 
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The functions defined by equation (93) arc Newtonian potentials. If (0) is 
bounded they and their first derivatives are continuous cvcrywherc and outside 
the region (D) they satisfy the LAPLACE cquation. 

If L(0)A(0) is H-continuous in (D), then in this region 


Af = — L(0)h(0). 
In the following we shall assume that thc function L(0) is //-continuous. 
If V,(0) is one of the eigenfunctions, then 
V. (0) — Ak [3 Vy (1) dt, 


4n T 
(Dj) 2 


From this equation it follows that V, has first derivatives everywhere and is thus 
H-continuous in (D). 

Hence, every eigenfunction V, and its first derivatives arc continuous in all 
of space; the function has second derivatives, and in the interior of (D) 


. A V,—-—A,L Vy 
outside (D) 
A V= 0. 


Multiplying both sides of the next to the last equation by V, and integrating 
over (Dj), we obtain: 











av, 
E di vd raras 7| 2- iur JP A262] dz 
= fv fita- Hc) "T [nis he Br 7 
T 
" [3 irs dr [z It 
(Q,) D) 


Jre- [teo 


From this it iii: it all Men ue of cquation (92) arc positivc. 
The arguments presented in $14 must here be modified somewhat. Let y be 
a Newtonian potential defined in (D): 
Ly day, 


T 
(D) T 


After we have constructed the polynomial P which differs from the continuous 
function /(0) in (D) by less than e, 


|- P]|<e, 
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we form a function F, with the following properties: (a) F, isequal to P ina 
region (D') which is so chosen that the volume of the region (D — D’) is less 
than e; (b) in (D — D’) the function F, is such that in (D) it has continuous 
first derivatives, and in (D — D’)it has bounded second derivatives; (c) on the 
boundary (S) of (D) it satisfies the conditions 
dF dy 
(F= yv, as ne (94) 
Since the triples D,F,, D,F,, D,F, and D,Y, Dy), D. are equal component- 
wise from the first of the two equations (94), the second equation gives: 


(95) _ oy (3%) = ay (2% _ op 
Ox fi ay ey’ dz jii Oz 


We now form the function F by putting F = F, in the interior of (D) and 
F = y outside (D). The function Fhas continuous first derivatives everywhere, 
it has second derivatives in the interior of (D), and outside (D) it satisfies the 
LAPLACE equation. 

From the considerations of II, 817 it thus follows that 

1 1 AF 1 (FLO) AF 
Hence, the function F belongs to the class of functions (93) for which the 
closedness of the sequence of eigenfunctions has been proved. 

Repeating the considerations of 814, we obtain for the space of continuous 
functions the inequality 


f LOESO) — FO)Pdt < ae 
D) 


and the equation 


ESEOLO: = 28i, b= 1 [LOOV Oar.’ (95) 
4x e 4X 


(D) (D) 
Without going into the proof of equation (95) for the space of bounded and 
integrable functions, we shall now turn to an application of the theorem of 
HILBERT and SCHMIDT presented in §15: Every Newtonian potential 


1 Lü)h(1 
O = 4. (an, 
10 
ei 
in which (0) is a square-integrable function can be expanded in an absolutely 
and uniformly convergent series 


> a,V,(0) 
K=1 
with 


= 4; {20 f(0) V;,( (0)dv = zg [140 (0) V, (0) dz 
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The functions V,(0) are called the universal functions of A. KORN. 


§17. Integration of the Wave Equation 


In conclusion we shall study the equation 





oU [22 SU | OU 


oz Oy? oe 2| + Dle, Y, z), a= const. , (96) 


It is desired to find a solution U which on (S) satisfies one of the three conditions 





(a) De | 

(8) ou +hU=@, (97) 
dU; 

(y) In TY 


where gis a function of the points of (S) which may depend on the time f; in 
addition, the initial conditions 


U = fy, Y, 2), oo = F(x, y, 2) at t=0. (98) 
are to be satisfied. 

In case (y) these conditions determine the motion of a gas enclosed in a 
vessel; the velocity of the gas has a potential. The function U is here the 
velocity potential, and if the vessel is rigid o = 0. 

To make use of the results of §10, we make the substitution 


U= Vo U 


and replace conditions (97) by the conditions 





(a) V= | 
(B) m TAV-— on (S) 
() qi -0 | 


Equation (96) now assumes the form 


ot? (99) 





av ev vV OV y 
ji irt dy is as] Q + a2 AU, — 


=a AV + K (z, y, 2, t) 


? 


in cases (a) and (£) the expression AU, is equal to zero; in case (y) it is equal to 
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l ‘ E ee ; 
D f qdo. In cases (x) and (P) the functions K(x,y,z,1) and 4 are distinet only if 
(5) : 
9 is time-dependent. 
The initial conditions for V are 


aV 


" = F(zx,y,z) at t 0 (100) 


V = f(x,y, 2), 

with 
: , QU 
f-h-Uyn9. FON (5. 


The problem thus reduces to integrating equation (99) with the boundary 
conditions 
(x) V 0 


dV, " | 
(P) d nr + hI d : 0 on (S) 
dV, 
(y) dn 0 
and the initial conditions (100): 
V 
Vasey, a Füge) at t0. 


Remark. The method of solution which we employ can also be applicd to 
the equation av av 
fa 2 . e, E 
Qu aV + K(x, yz, t) la. 


For brevity of presentation, however, we shall study only equation (99). 


It is assumed that the problem in question has a solution V with continuous 
22 
MEC NE On er f ; % 
second derivative „2 in (D) for all t satisfying the inequality 1 => 0. If we 
et 


apply to equation (99) the method used in treating equation (42) in $9 we can 
conclude that 
V 
ro raa (s —K) drs (101) 
(po 

G(1,0) is here the Grein’s function appropriate to the boundary condition, 
c.g., in case (y) itis the modified NEUMANN function. But if now the funetion V 
is given by equation (101), then one sees from the theorem of HILBERT and 
ScuMiDT that it can be expanded in a uniformly and absolutely convergent 
series of cignfunctions of the integral equation with kernel G(1,0). From this 
follows: If the second derivative of the solution with respect to t is continuous, 
then 

Vm Dae), dell) = [VOV 4r, (102) 
(m 
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where the series converges absolutely and uniformly. 
The coefficients in this series must be computed. For this purpose we write 
equation (101) in the form 


1 » 
ree iam Poo 0) ds ; dnd £x JOU, 0) K (1)d t, 
Dj) 


and integrate it twice m respect to r, taking conditions (100) into account. 
We obtain 





Istis. fou, 0) [5 —Fü Jan, 
0 (D,) ; 
1 
tral | faa, x dnja, 
0 LO 
s$ i 
f [Vondanat = — paf 0a, van 
0 0 0) | (103) 
: afea ofadn 
D,) 
- — faq, oru 
cm [00,00 Oar, 
(D,) 
tt 
tins JH fea, 0) Ea dade: 
0 LD) 
We put 
a,— [fV,dv, — b, — [PV dt, — lt) = KV pdr. 
(D) (D) (D) 
The formulas of $15 then give: 
fea, orm as 7 XV. 
k=l ^k 
(Dj) 
Gü,0)F(0dn— X Vy, (104) 
r= 4 k 
(5) 
GU, K (dt, — X ay, 
k=1 ^k J 
(DJ) 


Each of these series converges absolutely and uniformly. The last series, 
considered as a function of t, is uniformly convergent; one obtains an estimate 
of its remainder by passing to the limit »Ó. > oo in the following inequality: 
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"n 


( $ $875 « Xam nE GS [rns for n>N. 
(D) 


k=n ken k=n 
The index N is independent of /; it is determined by the properties of the series 
oo Vi 
km AE 
whose terms are the squares of the FOURIER coefficients corresponding to the 
function G(1,0). The same can be said of the series (102) which converges 
5 : . : t 
uniformly as a function of t; the coefficient g,(t) is equal to E d where by 
k 
h,(t) one means the FOURIER coefficients belonging to the function 


1 (82V 
^ 4na [os 2 K) j 


Making use of the uniform convergence of series (102), it follows from (103): 





o t$ 
* | foc \dndl Vy 
oe 0.0 
MES a 9x (I) 1 ak 
G Trai S À nt gaat oh Vt 
US 
rem bry i l dndt.V 
4za? 2 À k 42a? Ps iz | [e 7) k 
00 


Because of the orthonormality of the eigenfunctions V, and the uniform 
convergence of all series, the following equation is valid: 


T 
4za*À ffo (n) dn dl = — g(t) + a + e fot dndt. 


From this it lets that 
Ju(O) = ay; (105) 
differentiating once, we find: 
gx(0) = Oy: (106) 


on differentiating twice it follows that 


gi (t) + 42a? A,g,(t) = c(t). (107) 
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One thus obtains g(t) by integrating (107) with conditions (105) and (106). 
The general solution of equation (107) is 


g, (t) = c, cos 2a V À,t + cssin2o Vt At 


t 


TER [e (sin 2a yrit — « 


2aYzÀ,. 
0 
From this equation we see that the solution sought has the following form: 
— b : ——— 
gy (t) = a4 cos2a Vm À,t + —— t —— sin2a yz 4,t 


t 


az] ^ sin 2a yx A,( — C) dë. 
0 


Hence, a solution V of the problem in question with continuous second 
2 


derivative $ Y for all t satisfying the inequality t = 0 can only be given by the 
series 
y—-* a, cos 2a VzÀ,t + jc; sin2a Vr d, 
k-1 2aYnÀ, 
j (108) 
V, . UU, 
feats sin2Qayrd,(t — C)d€ 


KE 2a Yn, 
0 





oo 





which must converge uniformly. If this series does not converge uniformly, 
then there is no solution of the problem in which V has a continuous second 
derivative with respect to t in (D).? 

For the case in which the series (108) converges absolutely and uniformly we 
introduce the expression 


t+ 2h)—2p(t+h l 
FCN e etek 





If jd 
Dlt) = f fem dnat, 


then one easily recognizes the validity of the following equation: 


m eth 
RIDH = f [Jowerlac 
NEST 

Indeed, 


2 The results obtained in $15 afford the following conclusion: If the series (108) does not 
converge uniformly, then the problem has no solutions whose second derivatives with respect 
to t are square-integrable. 
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t 2h e Zu g 
RIOM — 3 l [froin]: [[omanja: 
0 0 0 0 
t/ $ 
+ f| femjat 
0 0 
CHL 2A t tth 5 
=< [[emenja-] [froma a 
th 0 t 0 





If we replace £ by Z + Ain the first integral, then we obtain: 


t+h/tt+a t+4h/ è 
ROW) = ef (Jow aat - i foo ee 
t 
UO tth 
- y» [[eman]: 
t t 
If we replace p by V(t) and recall that the function defined by the series (108) 


satisfies equations (103), then we find on forming the expression R for the 
second equation (103): 





X tth 
3i [fro jana =- exp {O09 0) R[V(t)] d, 
5 t+h[eth 
PER J f ( fac (1, 0) K mas inj dé 
x (D,) 








If V(t) has a second derivative with A to t, then clearly 


2 
lim R[V(t)] = E 
h—0 


If the expression R(V(t)] converges uniformly in (D), then 
lim ee 0) R[V(t)] d v, = | G(1, 0) im R([VY(t)]dt,. 


Tu ho 
(D) 


Since (t) is ili limit of 


EL teh 
i] [|n (7) a 


t 
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for h — 0, we arrive at the following result: If the expression 


R(V (t)] 
for t = O converges uniformly to its limit as A — 0, then the sum of the series 
(108) satisfies equation (101). If moreover the function 


ey 


ET — K 


is H-continuous in (D), then the function V satisfies equation (99) and hence 
provides the solution of the problem. 

To see that the initial conditions (100) are satisfied, one need only recall that 
the series (108) satisfies the second of equations (103). Integrating equation 
(101) twice with respect to t and subtracting the second of equations (103) from 
the result, we obtain for all t satisfying the inequality 1 = 0: 


ifea, 0) (a F(1)|4 + faa, 0)[V, o — flat, = 0. 
(Dj) (2) 


It now follows from the completeness of the kernel G(M,M’) proved in 811 that 


Vino =O — (Sr) um F0 


We shall not here investigate the conditions under which the series (108) 
converges uniformly. 


Remark. It has recently been possible to make strong assertions regarding 
the solution (108) of the wave equation (99). 

To have a specific case in mind, let us consider the problem with condition 
(«). Suppose that the boundary (S) of the region belongs to the class L5. Let 
further the functions f(x,y,z) and F(x,y,z) occurring in the initial conditions 
(100) have continuous derivatives up to fourth and third order respectively, 
and on (S) let them satisfy the following conditions: 


[-Af- F-AF— 0 


Moreover, let K — 0. Under these conditions it is possible to prove that series 
(108) and the series obtained from it after differentiating twice with respect to 
X, y, z, and t converge uniformly in (D) for t = 0. The series (108) then 
evidently represents the twice differentiable solution of the problem. These 
results are found in the paper of O. A. LADYZHENSKAYA, '*O metode fur'e dlya 
volnovogo uravneniya" (“On Fourier Methods for the Wave Equation"), 
Doklady AN SSSR, Vol. 75, No. 6, 1950. The detailed proof of the analogous 
assertion for the wave equation in three independent variables x,y,t can be 
found in Vol. IV of the book A Course of Higher Mathematics by V. 1. SMIRNOV. 
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8618. On the Heat Problem 


AS à second example we treat the heat problem. We showed in $7 that the 
amount of heat passing out of a region (w) in the interior of a body ( D) in time 
dt through the boundary (0) of (w) is equal to 


1 at 
diek f "da. 
Jdn , 


(a) 
wis here the temperature, and K is the thermal conductivity. Hence, the amount 
of heat delivered to the region (o) is equal to 


"du 
di fonda. 
Jj dn 


(a) 


On the other hand, this quantity is proportional to the increase in temperature 


u(t - dt) u(t) -~ an di 


, 


where the proportionality factor is equal to the product of the specific heat of 
the body and the amount of mass ew in (a). 

Since heat sources may be present in (o), we have: 
d aL 


py 40 Fidt- en, 


tt 


A comdt dt. bf 
(a) 


Dividing by cewdr and then letting œ go to zero, we obtain the following 
equation: 
Qu of Fu Ot u OF u | , k 


qu be 7. (109) 


ec 


at Laat " oy? | oz] 


On the boundary the temperature must satisfy one of the conditions 


(a) uq, | 
d iu, 
un up CRE AN (110) 
du; " | 
(y) dn =P 


according to whether the surface is held at a particular temperature, radiation 
takes place into the space surrounding the body, or finally the heat loss on the 
boundary is given. 

If the temperature distribution is given initially, then we also have the 
initial condition 


u = fi (mg, z) for £(- 0, (111) 
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Making use again of the results in §10, we make the substitution 
u = V+ u, 


where u, is appropriately chosen. As in the preceding section, we transform 
equation (109) to the form 





oV V vV æv i , 
Conditions (110) become conditions 
(a) l y — 9, 
dV, 
(7) du —— 0, 
while for the initial condition onc can writc: 
V = f(x,y,z) att=0. (111^) 


If now as in 817 we apply thc method of 89 to cquation (109^, we (ind: 


1 oV z 
Y=- [0a (5; - Kd; (112) 
(Dj) 
G(1,0) is here the appropriate GREEN's function. 
Now if the function V is given by equation (112), then it can be expanded in 
terms of the eigenfunctions of the integral equation with kernel G(1,0). The 


series thus obtained is absolutely and uniformly convergent under the sole 
TE . oy ; i ; 
condition that the function "ua K is continuous in ().? 


Let 


oo 


y-250 V,(0) (113) 


be this series. To compute the cocfficients, we integrate both sides of equation 
(112) with respect to ¢. We obtain: 


3 According to the results of $15, this series is also absolutely and uniformly convergent if 


a — Kis only square-integrable. 
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t 
[vat=-, s js (V — f)dt, 
0 ET 
E fa 1,0) K(1) ys 
0 NGA 
Putting 
a= (f Vedr, ealt) — EIN Fedt, 
(D) (p) 
we find: 


oo 


Q(1, 0) f(1) d v, — 2 Ve, 
kd 


(p) 
faa, 0) Kd 2 X Hy. 
i) rt 


Now putting the series (113) into (114) for V, we obtain: 


s5 Sl 
rfet M m m Ls " 


“a M A 
e Ai A ZU 2 jt [eat 


Hence, 
YO) — Ay 
and : 
gell) + 471a? Aygy(t) = c(t). 
Integrating (116) subject to condition (115), we find: 
t 
Ie (t) = d, eTIna hyt 4 emina àrt f e, (6) gina Actu. 
0 
Thus, the series (113) has the form 


t 
V = Sha g^ Ana kkt e daa’ d c, (C) e! n? ^ed C Vos 


0 


(114) 


(115) 
(116) 


(117) 


If scries (117) does not converge uniformly in (D) for t - 0, then the problem 
has no solutions in which V has a continuous derivative with respect to ¢ for 


1> 0. 


Suppose now that the series (117) converges absolutely and uniformly. We 


introduce the expression 


aE . V ; A 
4 The problem then also has no solutions in which — Kisasquare-integrable function. 
Ó 
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R (qq) = qth) — (0) 
If i 


then clearly 
RID = , focal. 


Since the series (117) satisfies equation (114), we find on forming the ex- 
pression R and replacing o by V(r) that 


t+h 


y dts o “at | 4 (1, 0) RIV (0]d 1, 
(D) 
D (118) 
dba cI fac 1, 0) Sae at 
t \@) 
If V(r) has a first derivative with respect to f for t Z 0, then 
lim [V] = $ oe 
ho 


If the quantity RV] tends uniformly to its limit, then wc obtain equation (112) 
immediately from equation (118); but from (112) one can conclude that 


equation (109^) is satisfied if x — Kis /-continuous in (D). 
C 


With the series (117) we have found the solution of equation (109°) which 
satisfies the boundary conditions (110^). This solution also satisfies the initial 
condition (111^). Integrating (112) with respect to t and subtracting the result 
from equation (114), wc obtain: 


fes oa) — Vinoldt = 0. 
0) 
From the completeness of the kernel G(M,M^) proved in $11 we now conclude 
that V,.g = f(0). 
We shall not go into the conditions under which the series (117) converges 
uniformly here. We remark only the following: If /(0) can be expanded in a 
uniformly convergent series of cigenfunctions, i.c., if the series 


[(0) = Sis V, (119) 
kel 


converges uniformly, and if further K is equal to zero, then the function (117), 
which here takes the form 


V = Sape Ate arty, (120) 
-1 


, 
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converges uniformly for all t satisfying the inequality ¢ = Oand has a derivative 
with respect to ¢ for all ! such that f = a with « > 0. In fact, 


gana yt < 1 


and for every « > 0 


Amarth, ett igt] 


for A, sufficiently large. 
To verify that the function (120) is the solution of the problem in question, 


it thus suffices to show that the sum of the series 
oo 
— 4za? v à,e-canatiytg V,, 
k=l 
which is uniformly continuous in (D), is also H-continuous there. 


§19. A Remark on Problems Related to the LAPLACE Operator 


The fact that in §§17 and 18 we were able to prove only weak statements is 
due to the circumstance that the Poisson theorem may be applied only to 
Newtonian potentials with H-continuous densities. Somewhat more general 
results can be obtained by replacing equation (109^) by the equation 


af do = 3, [vas — [Kat 

n ol, z 
(a) (w) (o) 
and changing the boundary and initial conditions in an appropriate manner if 
necessary; (w) is here an arbitrary region in the interior of (D) and (o) is its 
surface. 

One can, for example, require that each mean value of the temperature V at 
the initial time point is equal to the corresponding mean value of a given 
function f(0); the latter mean value function can, according to the theorem of 
STEKLOV, always be expanded in a convergent series of mean values of eigen- 
functions. 

More general results can be obtained by introducing distributions and 
generalizing the Poisson theorem correspondingly. 
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$20. A Remark on the Solution of the POISSON Equation and the 
Eigenfunctions 


We shall prove the following theorem. 


Theorem 1. 7/ (S) € L,,,(B,2) (k Z 0) and p e H(LA,2J) (0 1| Kk) in(Dj, 
then the solution of the equation 


Au=—429 (121) 
with conditions either 
ulg = 0 (122) 
or 
SN a (123) 
dnis 


belongs to the class H( + 2,cA,A') if 1 < k and to the class H(k + LcA,A) if 
l| — k. 


Proof. It follows from the conditions e € H(/,A,A) and (S) € L,4 ,(B,A) that 
P(g] € H(I + 2,cA,A)) in (D,) and in (D,) (Theorem 2 of II, $20) and that 
P(g] satisfies equation (121) in (D;) and the LAPLACE equation in (D,). Hence, 
every solution u can be represented in the form 


u= P[g]— v , (124) 

where v is a harmonic function which on the boundary satisfies the condition 

7 vls= Pig] (125) 

or the condition dw| _ dP[g] (126 
dnig dn ' 


We begin with the first problem. If / < k, then / +2 < k + 1, so that the 
limit values of P[g] on (S) form a function of class H(I + 2,cA,A’). Then as 
solution of the inner DIRICHLET problem the function v, according to Theorem 
1 of IV, 818, also belongs to the class H(/ + 2,cA,A’‘). From (124) it now 
follows that u e H(/ + 2,c,4,À^), wherewith the theorem is proved for / < k 
under condition (122). 

In the case/ = k even though P[g] € H(/ + 2,cA,\’)in (D,) one can only say 
that the limit values of P[g] on (S) form a function of class H(k + 1,cA,A‘) on 
(S); from this follows the assertion of the theorem for / = k and condition 
(122). 


du 
. (5) (5) 
the equation [oar _9 (128) 
(D) 


is a necessary condition for the solvability of equation (121) with boundary 
condition (123). If we suppose that this condition is fulfilled, then from (127) 
and (128) we obtain the equation 
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[nde - 0. 
dn 


This equation is however the sufficient condition for the solvability of the 
inner NEUMANN problem with condition (126). Equation (128) is thus also a 
sufficient condition for the solvability of equation (121) with boundary con- 
dition (123). 

It is clear that in the case of condition (123) there are an infinite number of 
solutions of cquation (121) which differ by additive constants. Lct ug be that 
solution which satisfies thc condition 

frugde =0, (129) 
(D) 
We shall show that ug € H(I + 2,4,A) for / < k and ug € H(k + 1,cA,A’) 
for/ = k. Indeed, if o, is the density of the simplc-layer potential which is equal 
to one on (S) and if », is the solution of thc NEUMANN problem which satisfies 
thc condition 
fordo =l) 
(5) 


on (S), then from Theorem ! in HI, §18 and pi € H(I + 1,cA,A) for! < kand 
dP 


gn € H(k,cA,A") for I = k it follows that v, € H(I + 2,0, 4,4) for / < k and 
v, € H(k + 1c, A,A) for / = k. One has 
v= nt, 
whcre C' is a constant. 
From condition (129) f (P(p] — v — C')dt = 0, 
whence we obtain the inequality 


j 1 
bs D 





[rw — d « (e+ c) — c A. 
(Dp) 

Thus v = v, + C' € H(I + 2,07,4,A)) for I< k and thus also ug = P[g] 
— ve H(l + 2,cA4,.A) for / < k. An analogous result is obtained for the case 
| — k. This completes thc proof of the theorem. 

As an application of the theorem just proved, wc shall now study certain 
properties of the cigenfunctions of thc cquation du + ALu = 0. Let 24, Àz, 





Ans... be the system of eigenvalues and V4, V2,...,V,,... be the 
corresponding system of cigenfunctions of the equation 
AV+ALV=0 (L0) (130) 


with boundary condition i 
V—0 on (S) (131) 
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and normalization condition 
[LV?dz —1. (132) 
(D) 
Theorem 2. /f (S) € Lys ,(B,«) (k Z 0) and L e H(k,A,«), then the eigen- 
functions V,, have bounded and continuous derivatives up to order k + 1. The 


derivatives of order 1 (0 S< ] X k + 1) are hereby bounded in absolute value by 
£14 


l 

atl, E pene 
numbers of the form a,M, — if l is even and by numbers of the form aA, 
if lis odd, where a, does not depend on the index m. Moreover, the derivatives 
of order k + 1 are H-continuous. 


Proof. The existence of the second derivatives of the eigenfunctions V,, at 
every interior point of (D;) was proved in $10 under the hypothesis that L is 
H-continuous in every region which together with its boundary is contained in 
the interior of ( Dj). One can likewise prove: If the function L has H-continuous 
derivatives of order j (0 < j < k) in some region (D’) which together with its 
boundary is contained in the interior of (Dj), then V, has continuous deriva- 
tives of order j + 2in (D^). 

Under the hypotheses of our theorem the functions V,, have derivatives 
which are continuous up to order k + 2; one cannot however make any 
assertions with regard to the behavior of these derivatives in a neighborhood 
of the boundary (S). Our objective is to prove the boundedness and H- 
continuity of the derivatives of V,, up to order k + 1, as well as to show how 
the upper bound of the absolute value of one of these derivatives depends on 
the eigenvalue Àm. 


For this we consider first of all the Newtonian potential 2b: w, From 
T 
condition (132) 





E 





. AR P AE 5 
Jy [iir 
" VY D 


Aun ys LL dm A — 
£ aa e = Gt VÄ = atn» 
D 


and from the theorem in II, 824 one has: 
Am 1 
p[ ze LY, € H (0, TN y) 
From this it follows on the basis of Theorem 1 of IV, §19 that the harmonic 


; À 
function v which on (S) assumes the same values as P| = LV | belongs to the 
T 


class H(0,c3A,,,%') in (Dj), where «' < Min (4,4). Since 
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it follows from this that 
Vin € H(O, CgAm, o). (133) 


This proves the theorem for / — 0, since | Vm | < c4À, = agÀ,. 
We now write equation (130) in the form 


and assume that the assertion 
Vin € A (1, a 4%, 0’) (135) 


has been established for / < k. From (135) we then conclude that 


^ LY.€ H(t, bM lu) 
and from Theorem 1 and equation (134) it follows that 
V,€ H(i-2,2a,, MU a). if IE, 
V,€ H(k-1,a, ME a"), if Lak, 
But this means that 


Qi..77 Ql, if UK, and 9:,,— ql. ' (136) 
l 


From (133) itfollowsthatgg = 1; one then finds from (136) thatg, = 1 + ) 


if / is even and / E k + 1. 

Since (S) € L,, ,(k = 0), it is always the case that (S) € L,; we find therefore 
on putting k = 0:g, = qo + 1 = 2. One could also have obtained this result 
in another manner by proving that the first derivatives are H-continuous with 
exponent 1. We shall however not further consider this alternative method of 
proof. 

Since q, = 2 and q,,5—q, + l, one has q =2 + es l+- 
if / is odd and / X k + 1. This completes the proof of the theorem. 


l-i 1-1 
2 


Remark. There isa similar theorem for the eigenfunctions with the boundary 
condition 

idV 

‘dn 


=0 
or the boundary condition 
“T+ AV 0 (h = const. > 0). 


We shall not go into the proof of this theorem. 


APPENDIX 


8I. The Theorem of LYAPUNOV on the First Derivatives of the Simple-Layer 
Potential with H-Continuous Density 


Theorem (LYAPUNOV). Zf the density u of a simple-layer potential 
dn, 


is H-continuous on (S), then the first derivatives of the potential are H- 
continuous in (Dj) and in (D,). 


EE ; f 
Proof. Note first of all that the derivative = of the simple-layer potential 
x 
has continuous derivatives of every order and satisfies the LAPLACE equation at 
NEC : . ; o 
every interior point of the region (Dj) or the region (D,). Moreover, P goes 
ae oV . AE Moor 
to zero at infinity. Thus, 2 is a harmonic function in every region which 
x 
together with its boundary is contained in (Dj) or (D,). The theorem will be 
, ; o EPRE A 0 
proved if we show the following: (a) dd has definite limits id and - Ve as the 
ox Ox Ox 
point M, approaches the boundary (S) while remaining in (Dj) or in (D,); 
poe ON 0 ' ; 
(b) these limits vx and t are H-continuous functions on the boundary. 
Indeed, a function harmonic in (Dj) or in (D,) whose limit function is H- 
continuous on (S) is 4-continuous in (D;) or (D,) from Theorem 1 of IV, 818; 
we should mention here that the investigation of the DIRICHLET and NEUMANN 
problems for LYAPUNOV surfaces was carried through without the use of the 


theorem we arc now to prove. 
In order to have a specific case in mind, we restrict ourselves to the case of 


; 90V, : , 
the region (De). We must then prove that E exists and is /7-continuous on 
X 


; : S oV, 
(S). The existence and simple continuity of e were proved by Lyapunov; he 
x 


asserted the -continuity without proof. The existence proof given below goes 
back to LYAPUNOV, while the proof of H-continuity is due to N. M. GUNTER. 
We assume in what follows that A < 1. 
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l. Let £, », t bea coordinate system with origin at a certain point Mo of the 
surface (S) in which the ¢ axis coincides with the normal No to the surface at 


the point Mo. The point M,(0,0,9) with 0 < 8 < f then lies on this normal No. 


Now we know that as 6 — 0 ar has the limit A — 2nyg; moreover, from the 
n 


theorem in II, §6 


I d E ier 152 
( hs TOES «cado : (1) 


We shall now prove that as 8 > 0 oc likewise has a limit and differs from 
this limit by a quantity which is not greater than a48* in absolute value. It is 


clear that for (=) a similar assertion will hold. 
ôn Mı 


Let (Z) be the subregion of the surface (S) which lies inside a LYAPUNOV 
sphere about Mo and whose projection on the (€,7) plane is a circle about Mo 


of radius R= s: the exact value of R will be specified later. In the following 


let M(é,n,%) denote the integration point; moreover, let r, and rọ be the 
distances of the point M from M, and M, respectively. We have: 

aV [..€ E | £ i 

(Sela, u 4 do - f» E da + | (M — Mo) n do + in | 35 46. Q) 
(s) (S-x) (x) (x) 
where py is the value of p at the point Mo. 

The first integral on the right-hand side of (2) is continuous in a neighbor- 
hood of the point Mg; its limit as 8 > 0 is equal to the analogous integral 
obtained when r, is replaced by rg. Moreover, this integral differs from its limit 
by a quantity which is not greater than a number of the form aA6 in absolute 
value. We can show that the integral 


: E 
d e 
converges and is equal to the limit of the second integral on the right-hand side 


of (2) as 8 — 0. Indeed, it follows from the inequalities 
ub fly «249, "EL SO, DL 
i To 0 
that the inequality 
| < 2A pt? 


E 
|u — Ho r3 


holds, which ensures the convergence of the integral. If we denote by (28) the 
subregion of (2) lying inside the sphere of radius 28 about Mo, then we find 
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further that the absolute value of the integral [e — Bo) A E S do is not greater 
Br (28) 
than x: AQ". Since r, > e we can make an ambe estimate for the 


integral over (28) which is obtained if rọ is replaced by r, in the last integral. 
Clearly, 


fin- m $a s — fiu- In) de 














(2) (z) 
1 1 t e| 
s fin- mit) e| fu- mia] € 
(z-24) A (2 6) l | 
+| fiu- a9. 
(26) 








The sum of the last two summands on the right-hand side of (4) is not greater 

than 167A~ !.4(28)’. To estimate the first integral on the right-hand side of (4), 

note that according to inequality (9) of II, §2 the inequality — l m : <= : holds 
Fo e 

if M lies on (Z — 28). Hence, 


og ea 1 1) 146 2 146, 


| atra ee ec 
" 78 | Tifo rf T1To 76 < r$ o* » 





and therefore the absolute value of the integral in question is not greater than 


d d 
112249 fee a ode 112248 [ o-*de 
é é 





A-1 A-1 
-i2249(4—, — =y) « IET AS. 


From this it follows that the second integral on the right-hand side of (2) differs 


from its limit (3) by a quantity which is less than a number of the form aA9^ in 
absolute value. 


We now turn to the investigation of the third integral on the right-hand side 
of (2). First note that 


2a R 
J vera edp = M dod — 0, 


i.e., the equation 


Were °° E: 





| Ecos (NNo) 


holds. 
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We introduce the notation cos (VN) = y. Then 


[i-r rsen [i duae o 


(z) (x (£) 





with 





T= +ó Vo? 4- & 
Ti Vo? + (6 — ty 
The expression Jo? + 8? is obviously the distance of the point M, from the 


projection M’ ofthe point M on the (é,7) plane. It thus follows from considering 
the triangle M, M M' that 
[VEF È- nlciM M| =] < batt 
and hence | me 
r- 1) = tet Baal < bp. (6) 
If we choose d so small that bd’ < 4, then from this we obtain the inequality 


ere (6) 
Since y = cos (NNo) > + and 
1— y —1— cos (NN € (NN, € (NN,) < E(29) 
we find: 


’ 


Tiis T-T TH+ y) 
7 i 7 (6") 


SEITE ($7 : +1) + £oy| i 


This estimate does not depend on 6 and is thus valid for any location of the 
point M,. 
Thus the integrand in the integral (5) is no greater than the function 
Cp. vt -gg-t 
in absolute value, whence it follows that the integral on the right-hand side of 
(5) also converges for 6 = 0. 
We introduce the notation 
T,= © = sin (ro No) (7) 


To 


f( S 1) as, (8 


(2) 
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which is the limit of integral (5) as 8 — 0, differs from (5) by a quantity which 
is less than a number of the form a$^ in absolute value. Indeed, in one 
integrates the integrands in (5) and (8) over the subregion (c) of (2) whose 
projection on the (£,7) plane is the circle of radius 28 about Mo, then one 
obtains values which are less than numbers of the form cS’ in absolute value. 
It thus remains to investigate the following integral: 


7) gere (Fao 














Td ex e (9) 
= 1 ) Eee s) : = ILE 
i ales d (az sy E) t yero o» 
(Z—o) 
Clearly, 
1 1| Vor+ 68-9 / 1 1 es 1 j< 
MEt | eyg ë (a e yopo e+e of 








and thus from (6^): 
Ti 1 24 36.oCo* —3089p-3. 
i-o Je 3Cóo 

















y yo--a — ej, 
Moreover, 
NN +o 0 pg oq o Tee 296 
i sme lat eru C Puy 
2? 4- 6|¢| 2 A 2-1 
=o a e c höge . 


From this it follows, since the quantities T? — T3, T:. — S and T — T, have 
the same sign, that the estimates 


| T3— 73) = (T — T)(T + Ty) — TT(T — T) 


& (T Ty | T — T? < Pode. 
are valid. 
Then 
[RE Mi eb 
| (Ve + o2? y 
Thus, the absolute value of integral (9) is not greater than 


1 zi 


Ke 


81b 
A-1 _ =. 
e ee 2 


2 6p 3, 











R d 
4209 [o7 ede « 4208 [o-*do 
26 2ó 


ey 


4 T = 
= EA d 


I 

—4)m-à 
This completes the proof, since the integral (5) nes from its limit (8) by a 
quantity which is less than c49^ in absolute value. Thus finally: 








64 = c, 64. 
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OV, E j 3 Ey 
as = fu a do + Jo — po) ydo + mj (5-1) 4e (10) 


e 


which, without 





: : 7] 
Replacing £ by n, we obtain the corresponding formula for 3 


writing it down, we shall denote by (10,). 
Now let (x,y,z) be some fixed coordinate system. Since 





oVY . oV oV oV - 
(soa Ad Gar cos (Ex) + (5 cos (*) x) + (SF) cos(x), 
eV EN Re 
asó — 0 ( x) has a well-defined limit which is equal to 
Ox] M, 
av, av, av, aV, : 
Ga = ge 008 (Ex) + jy COs (na) + -gE cos (52), (11) 
It follows moreover from the estimates above that 
oy aV, > 
lar oe [Sed (12) 





since each summand on the right-hand side of (11) satisfies a similar inequality. 

It has thus been proved that (=). has a well-defined limit when the point 
M, approaches a point Mo of (S) on the normal Np. It must now be shown that 
~ converges to the same limit when M, approaches the point M, along an 


arbitrary path. 
We assign to each point M of (S) that point Ms of (D,) which lies on the 


normal N to (S) at the point M at a distance of 8 from M. The value of T at 
ox 


the point M; is a continuous function of M, since two nearby points M' and 
M” points of (S) correspond to two nearby points M; and M;. 


. ô ; 20. € 
According to (12), as 8 — xz) converges uniformly to the limit dc 
ox Ma OX 


eVa. ; : ; 
~~ ' is therefore a continuous function of the point M of (S). Let now M, be 
ax 


a point of (S) and M, a point of (D,) at a distance 6 from M,; further let M; 
be the point of (S) nearest M,. Then r,; < ô and hence ro, < 28. If we now 


consider the inequality 
su." (Be | S [onu - Ge) 
Oz /M, Ox jM, Ox] M, Oz jM, 
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we see that as 8 — O the left-hand side tends to the limit zero, since as 6 > 0 
the summands on the right-hand side tend to this limit. This proves our 
assertion. 


. OV, : ; : ; 
It follows now that the function FPES continuous in a closed region and is 
X 
therefore uniformly continuous and bounded there. From our estimates we 


may conclude that 





id has an upper bound of the form cA. 


2. We now wish to prove that the derivatives 2s, 5" a al 
continuous on (S). Let Mo be a point of the surface and (x,y,z) be a local 
coordinate system about Me. Let M, be another point of the surface at a 
distance 5 from Mọ. Let us denote the local coordinate system about M, by 
(&,7,¢). To prove the H-continuity of the limits of the first derivatives of the 
simple-layer potential, we show that the differences 


OV, OV, QV, OV, OV, 90V, 
gre ——2 ELE 13 
[ae k M, Soe uh ae ear or (Flr, (03 
are not greater than numbers of the form aA" with 8 = | MoM, | and 
A’ < A. Since the proof for the second difference is similar to that for the first 


difference, we need consider only the first and third differences. We first turn 
to the third difference. We have: 


A ies =) — 2x 
(SE) ae, ( dn jM, Mo 
and from (11) 


Care (52), 005 62 Tm (Tran, a lawl ame ] restes 


Denoting by 4’ an arbitrary number of the interval 0 < A’ < A, we now obtain 
the following inequality: 








Ciu Cal <A +o 


dV 
*1 55) A M, - (onda 200 — Uo) | eos (Ni No) 


— 2z ug| (1 — cos(N,N9)] < c, A 0"; 


+ (5) dn]M, 





for one has: 
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[cos (£z)! = ! eos (E No) — eos (£N,). S (Ni No) < EÒ: 
(cos (nz)| < E05; 


1— cos (N, No) = 2sin? 99. < (y Ny) < ES; 


» 
- 


! dV dV ; 
uy — Hoj < 404; (a (Telar, <cAd*. 

The last of the inequalities mentioned was proved in II, 85 under the 
hypothesis that u be simply bounded. If u is assumed to be H-continuous, then 
one can prove that this inequality holds with exponent A. We shall make no 
use of this fact and therefore not pursue its proof further. The absolute value 
of the third difference in (13) can thus be estimated by a quantity of the form 
c Aò” 

We now proceed to the proof of the analogous assertion for the first of the 
differences (13). 





3. To this end, we compute first of all the quantity (2. . The coordinates 
X/ My 


of the integration point M we shall denote by x,y,z or &,¢ according to 
whether it is a question of the local coordinate system about Mo or that about 
M ,. The distance of the point M from M, we denote by r,, and the distances 
MoM and MaM, by rg and à respectively. Clearly, 


$ cos (£z) + y cos (nx) + C cos (Cx) = 7, cos (1z)  z— m, (14) 


where x, is the first coordinate of the point M. 
Making use of the formula 


Ve)  fut-do— 
oz). 7 [^ E do — 2 7 
(S) 
as well as formulas (10), (10,), (11), and (14), we find: 


QV $—31 = rf—£y 
(ei eq ae uie 


(S-z) (X) 


Js wf (2 LL (15) 


1 








T3 
+ cos nina TE do — n[(,1— IF RA 
GU i) 


Here y, = cos (N, N); e, denotes the projection of r, onto the (£,5) tangent 
plane at the point M,; finally, (Z,) is the subregion of (S) whose projection 


onto the (€,7) plane is a circle of radius R, (5 = Ry fe a) about M, which lies 


$1. LvAPUNOV's Theorem on Simple-Layer Potential —H-Contin. Density 293 


inside the LYAPUNOV sphere about M,. Since | L| < bol*? both integrals in 
square brackets are convergent; the absolute value of this bracket is no 
greater than a number of the form cA. Moreover, 


[cos (£z) | = [cos (Nz) | 
= |cos (Nx) — cos (Nox)| < (NLIS) < E Ô. 
Thus, the absolute value of the product of the square bracket and cos(£x) is no 
greater than a number of the form cA8^; we shall subsequently no longer write 


down these summands in estimating the first of the differences of (13). 
From (10) we obtain further: 


tr :Jeqdes [ues ode + maf (8 —1) do. (16) 
() 


We first fix the subregion (X) by setting the radius R of its projection onto 
the (x,y) plane equal to A In the following let us assume that ô < The point 


M, then lies on (2). We shall choose the radius d of the LYAPUNOV sphere so 
small that parallels to the normals of a subregion of the surface contained 
in a LYAPUNOV sphere cut this subregion in at most one point. We now choose 
(Z4). Let (2”) be the figure obtained by projecting (Z) onto the (£7) plane; it 
is clear that the point M, lies in the interior of (Z"). Further let R, be the 
greatest and R, be the least distance of the point M, from points of the 
boundary line of (2). We then choose (2) as that subregion of (S) whose 
projection onto the (£,5) plane is the circle with radius R, about M, (and 
which is contained in the interior of the LYAPUNOV sphere about Mi). It is 
clear that (2) is contained in (2). 

We now estimate the area of the subregion of (2) lying outside (2). Since 
cos (N,N) > 4, this area is not greater than double the area of the projection 
of this region onto the (£,5) plane which is obviously contained in the annulus 
about M, with radii R, and R,. Hence, the area of the surface (Z, — Z) is 
not greater than 2z(R] — R2). We shall show that this last quantity can be 
estimated by a number of the form cS’. For this we first of all consider the 
difference T? — 72 for surface points M in the subregion of (2,) outside the 
sphere with radius ry = 28 about Mo. According to formula (7), 

T? — T$ E — 5 = sin?(r, N,) — sin? (ra No) = cos? (ro No) — cos?(r, N) 
= [cos (ro Na) — cos (r,.N,)] [eos (ro.No) + cos (r, .N3)], 

where, in order to have a specific case in mind, we shall assume that the 

segments M M, and M M, are oriented from M to M, and M, respectively. 

One has further from inequality (17) of I, $1: 


[eos (4N,)| < Er; «2^ Eo’; 
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from inequality (9) of II, $2 one has outside the sphere rg — 28 the inequality 


ro 3 
<r, <I ro; thus, 
2 Lum 


cos (r, N)| <Er < (5 un «8 Ep. 
Further, 
| cos (ry Ny) — eos (r,.N,) | < | eos (ro No) — cos (rg .N,) | 
+ [eos (ro N1) -- eos (r,.N) | < (No N1) + (rur) < EO + (rrj). 
From the triangle M)M,M there follows the relation 





Sin (ToT) __ sin(rrg), 
ô B To ; 
hence, 
; ô ô 
sin (rgr,) < D» < a 


Since MM, is the smallest side of the triangle M)M,M, the sides MM, and 
MM, form an acute angle; thus, 


10 |o 


aig jt 
(7971) S z Sin (rori) < *' 


From all these estimates it now follows: 


^ 


T} = T3 < [zo + 2 2| ge + 29 = nde t do 


From. 22S iwnd Stet caches Le T, and eet 
2 ro 2 ry > 2 2 


now follows that T, + T, > 1; therefore, from the preceding inequality 
Ir, — Tol € iT? — T2l« «6^ g^ + cô o? (17) 
Since Ty + T, € 2, 
|T? — T3| < (T? — T£ (T, + T)| £26 90^ 2609-1. — (18) 
Let M be a point of the boundary line of (Z). Since 6 < jt lies outside the 


sphere of radius ro = 26. It thus satisfies the conditions of inequality (17). 
Thus, for this point 
0, = nsin (r, N,) — r, T, € (ro + 0) T, = ro To ro (T, — To) + OT, 
a A-l d 

<$ tajali) + eS) [toa go ad + yd <5 + s 
hence, d 
ı= Maxo, < uy + c, 0^. 
Similarly we find the estimate 

o = rsin (r, Ni) = r, T, 2 (ro— 6) T1 > ; — c0 — c,d > £ — cÔ? 
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and therefore 

R,= Ming,» $ — od. 
Thus, 0< R? — RB «24e, 
which means that the area of the surface (2, — 2) is indeed bounded by a 
number of the form c^. 


Since on (2, — X) r, is greater than I and e, is there greater than E the 





functions z — 2, (2 u 1) e104 9i 
Yi ei 
are bounded on (Z, — 2); thus, if one replaces (2,) by (2) in the first three 
integrals in (15) these change by an amount which is less in absolute value than 
a number of the form cA&’. 
It thus remains to study the difference between expression (16) and the sum 


[uem Qa eue doc 
(S22) d (19) 
se NI — 1) ETag, 
Yı el 
(z) 
The absolute value of the difference of the first integrals in (16) and (19) is 
obviously no greater than a number of the form cAé. 

From | p, — po | < 48` and the boundedness of the third integral in (16) 
the difference of the third summands in (16) and (19) differs from the product 
of u, and the difference of the third integrals by a quantity which is bounded in 
absolute value by a number of the form cA8^. It will further be shown that the 
difference of the third integrals is no greater in absolute value than a number of 
the form cà" with A’ < A. From this it then follows that the absolute value of 
the difference of the third summands in (16) and (19) is no greater than a 
number of the form cA9"., 

Let (o) be that subregion of (2) whose projection onto the (x,y) plane is the 
circle of radius 28 about Mp. It is then easy to see that the integrals over (o) of 
the integrands in the second and third summands of (16) and (19) are less in 
absolute value than numbers of the form cA". It thus remains to estimate the 
difference of the corresponding integrals over (2 — ø). We first of all consider 
the difference of the second integrals. Since on (X — oc) 


X 





"Sito 


it follows that there 
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T—4 


1 1 T 
= |u- me( — " (u — He) a TOUR fa) Ius 


hence, the absolute value of the difference of the second integrals over (2 — o) 
is no greater than 
; WE 
2 z 4 
472A a8 ot-%0do + aore 
26 20 ` 
«GA +162 ASIn T GA (OCU <A) 


It remains to investigate the difference of the third integrals in (16) and (19) 
over (2 — o). Note first of all that on (X — o) the following inequalities hold: 


1 1 
0 — n7,» n»3- f 2 A 
3 3 
0 — nT, «x n «o To S uy 20 =30 
from these follows: x 
q«n«230. (20) 


From inequality (17) we then have: 
le = e| = ini T1— To Tol == (n — To) T, r9 (T, — To) 
< ô + 20 (0^ p^ + c,09^ 71) 
= ó(14- 2e, 9^) + 2c 0. o < c9 + 00 


and hence from (20): 








11 1|  le—al[1 1 1 84 (eg + e400") 
l ei^ ets (ao ans oi 2) 
; 3 
Further, since Tg Le eds 
: i7z—1 
[7-1 = eS} «m - 1 


= cos? (ro No) < E?r?^ < (EB? rd) (20)4 < cg o^. 


Since T2 + Ty + 1 3, 
[T$ — 1] «360. 
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Therefore, since 1 — y < E(2e)’, 


ifa - v S [7—1 + [r7 vL eue (22) 

and similarly 
moreover, [Ti — val < sei < ao (22) 
ly — vil = | cos (N No) — cos (N N,)| < (MaN) < EP. — Q2) 


Using (18), (20)-(22^), and the inequalities | x | < e and | x; | € 8, we obtain 
on (Z — o): 








i T3—3 
sz | a 
1 





(T$ — TD + (Y — 71) | 1 1 
«fmm |s (a 3)» 


et 
64 cgo? 64 [(2c, 6204 + 2c, 604-1) + E^] 84 (c4 Ó ^ , 
ur eh E + 0 (c3 At ef ot 
= ô p^-? (64 cg + 128 c, + 84 c, cj) + 0^ p-* (128 c10? + 64 E + 84 ec; o^) 
< c4 0 0^-? + cg Ó^ 0-2. 
From this it now follows that the integral over (Z — o) of the left-hand side 
of the last inequality is no greater than 








d d 
2 2 
425,9 [o-*0do + Azo P fotode 
26 24 


4 d gar , 
< DO M 4z cy d^ln 75 « c4 0^ + c, 0" < cu d*. 





This completes the proof of the theorem. 


SII. The Theorems of LYAPUNOV on the Normal Derivative of the Potential 
of the Double Layer 


1. Theorem 1. Suppose one of the following two conditions is satisfied: 


l. wis continuous on the surface (S), and (Ni N2) < Er,5 (ri5 is the distance 
between the two points M , and M, of the surfaces (S); N, and N, are the normals 
to (S) at these points). 


2. | Mar, — Uu] Aris, (NiNa) < Eri. 


If then the potential 
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cos (r N) 
w= fu Eon (0 
(S) 
possesses one of the derivatives 
aW, dW, 
DIE Q) 


then it also has the other, and 


Proof. If 4j denotes the value of u at the surface point Mo, then 








W= fiu- es eem do H [55 (N) go 
(5) (S) 
N 
mu — m) 962 do + mn; 


(S) 


here 7 = 0 or x = 47 according to whether the function value of W is taken 
at a point M belonging to (D,) or to (Dj). 

; .dW, 

Fro : S 

dn dn 


them both by an exist only if the corresponding integrals 








exists, and then 


dW d cos e 
um Al (M — fo) a 
(5) 


do 


We choose the normal No to (S) at Mo as the z axis of a local coordinate 
system (x,y,z). Let (2) be the subregion of (S) cut out by the circular cylinder 
of radius d with Nọ as axis. 

We choose the radius d such that the inequality 


ad^ < = 
is satisfied and that (Z) lies in the interior of a LYAPUNOV sphere about Mo. 


If é,n,¢ are the coordinates of a point M, of (S) and ¢ is the projection of the 
segment MoM, onto the (x,y) plane, then for points of (2) 


[E| < aot? (4 € 1). 
We have: 
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dW d cos (r N) 
de uu M — po) ae + [iu Ho) 
(2) (S—z) 


cos n 


dc 





Since in the integral over (S — 2’) the outer and inner normal derivative at Mo 
exist and are equal, we need only concern ourselves with the outer and inner 
normal derivative of the integral over (Z). In the coordinate system we have 
chosen 














d N 0 N 
qs | 0 — bo) eee ag = afu- oa) eS do 
x) (2) 
Now for a point M(0,0,z) on No different from Mo 
0 jum = A 1 ðcos(rN) 2 cos (r N) cos (r 2)} 
sf 7 do = f(u i) | 2 az i2 p pee 


(5) 
If one takes into account the relation 


cos (r N) = = eos (Na) + 1. cos (Ny) + e cos (Nz) 


with 
r2? = [1 n? + (E = zy 
then it follows that 











1 1 
=. Q— 
Qcos (rN) 
aros ge E cos (Na) + —" 5 cos (Ny) 
as ; 
+- — 2) cos (Nz) — — cos (N2) 
_ cos (r z) [E cos (Nx) TS " cos (Ny y+ be ORUM j d Oo (N ) 
T T T y T É i TAS 
irar) O L eos (Ny; 
T T 
whence 


2 (u — m) ao = fu a SESS cce aa. 1O) 
(x) (x) 

We now choose a number R < dand consider the circular cylinder of radius 
Rand axis coincident with No; let (co) be the subregion of (Z) cut out by this 
circular cylinder, and let Q(z, R) be the integral with the same integrand as on 
the right-hand side of (3) but extended over the surface (2 — oo). The integral 





r3 
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(3) thus becomes (2,0). It is then the same integral as on the right-hand side 
of (3), but extended over the surface (cg) it is equal to §2(z,0) — Q(z, R), 
Introducing polar coordinates in the (x,y) plane with Mo as origin, we obtain* 


A(z, 0) — Q(z, R) - fao fts [Ese eo e — 1 odo 
0 0 





We now consider the function under the integral sign. We have: 
A (3 cos (rz) cos (r N) —1] -x| 3 cos (rz) r cos (r N) -1 
ri cos (N 2) ri cos (N z) ' 
If M lies in the interior of (D;) (Fig. 34), then 
r COS (r N) == ro cos (ra N) + |z| cos (Nz) = ra cos (rp N) — z cos (Nj; 
if M lies in the interior of (Dj), then 


T cos (rN) = Ta cos (tN) — |z| cos (Nz) = rg cos (rj N) — z cos (N z). 





M1 


From this it follows in both cases: 











3 cos (rz) r cos (r N) — 3cos (rz) To cos (rg N) 
BE Na = rn 3cos(rz)z — 1 
" 3 (E — 2) Tacos (ro N) n 3C — zz +r? 
T cos (Nz) T 
= 3 (E — 2) Tocos (ry N) = 3(6—2)z +e? J- (£ —2)? 
T cos (Nz) T 
_ i (È — 2) rocos( (ro N) 2 : 
=) Dean — te — it~ ot 2), 
for 


& 4 7% = gt. 
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We thus obtain: 





Q(z, 0) — Q(z, R) (4) 
vd 2 2 95,2 
— 3 1[3(6— - 

= [ae fu- mf- E Z| mare) — t, ell ode. 

0 0 

We now put 

r= yè + 23; D 

then 


-R= ght (C2 gt ata OO 22 
and | — |< ate???  2aop|z, 
r= rt + O(a t+ 2age%|z|) with [0| «1, 


(a2 02 92? 9 A 
rni (a* ghe " age" leh) 


=n J+ (a+ nae with |O,| <1. 











We note that the second term under the last radical on the basis of the 
properties of the subregion (2) of (S) we have chosen is less than 

1 1 3 

6t? uu. 
hence, iz 

À altel 

a? 924-1 2a0 " " Oh 
MEL E wa 


5 ? 5 
Ti T 


1 
T 





A 
+ 
Q 


where g and A are bounded functions. 
We can now write equation (4) in the ME form: 


UA 





Q(z, 0) — Q(z, R) = 





2z R (5) 
| Q 
de — He) uy edo 
with 








g= -g(a £ A | (p? — 22?) 
3 (¢ — z) Tacos a ) DT a) , 
+ af ~ cos (Nz) a 
We wish to find an upper bound for Q. If we estimate each term of Q and 
drop the constant factors, we obtain the following upper bounds: 





07074, go*|z|, g?^|zf*, ot !z|2, 92074, oorlz!, egiz], og? 
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Indeed, 
|cos (ry N)| < bo, ro «2o (po ro cosa, cosa > J). 


From this there follows the inequality 
IQ] « Ao?o?? + Bop? |z| - Co? |z]?, 
where A, B, and C are constants. 


We now turn to the hypotheses of our theorem. One can choose R so small 
that for points of (e$) the following inequalities hold: 











|u— puo] e; (NN) «bo, A—1 in case i 6) 
|u — pol < ae, (NM) < bo^ <e in case 2°. 
In both these cases we have: 
Iu — Mol |Q] < (Apo? + Be? jz! + Co |z\*}. 
In order to estimate the second term in (5), the integrals 
n 4p^d ^ 3d : 2d 
o4 o^ do , [f ede ' o?dp 
ap s Blzi[ To cle fe (7) 
0 0 0 
must be estimated. We find: 
R 
o*o^ do ede 15; 
0 
d = Oo 0... &, | i 
ie ;- ll yR? F 22 Sets 
0 
o?do e RO R 1 
a ^ s fita mo YR? + 2 * 
The three integrals in (7) are thus bounded, and 
p — 272 . 
Ql, 0) — Q6, R) = — fae fm — po), odo + eR, (8) 
0 0 


where K, is a bounded function. 
If in (5) we replace z by —z, then we obtain in the same manner: 


2x R 
2. 9 72 
Dia ye Qty Res - fap fu — Ho)? S ode + eK, 
0 ò i 
We thus find: 
Q(z2,0)— Q(—2,0) = Q(z, R) — O(—z, R) + e(K, — K3). 
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Having fixed R, we choose z such that 
|2 (z, R) — Q(—z, R)| < € 
this is possible, since (z, R) has a limit as z > 0. From this it follows: 
|2(2,0)— Q(—2,0)| C £L mit D=1+1K,}+ |K,}. 
The last inequality implies the following: If one of the quantities 
(2,0), (—2,0) 


has a limit as z — 0, then the other converges to the same limit. This is what 
was required to prove. 

Remark. In case 2 the inequality (N,N) < Eo* holds, so one can even 
assume that 


lu — Mol « ae|lnel. 
Indeed, if 
bo! = bo*-197 (0 « n <A) 
one can by choice of a sufficiently small R achieve that b o^" is less than e. 


Since e"In e remains bounded, the inequality obtained for | u — po || Q | 
retains its form. 


2. Let the point (xo,y9,zo) lie on the boundary of (o9). We put 
o= Reosy, m= Rsing. 


Theorem II. 7f the density u of the double-layer potential (1) 
W= fu saai 
(8) 


satisfies one of the conditions of Theorem I and in addition a LYAPUNOV 
condition | 2a 


| 
| flute, p — wold) < aet (v > 0), (9) 
0 
then the potential W has a normal derivative at the point Mg. 
Remark. One can generalize condition 2 and put: 
| Lear, aa Lu, | « Ang [In nl, if (N,N) < Er. 


Proof. Inequality (9) makes it possible to estimate the first integral in formula (5) 


Q(z, 0) — Q(z, R) 


== jay fu- in) = 





sete fao fu- Ho) i odo 
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Taking into account the inequalities 





we find: 
2n R r 
— 952 
Ke — n) =~ ede 
0 0 


ee 222 yu 
g — 2z 
s f 75 e| fu- T 








0 


R 2a 
0? — 222, 
< 5 «| Jin- mas Ja 
0 





R R 

tg? — 22? | g?pY : o” 3a , 

< «Jae qe ile «3of * ap - 3* pe. 
0 


Recalling the estimate found for | Q | and denoting by e an upper bound for 
| u — po | and be? or bg^^" on (a9), we arrive at the following estimate: 


|2 (z, 0) (z, R| < *!  R'+eEK. (10) 


We consider the circular gs with axis N, and radius R, < R. Let (o,) 
be the subregion which it cuts out from (2); 2(z,R,) then shall denote the 
integral with the same integrand as on the right-hand side of (3) extended over 
the surface (Z — o,). The integral over the surface between the two cylinders 
is equal to 
Q(z, Ry) — Q(z, R) 


apne 
=- fan [= (u — fo) de + forfu- i) $ edo. 


Forz = Othe jas equation gives: 


2x R 2a R i 
2(0, Ry) — 20, R) = — [ap [ — 9€. 4. fag [Mm OA go, 
0 R 0 R 


indeed, for z = 0 





7,—0p, Q—OAgp?? (|O]| <1) 
In the second term 
Iu — ug| O] Ag? < App 


from this there follows the estimate: 
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=H OA a 
ape" 


R 
a 
do| < ane fE do = 2724 n — R3 < ce R^. 
R 








Using the LYAPUNOV condition (9), one obtains for the first term: 




















d d 
fay epee Hol de | ft fu- ads 
R R T 
zr fiw po) dp] <a [$75 — A ae R) <ER. 
R, 10 R, 
There now follows the inequality 
|.2(0, Ry) — Q(0, R)| << aR’ 4+ eb R^, "m 


on the right side of which R, no longer occurs. 
Since the right-hand side of (11) becomes arbitrarily small with R, we 
conclude that as R — 0 £(0, R) tends to a limit which we denote by L: 
lim 2 (0, R) = 
R>0 


As R, goes to zero, we obtain from (11): 


[2(0, £) — L| < a R* 4- eb P^. (12) 
We now investigate the difference 
Q(z, 0) — L 


between the value of the expression 

d N) 

ifu- be) ao 

(2) 
at the point M(0,0,z) and the quantity L just found. From 
Q(2,0) — L = (Q(z,0) — Q(z, R)] + [Q(0, R) — L] + [Q(z, R) — Q(0, Ry] 
it follows using inequalities (10) and (12) that 
[2(2,0) — L| < a R" + EK 4- eb R 4 |Q(z, R) — Q(0, R)|. 

The quantity R was chosen for arbitrarily given e in such a manner that 
inequalities (6) are satisfied. We shall moreover assume that 


aR’ <e, 





We then obtain: 
IQ(z,0)— L| < €B + |Q(z, R) — (0, R)\|. 
Without changing the value of R, we can now choose z so small that the 


difference 
| Q(z, R) — (0, R)I 
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becomes less than e. From this it follows that 
|Q(0)— L| < Ce für |z| < zy 


hence, 
lim Q(z, 0) — L, 
. z>0 
l.e. 
? d cos (r N) 
an | oue “do 


(2) 
tends to a well-defined limit as the point M on the normal Nog to (S) at Mg 
approaches Mọ. This is what was required to prove. 


SIII. A Theorem on the Second Derivatives of the Newtonian Potential 


Theorem. Zf the density of a Newtonian potential is defined and H-continuous 
in a finite region (D) bounded by a finite number of closed LYAPUNOV surfaces, 
then the second derivatives of the potential are H-continuous in (D) and outside 


of (D). 


Proof. We divide the proof into two parts: (1) the proof of the H-continuity 
of the second derivatives in the region (D) which we shall denote by (Dj) and 
(2) the proof of the H-continuity of the second derivatives in ( D,). 

(1) To begin with we recall that if in formula (61) of II, $17 one puts u = | 
then the formula 

zz T ‘cos (Na) $ (D 
(D) (S) 
follows; this formula is valid whether the point Mj lies in (Dj) or in (D,). 

The existence of the second derivatives of a Newtonian potential with 
H-continuous density in (Dj) was proved in II, $14; there the explicit form of 
these derivatives was also given. We now make use of the remark at the end of 
II, $14 and choose the region (Dg) to be the entire region (D). Then, for 

2 


3 a*P 1 
example, we obtain for ud the expression 
x 





ð? - 
ep o? fdr T 
ôt T DES + [o T Hol gae dU (2) 
(D) (D) 
which using formula (1) becomes 2d 
op ð yd Tn 
cu = ias [cos (N x) As op — Ho) Fu it : (3) 


CS) (D) 


From the theorem in II, $7 we can conclude that the right-hand side of (1), 
as the potential of a simple layer with H-continuous density cos (Nx), has 
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H-continuous first derivatives in (Dj) and in (D,). It follows that the first 
summand on the right-hand side of (3) is an H-continuous function in (Dj), for 
it is the product of two H-continuous functions and a bounded function. It 
remains to prove the H-continuity of the second summand on the right-hand 
side of (3). For brevity we introduce the following notation: 


—um LfM,M), (4) 


where M(£,,£) is the integration point. Thus, we shall prove the H-continuity 
of the integral 


9 (M = f(u — n) f (Mo M)ds , (5 
(D) 


Now let Mo and M, be two points of the region (Dj) a distance 8 apart. Let 
(D,26) be the subregion of (D) contained in the interior of the sphere (28) of 
radius 28 about the point My. We have the following equation: 


—9(My = ms ta) f Of M)ds — [Qu n) Ufo My da 


3l B — by) f( M,, M) dt iue Mo) (M s, M)d1 (6) 


(0,25) (D,26) 
+ ft — m) f(M,, M) — (u — p) f (Mo, M) dt. 
(D-(D.20)) 


The first and second integrals on the right-hand side of equation (6) are less in 
absolute value than numbers of the form cA8’, for it is clear that | f(M,M) | 


4 
< - and | f(M,,M) | E where ro and r, are the distances of the point M 
ro 
from the points Mo and M, respectively. One can thus estimate the absolute 
value of the second integral as follows: 
fiu mo) f UM, M)dt «4A [rig d« 


(D,26) (D,26) 








x 44 [ri-d« = A. 

(26) 
A similar estimate is obtained for the first integral by noting that (D,28) is 
contained in the sphere of radius 38 about M,. It remains to estimate the last 
integral on the right-hand side of (6). For this we note that outside the sphere 


(28) the inequality 


162.24 
A 


1 me 
gol <L 9 To 


holds, where r’ denotes the distance of the point M from an arbitrary point of 
the segment M)M,. 
Moreover, from (4): 
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f (M,, M) — f(AM,, M) 


2 a Ht 
Uu m drm yp Ua 7 Yo) t agar | yy Un — 295 


M' is here some point of the segment MoM,. From this it follows that 


16có 
(fh, M) — ffs M) <b pi Tu 





Hence, 


(ue — py) f( M, M) — (u — ny) f (Mo, M)| 
< (u — uo) L/CM,, M) — f (Mo, MY! + (t — u) (B, M)| 





Ari. 16có 32 
ou + AÓ--. 
rå re 


Let R be the diameter of the region (D). From the last inequality we can 
then conclude that the absolute value of the third integral on the right-hand 
side of (6) is no greater than 


4 7t 





n. R 
16 cAó| rim 4y2 dry + 32 A^ [n8 " 
20 26 


D4 - 164 — 





= ASQ 


gii) + 12870 A « cAÓ, 


The function @(Mo) is thus H-continuous in (Dj). 

This completes the proof of the first part of the theorem, that 1s the part in 
which the H-continuity of the second derivatives of our potential in (Dj) is 
asserted. 

Before beginning the second part of the proof, we note that in studying the 
difference (6) it would have been permissible to assume that the points Mo and 
M, belonged to the boundary (S) of the region (Dj). Thus, p(Mo) is an H- 
continuous function on (S). We shall make use of this fact in the second part of 
the proof. 

(2) We shall now prove that the second derivatives of a Newtonian potential 
with H-continuous density are H-continuous in ( D,). For this we note that the 
function e 

ee To 
(D) 
is harmonic outside (D) in every region which together with its boundary 
belongs to the interior of ( D,). 

We shall have proved the theorem when we have shown the following: 1. The 
second derivative in question has a well-defined, finite limit Y(M ,) as the point 
M approaches a boundary point M, of (D,) in such a manner that Mo always 
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remains in (D,); 2. This limit (M) is an H-continuous function on (S). From 
the uniqueness of the solution of the DIRICHLET problem the second derivative 
of the Newtonian potential then coincides with the solution of the DIRICHLET 
problem for a given H-continuous function on (S). Such a solution is however, 
as we have seen, an H-continuous function in ( D,). 

We have thus to prove that the limit (M ,)exists and is H-continuous on (S). 

Let M, bea point of the surface (S). Let the point Mo bein (D,) on the normal 
N, at M, ata distance 8 from M,. We denote the value of u at the point M, by 
u. We then find using formula (1): 


e? "m _ 0? dt P dt 
2:5], dt = FEJ (Hm), + Ju Ha) To | 
(D) 





(D) (D) 
ð N 
= mi [AE do + fiu- miM Mat — n 
(S) (D) 


ll 


HP (Mo) + a (M, ò). 
As already mentioned, the function 


A ð [cos (N z) 
B (Mo) =— 0x To 
(S) 
is H-continuous in (Dj) and in (De). Its limit values (from (D,)) on (S) form an 
H-continuous function which we denote by B(M;). Moreover, 


|B (Mo) — (M) | < cô”. 


Thus, as 6 — 0 the first summand in (7) has limit 


dc 





ipM). 
We shall show that the second summand «(M ,,8) converges to 
9(Mj) = f(u — m)f(M,, M) dt (8) 


(D) 


when M, approaches M, along the normal N,. That ¢(M,) asa function of M, 
is H-continuous was already proved in the first part. 
Let ( D,28) be the subregion of ( D) lying inside the sphere of radius 26 about 


M,, where we assume that 6 < A Then 
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a (M, 6) — 9 (My) 


= fi — m)f(Mo, M)dx — f(u — i) f (M, M)dx 


(D) (D) 
= f(u — m) f (Mo, M)dt — f (u —' m) f (Mi, M) dt (9) 
(D, 28) (D, 24) 
+ f(u — m) (f(y, M) — f(t, My) dx. 
(D - (D, 2 0)) 


As we have seen above, the second and third integrals on the right-hand side of 
(9) are less in absolute value than numbers of the form cA8’. 
To estimate the first integral we note that since 


n Xry-4-Ó 
the following inequality is valid: 


IA — m| << Ar? E A (ro 4+ 0) « 2? A(rà + 9). 


From this it follows that the absolute value of the first integral on the right-hand 
side of (9) is not greater than 


428A fed + Zr pee Fl 





(D, 26) (D, 26) (D, 24) 
36 
«162. sn: ldry+ 4. 2A otf 3 
(D, 24) 
E pac mw saam 
(D, 26) 
indeed, as was just proved, 

ae 
3 
(5,84) 9 


is bounded for all values 9 which are not greater than 


Let (&,7,¢) be a local coordinate system with origin at the point M, and ¢ 
axis oriented toward the point Mj. It is clear that (D,283) lies in the region 
bounded by the surfaces 


C=—26, e= y+ P= 26, C=be'**, 


Since ro = Jo? + (8 — Z)?, we now obtain the following estimate: 
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2x 2ó belta 
mE =. dod 
J " VENUE MM 
Gp 0 0 -28 


2ó 





= 2r 





boti—ó 3ô 


1 
e | Ve F batió — Yel 96 
0 


2 e 26 
ut 3ó 1 ó — bolita 
dr here Jae+ Pla = Vo? + (6 — boi *?y x 
0 0 





=—2af xdr 
yz? + 9[3 + ya? 4- 9] 
0 





sdg 


+ 2z f - m 
Ya? + (1 — bó^ zi * Àj? [Vat 4 (1 — b iriti)? (1— bó? 1*3] 
0 








dz 
2 ——— SON es 
< a[ V2? + (1— bó^z1*4)?.- (1— bó già) 
0 





But the last integral is a bounded and continuous function of ê in an arbitrary 
neighborhood of the point 8 — 0. We thus find that 


la (M, ô) — pM) | < cA". (10) 


If then M, approaches the point M, of (S) along the normal N, to (S) at M,, 
then 
_[EPP\ SO T 
o (My) = (53 ha^ sale dt 
(D) 


V(3,) = un pM) + 9 (M); (11) 
|o (M,) — v(M3)] < cA 0". (12) 


Since p4, B(M,), and y(M,) are H-continuous on (S), it follows moreover 
that 





approaches the limit 


where 


|y (Mj) — y(M)) <q Ady, (13) 
where M' is a point of (S) a distance 8, from M4. 


From (12) and (13) it follows easily that (12) holds for any arbitrary point 
Mo in (De) which is a distance less than 8 from M,. Indeed, the distance of the 
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point M, from the nearest point M’ on (S) is no greater than ô and hence the 
distance 8, of the point M, from M' is no greater than 28. Since M, lies on the 
normal N' to (S) at the point M', it follows from this that 


lo My) — v 04i € fo(My) — vt’) | - Ig OP) — p(t) 
< cAÓ" +All = eA ôr 


2 
as was to be shown. Thus, the second derivative has the well-defined limit 
X 


V(M ,), and this is an H-continuous function on (S). This completes the proof 
of the theorem. 


SIV. The Direct Values of the Double-Layer Potential and of the Normal 
Derivative of the Simple-Layer Potential on a Surface L, 


We now prove Theorems 3 and 4 of II, 821. 
Theorem 3. Jf (S) €L,42(B,A) and u € H(LA,À) (120) on (S), then 
Wi(u] e H(I + 1,cA,A’) on (S). 


Theorem 4. If (S) € Lj,5(8,4) and p H(LA,X) (1 = 0) on (S), then a) 


e H(I + 1,cA,A’) on (S). 


Proof of Theorem 3. Let M, be some point of the surface (S); let (€,7, 2) be 
a local coordinate system about Mọ. Let the radius dy of the circle (^4) about 
Mo in the (£3) plane be so small that the circle (4,) of radius 2d, in the (€,7) 
plane concentric with (4o) is contained in the projection of the subregion (2) 
of (S) onto the (£,5) plane.! 


1 For the notation (2), (£o), etc. see I of this Appendix (Trans.). 


We shall start with the facts that in (A,) (én) € H(LA,A) and F(é,7) 
e H(I + 2,B,À) and show that W[u] e H(I + 1,cA,A’) in (A). 
We have: 


Wiu] = | u(2) 572 mE do, + f Oy ae ) do,. 





(1) 
(S-z) (x) 

The integral over (S — 2) is a function of £, 5, and 6 which in some region 

containing the surface (Z5) has bounded and continuous derivatives of 

arbitrary order with respect to £é, », and ¢. If we replace £ by F(£,7) we obtain 

the value of the first integral on (Z,). Since F(£,5) has derivatives with respect 

to £and » upto order / + 2, this is also the case for the first integral; hence, the 
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first integral belongs to the class H(/ + 1,c,4,1) in (4o) and hence to the class 
Ad + 1,cA,A’). 

We denote the coordinates of the point M, by &,,f and those of the 
integration point M; by x,y,z. The relations 


Ti; — Via — E) + (y — my + [F (x, y) — F(E, mp, 


F(E, n) — F (z, y) + (z — E) Fg @, y) + (y — mM FY y) 














COS (7719 No) = 1. cos (NC), 
then obtain, for 
cos (ris £) =i, cos (ran) = 1, 
F(E, 9) — F(z, 1 
cos (4,5)  .F(& a= (x y» cos (NC) = CY REM 
E 7 

cos (N,&) = — Fg (x, y) cos (NC), 

cos (Nan) = — F(x, y) cos (Nat). 
Hence, 

fu) 2252s) do, 

(2) s (2) 


F (6, n) — F (x, y) + (c — £) Fe (z, y) + (y — F, (5 y) 
aea e EEUU UEM Ig 


n d xdy. 
Js (Vie — E+ (y — n+ (Foy — F 5, mp) 


Let w(r) be a function which has continuous derivatives up to order / + 3 
for all r = 0 and which is equal to one for r < yh and to zero for r= 2d. 
We put u(x, y) = n, y) o (Va? + y?), 

F(x, y) = F(z,y)o (yx? + y3), 


where we shall assume that u, (x,y) and F,(x,y) are defined in the entire (x,y) 
plane and are equal to zero outside (/1,). 


In the circle J/x? + y! € jd it is clear that p(x,y) = u,(x,y) and 


F(x,y) = F,(x,y). Therefore, integral (2) differs from the integral obtained 
upon replacing u(x,y) by u,(x,y) and F(x,y) by Fi(x,y) by an integral which 
extends over the subregion outside this circle. Inside the circle (715) this last 
integral also belongs to the class H(/ + 1,cA,A’). 

Just as u(x,y) and F(x,y), the functions u,(x,y) and F,(x,y) also have con- 
tinuous derivatives up to order / and / + 2 respectively in (4,) and there belong 
to the class H(LcA,X) and the class H(/ + 2,cB,A) respectively, since 
oA x? + y?) has these properties. The functions i, (x, y) and F,(x,y) moreover 
have the properties mentioned in the entire (x,y) plane, for on the boundary of 
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the disk (A,) and outside it p, and F, and their derivatives up to order / and 


l + 2 respectively are equal to zero. To prove our theorem it suffices to show 
that 


P(E, n) 


af fe (x 4 yf ($, n) =F (z, y) + (x —8Fq (x, y) + (y OFT, GY 
ve (Vie — 82+ (y — * 4 [Fi y) — FO, m) 














sdy 


—00 -%0 


belongs to the class H(/ + 1,c4,A^) in (Ap). 

In place of u,(x,y) and F,(x,y) we shall henceforth write u(x,y) and F(x,y) 
and again take the region of integration to be the entire (x,y) plane. 

We go over to polar coordinates with pole the point M,(&,7) and put 


x=E+ocosO, y=n+osind. 
We then obtain: 
prë n) =] fulE+ecosO, n+ osinO) K(E, n:o, O)dodO (3) 
0 0 
with 


P(M,) — F(M,) + 9030 Fi (My) + osinO- F (f 
Wander UU REL EMI 


(Vo? + EF (M) — FC) PY (4) 
M(E, n), M$(£E + ecosO, n+ posinO). | 
We shall examine the function K(&,7; o, ) more closely. We have: 


1 
d 
F(M,) — F(M) = | —-F(E  tpcosO, y+ tesinO)dt 
dt 
ò 


1 
= [iran o cosO + F, (M) osin O]dt 
0 


1 
2 e [tran cos + F (M) sin O]dt, 
0 


where M denotes the point with coordinates £ + to cos O, ņ + te sin O. 
The function 





F(M,) — 
V, (E, n; o, 0) = ; Pad 


ry 


1 
ES f [F; (M) cos O + F’ (M) sin 0] dt 
0 


therefore has continuous derivatives with respect to all its arguments £,9,0,0 
up to order / + 1. 


Integrating by parts, we obtain further: 
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F(M,) — F(M) 
1 1 
d d 1 d? 
= [rana - (eg FODL- ftis rana: 
o 0 
= F;(M,) o cos O + F,(M;) osin O 


1 
— e f: [F (M) cos*O + 2 Fe , (M) cos O sin O + F,,(M)sin*O]dt. 
0 
From this it follows that the function 
F(M,) —F(Mj) + ecos O Fi (Mj) + esinO F (M) 
e? 


1 
= fe [Fe (M) cos?O + 2F; ,(M) cosO sinO + F' , (M) sin?Ojdt 
0 


P(E, n; 0, 9) = 





has continuous derivatives with respect to all the arguments £,7,0,0 up to 
order /. 
Since 


2y ;0,0 A : 
K (£, n; 0, 0) = o BOO) Palën eO) —— 


eUIcUYTG n e Or o, 9) 








[Y1 4- VRE 0; o, OF 


the function K(é,7; 9,9) has continuous derivatives up to order / with respect 
to £,5,0,0. The function 
ulë + o eos O,m + osin O) 
has this same property. 
The derivative of order / of q(£,7) with respect to £ and 7 is therefore a 
certain linear combination of a finite number of integrals of the type 
2n o 
f [ut + c050, n + osinO) KV" (£, n; o, O) do dO (5) 
0 0 
(m—0,1,...,1), 
where 4? denotes some derivative of order m of u(£,3) and K^"? some 
derivative of order / — m with respect to £,9 of K(£,5; o,0). From this it 
follows that all the derivatives of the function 9(£,5) up to order / are con- 
tinuous and are bounded in absolute value by numbers of the form cA. To 
prove the theorem it thus suffices to show that an integral of type (5) is bounded 
in (4o) and has an H-continuous derivative of first order. 
We shall now investigate the derivatives KC ^(2,5; 9,0) in the light of 
formula (4) more closely. 
Let 9(£,9) be some function. The expression 


P(E.) — d (z,y) + (x — E) De (x,y) + (y — 9) (o) 
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we denote by (o). If we replace x and y by £ + e cos © and 7 + ẹsin O 
respectively we obtain a function of £,5,0,0 which we denote by (2). The 
numerator of the fraction in (4) is thus equal to {F}. 

It is clear that one obtains a derivative of {F} with respect to £ and s on 
replacing F by the corresponding derivative, i.e., 


e(F | P ld (pu 
a £ git a ED Gn? 
The difference P(x,y) — P(E) will be denoted by [9]; the function obtained 
when the variables x and y in [®] are replaced by é + o cos € and + ọsin © 
will be denoted by [2]. Clearly, 





"tr E | ð” F — (FO), 
0 Ean”: à £n an”? 

We shall prove that a derivative of order k (k = 1) of the function 
(o? + [F]?)~*/? with respect to £ and x is a certain linear combination of a 


finite number of expressions of the form 


3 +p) " IEXpzEk 
(e + (FRG IR rw] ae (6) 





Indeed, a first derivative is equal to 
-a(e + py + FO), 


wherewith our assertion is proved for k = 1. Let k, > 1. Assuming that the 
assertion is true fork = k, — 1, we wish to show it is true for k,. Differentiat- 
ing (6), one obtains the following: In differentiating the first factor the number 
p ma by one, and the additional factor [F][ FC] is obtained: in differentiat- 
ing i [F] one obtains a sum of 2p summands of the same type where in each 
i=l 

summand one of the v; is greater by one than it was initially. Therefore, every 
derivative of order k, = k + 1 is some linear combination of expressions 
either of the type 


(o? + Gy) G0" RH Lee] 2<p4+1<k, 
i 0<%<k—ptl 
or of the type 
(or + + irm (TSP Sh <h 
iml O<n Sk — p+l 


wherewith our assertion is proved for k, if itis true for k = k, — 1. Since the 
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assertion is true for k = 1, it is thus valid for all k for which the derivatives 
[F*?] can be formed, i.e., in our case for k < I + 2. 

From what has been said it follows that each of the derivatives K^7(£,»; 
o, 9) is some linear combination of a finite number of expressions of the form 


aT ped] 0<qsl—-m<l 
QU c A 0xzpzl—mczl], (7) 
(o? 4+ Qg)** Oxawzi—mczcl 


2p 
if the product JI [F?] for p = 0 is taken to be one. 


i=l 
We denote expression (7) by R(é,n; o,0) and the function obtained on 
replacing in (7) {FO} [FO] [F],e by {FO} [FO [FI], V(x = ey de (y = n)* by 
R(E.n5 x,y). 
It must be shown that A is bounded. Indeed, since q X /, 6 = F(? € 
H(2,B,^) and hence 


(P) = [(2] 
= |O (£9) — D(x,y) + (x — Dilz, y) + (y — n), (y) 
= |(x— $ (Drle, y) — DRE» + (y — 9) (Oy (2,y) — 9,0 9) 
<2Boo’ <2Bo?, 
where (£',5") is some point in the interior of the segment joining the points 


(x, y) and (£,5), and e' is its distance from (x, y). 
Since v; € l, we have similarly F*? € H(2,B,A) and hence 


[Fe] | = | FCO (x,y) — Fo70(£,9)| x: 2 Bo. 
Thus, since o? + [F]? => o?, we obtain: 





|R| € o:2Bp* (2Bo)?? —(2By»*1c(2B-191-—2. 


pipta3 


It follows that each of the integrals (5) is some linear combination of a finite 

number of expressions of the form 
27 o 
J Janea ocosO, n + osinO)RdodO = f fie (x, y) dady (8) 

Now m X l and p € H(LA,23); therefore u^? e H(I — m,A,r) and hence 
p? e H(0,A,A) for all m X I. Moreover, we know that F and F'? e H(2,B,A) 
and find also that F € H(2, B2). 

The theorem will have been proved when we have shown that an integral (8) 
belongs to the class H(1,c4,A^) in (Ap) if po”, F9), F°, and F belong to the 
classes mentioned and vanish on the boundary and outside the disk (4). 

We first study the function R and prove the following inequalities: 
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ð R £o ð R Co 
Weel oe aap A (9) 
o? Cy a = Cy eR oy 
iF Vw 5 e| er 0n o I< e? (10) 








For brevity of notation we denote F” by o, F^? by F, II(F*?] by a 
ERE i=] 
Jo? + [FP by r, and J;,r C?* ? by Q,. Then from (7) 




















R 
5-792, (11) 
and hence 
6 R 9 e 90, 12) 
oe eae UPS ( 
8 RO Q0) IN, a{P} N, 12 
ap ae GE ae qe (123 
We have already seen that 
2 By» 
IMs, — (oj «25e (13) 
Further P 
lag O| = OE, m — Pele, | < 2 Be, (14) 
o? "n 
lag (P}| = ies <B. 
Differentiating 2, we obtain: (14) 
aQ (E —2) — [F] F; (5 m D. 2P, 
d: — (2p + 3) pts E Yao + mors 2h Fkt Yzp-1,k 
with 
Yop-1k = a 
From this follows à B 
ð 
bake (15) 
In the same manner we obtain by another differentiation the estimate: 
22 B , 
35 a or (15’) 








Here B, and B, depend only on Band /. Inequalities (9) and (10) follow easily 
from (12) and (12’) and from the last inequalities (13) to (15). 

If F® e H(1,B,3) and F e H(1,B,A) we shall denote a function of type (7) 
by R,(é; 0,9) or Ri (£m; x,y). = 

We now consider the function R(é,7; 0,0) defined by expression (7). Its 
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derivative with respect to £ is clearly a certain linear combination of a finite 
number of expressions of the same type (7); in one of the expressions F is 
replaced by F«*? and in another p is greater by one, while in each of the 
remaining expressions one of the v; is greater by one. From this it follows that 


OR. ; 13 at : ‘ m 
ag is a linear combination of a finite number of expressions of type R,. 


We wish to prove the inequalities 








Hs] « 06 poi (16) 
L9 m A-3 ð m aAA , 
ae 0 < 650 , an o < £50 (16^) 
From the argument just presented we then obtain from (16) 
PM ae 





Indeed, since ® € H(1,B,A), we obtain in place of (14) the estimate 


Gg = [OLE m — dis, y)| < Be av) 
and in place of the second of inequalities (13) the inequality 
KD = (OE, n) — Oz, y) + (x — E) D(a, y) + (y — m) OY (a, y)| 
= (x — $) (Ot(z, y) — BE, m) + (y — n) (DG, y) — AG m) 
<2Ba+ti, (137^) 


From (12), (13), (135, (14^), and (15) we then obtain inequality (16^). Inequality 
(16) follows from (13^, the first of inequalities (13), and the formula 


R; = e{P}2,. 
We now consider the integral 
2% o oo oo 
o md 1 
PE, 7) =f [RG n; 0, O) dod O = [eRe n; x, y)dady. (17) 
0 0 -%0 -œ 


We shall show that 9(&,7) € H(1,c,A), where c depends only on B and the 
choice of A‘. Indeed, 


ó—0 


with 27 oo 
palé, n) =f [RdoedO 
0 6 
and RNC 
abs _ [ [oR 
qe- | [graeae 
0 ó 


If 0 < 8, < ô, then from (167) 
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| 2a ð; ó, 
0$ 0$ | 7 | 
| "a = P (= J oF dod < 220 | odo 
ò 6, 8 
= Tope a; 
from this it follows that as 8 > 0 pe 
2a œ » 
oR 
f 3; 4040 (18) 
0 0 
which is the derivative of integral (17) with respect to £. Hence (18) is equal to 
op 
QE 


It must now be shown that the integral (18) belongs to the class H(0,c,4’). 


- 


^ 


; Rura "e ; f =~. 
Since T is a linear combination of a finite number of functions R4, it suffices 


to show that the integral 


27 oo 


J E dodO = E [2 dzdy (19) 


—00 —00 


belongs to the class H(0,c,A’). 
Let M(£,n) and M,(£,,*,) be two points a distance ô apart. We denote the 
distance of the point M, from the integration point M,(x,y) by o,. Then 


i [592 axay — f on eg ed 
a e 094 


—00 -0 —00 -00 (20) 
- [99 asaya f [|PC masa 
s28 ^ e>2d 

Because of inequality (16), 


20d 


' 95) 
TJ a dedy < 2ac,f o -ido = 2 ro E. 


p X 26 0 


Since the circle o < 26 is contained in the circle o, < 38, we obtain for the 


(38)^. 
À 





first integral on the right-hand side of (20) similarly the estimate 27c, 


Thus the sum of the first two integrals on the right-hand side of (20) is no 
greater than a number of the form c^. It remains to estimate the last integral. 
From inequality (9) of II, 82 the inequality 
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1 j 3 

$30 LEITE 
is valid for the region o > 26, where e' is the distance of the point M, from an 
arbitrary point of the segment MoM.. 


From the inequalities (167) 





R2 R i 2) (2 = 9 B, a2 
€ |=| ðE g Jr 6 E) + (5 e MU n)| 
2 eg 26,284 cd . 
<6 o’3-4 < ò o3-4 o- ? 


M' here denotes some point of the segment MyM,. 
Recalling that R, vanishes for all sufficiently large o, e.g., for o = a, we find: 


[[[ 589 2) - OD lasay 
e 
o 26 


a 
sre [T 








(2 6)4- 1 _ ae 1 
— À 








— zc 6/4 i«c95 


here it is assumed that A < 1. If A = I, then we obtain for a seated value 
of the last integral in (20) an upper bound of the form 276 In = < c'8" with 


A' < 1. Hence, the left-hand side of (20) is less than a number of the form 
cà", The integral (19) therefore belongs to the class H(0,c,A^), and we have 
(En) € H(1,c,. 

We now come to the proof of the assertion that the integrals (8) belong to 
the class H(1,cA,A^) in (Ao). 

In place of 4 we shall write simply p, where it is assumed that p € H(0,4,2). 
Let uo be the value of u at the point Mo. Further let A be some nonzero number 
and M, be the point with coordinates (£ + h,n). We denote the distance of the 
point M, from M,(x,y) by e,. We consider the expression 


(| f£ of RO2 f [. R0,2) 
J Jea e] P ied 


-al| Gne [22a 21 
-n ur Phasw-[ [*9asa) œD 
ti i f - ) ZOP dad, -f [e = 592 andy) 





If (21) has a limit as ^ — 0, then this limit is the derivative of one of the 
integrals (8) with respect to £. Our theorem will have been proved as soon as 
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we have demonstrated the existence of this limit and shown that it belongs to 
the class H(0,cA,.’). 
The first square bracket on the right-hand side of (21) is equal to 


MN 


hence, the ratio of this difference to / has the ‘mits Ya T Sgt T € H(0,c,4') and 
Ao = u(£o,9o) € H(0,4,2), the limit of the first summand on the right-hand 
side of (21) exists and belongs to the class H(0,cA,A’). We must now prove the 
same for the second summand on the right-hand side of (21). 

For this we first prove that the expression 











c œ S 1[R(,2 ^ R(0,2)) 29 R(0,2) 
i ]w mfal 01 " | ðE o ldædy 
=i (u — 50.5 dady 
e &2|A]| 
1 R (0,2 
~ 5 | [u m EP dedy (22) 
e S g|^| 
ð R(0,2 
- f fiu- 1) AO” day 
esaih| 
= 1[R(,2 R(02)] 29 R(0,2) 
e z-2|A| 


has limit zero as 4 — 0. The terms with integrals over the circle o < 2 | / | can 
be estimated in the following manner. From inequality (9) 














à R(0,2 

ffu- 3: E "indi | 
e 2|^| 

2|A| 

«224o [e^ £ dp = 2h CUTS 

0 
1 R(0,2 Q3) 
3f (u — Ho) C2) qs di 
e x 2[A| 

olh] 
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Taking into account that the circle o < 2 | h| is contained in the circle 
e, € 3| A | and the inequality 


[4 — pol € Ip — pal + Ita — fol « Ao12- A | 
holds, we obtain: 


ffe- pi a EAN 


e S 2|A; 





<T 





8|A| 8|A| 
[Jets 5; &de 4 |A| J nte- = 2ra + 3) Alh|*. 


Hence, as A — 0 the first three summands on the right-hand side of (22) tend 
to zero. It remains to show that this is also the case for the integral over the 
region o > 2|h|. 

The expression 1[R(,2 RO, 2| 

A €1 E e! 
is equal to the value of the derivative of — with respect to £ at a certain point 





e 
M'(£ + @h,n) with 0 < © < 1; hence, the expression in braces in the fourth 


integral on the right-hand side of (22) is the difference of the values of adi) 
e 


at the points M’ and M, and according to the first of inequalities (10) can be 
estimated by the quantity Cy || 
o? » 


where o" is the distance of the point M, from some point M" of the segment 
MyM’. 


Since from inequality (9) of II, §2 the inequality o" > 5 holds for the region 
e2|h|, 


01 0 


From this one sees easily that the part of the integral (22) which extends over 
the region o > 2 | ^ | is less in absolute value than 


1[R(12) . R(0,2) ð d 8e[h|. 24) 
| |-3^ |< ' 


224 -Besla fo^ odo = 492% Appi apr — af c eA 
2fh| 
Thus, as 4 — 0 the integral (22) has limit zero. 
From what has been proved it follows that 





oo 


I f= m A dady (25) 
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is the limit of the second summand on the right-hand side of (21). 

It remains to show that the integral (25) belongs to the class H(0,cA,A’). 

For the proof let M,(&,,n,) be some point a distance ê from M,(€,n); let 
the value &(£,,5,) be denoted by u, and the distance of the point M, from 
M(x,y) be denoted by e,. 

We consider the difference 


oo oo oo 


J(u — m) Garam dudy -f [e — Po) (4. ae dz dy 


-0 =- 


] 
=f (p — DIE <) p ded -ffu T Ho) Care ss dy (26) 
J. ! 
+ 
e 


9 
Ert (26) and m 


(36). 

These estimates are obtained in the same way as the first of the estimates (23) 
if one notes that the disk o < 28 is contained in the disk o, < 38. To estimate 
the third integral on the right-hand side of (26), we note that the following 
inequality holds: 








(u = ndl EE), SAAE) (aë a 


Sla — vol: se Ehe (rre) tiae eu 


- 


2 ĝ R n o? R E | 
<A". (As D Jp Eo) + (5555), (™ n), 
2 AC, 0? 


+ Ad. P c Ap. d jane 
M' is here some point of the segment M,M,. According to inequality (9) of 
II, 82, the inequalities o, > 5 and e > : hold for the region o > 26; thus the 
difference in question 1s no greater in absolute value than 
A (c, 0p? ? +c, 0^ p7?). 


Thus, the absolute value of the third integral on the right-hand side of (26) does 
not exceed 
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A. za] afe- 3 odo +c, afe ede) «xs i23 t4 Ing); 


the last expression is less than a number of the form 


c'Aó^ (0 X «2), 
where the choice of c" depends on the choice of A’. This completes the proof of 


Theorem 3. 


Proof of Theorem 4. Let M, be some point of the surface (S) and (€,7, 2) bea 
local coordinate system about Mo. Let M(£,3,£) be a point of (S), and let 
M,(x,y,z) be the integration point. 

We have: 


avin) - fue) Se Ca Ny). do 4 fu (2) 28M) 4,3 27) 
(Sx) s () y 


The first integral on the right-hand side of (27) can be written in the form 


cos (N, ë) [ 1 (2) 959 do + cos (Nin) [n ea do 


2 

(Sx) (Sz) "2 
+ eos (N1 ¢) fu (2) $8692. do 

($52) T31 


where the integrals are functions of £, 7, and ¢ which have bounded and 
continuous derivatives of arbitrary order in some region containing the 
surface (£o). If in these functions we replace ¢ by F(£,7) we obtain the values of 
these integrals on (Z,) as functions of the point (£,9) of (49). Since F(£,3) has 
continuous derivatives up to order / + 2, this also holds for the values of these 
integrals on (Z,), and hence they belong to the class H(/ + 1,cA,1) in (4o) and 
thus to the class H(/ + 1,cA,A‘). Since cos (N, é), cos (N47), and cos (N,£) are 
likewise elements of this class, the first integral on the right-hand side of (27) 
belongs to the class H(/ + 1,c4,A^). 

If we transform the second integral on the right-hand side of (27) in the same 
manner as the second integral on the right-hand side of (1), we obtain: 





u (2) = e n) do,= cos (N,€ ff (z, y) Vi+ F (Mj) TERM 
(£) (A) 
P (Mp) — FOR) + (E— 2) FM) + (9) — y) F UL) 


(Vie — HEF y — ot - FEF 





dady. (28) 
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Since cos (NV, ¢) e H(/ + 1,c,A) in (449), the second integral on the right-hand 
side of (27) will have been shown to belong to the class H(/ + 1,cA,A‘) as soon 
as we have shown that the integral on the right-hand side of (28) belongs to this 
class. 

Since (x,y) = u(x, y)/1 + F2(M5) + F2(M,) is an element of the class 
H(1,cA,A) if ux, y) is, it suffices to show that the integral 


dady, (29) 








F(M,) — F(M,) + (6— 2) FUR) + (n — y) FL) 
| f P(x, y) ; 
(A) c — H+ (y — n 4 [FP 
in which u, € H(LcA,A) and F(x,y) e H(I + 2,B,À), belongs to the class 
H( + 1,7 A,A)). 
The proof here is the same as in Theorem 3. We point out one small 
difference. 
If (F) denotes the numerator of the fraction (29), then we obtain on dif- 
ferentiating with respect to £: 
a{F) 
og 


Thus if F € H(2,B,A) the second derivative of {F} with respect to £ does not 
exist. For this reason, no inequalities of type (10) can be proved; one can, 
however, show that the estimate 

Bj, B9 


o R ð R 
lee ee Gs ae < e e 

holds, where M(£,,2,) and M,(£,7) are points a distance 6 apart, and o is the 
distance of the point M, from the point M,(x,y) lying outside the circle of 
radius 26 about Mo. The last inequality makes it possible to obtain all the 
results which were formerly obtained with the help of (10). 

Similarly, if F € H(1,B,A) the derivative of {F} with respect to £ does not 
exist; one cannot form the inequality (14^) nor thus the inequalities (16^). 
Inequalities (16’) can however be replaced by the easily proved inequality 


= (§— a) Fee (My) + (n = y) Fe (M). 
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A cpu o es 
( R 0 /M, e? ? 
with the help of which one is able to obtain all the estimates found using the 
inequalities (16^). 
This completes the proof of Theorem 4. 


A SHORT BIOGRAPHY 


The author of the present book is the respected scientist NIKOLAI 
MAXIMOVICH GÜNTER, member of the Academy of Sciences of the USSR 
and Professor at Leningrad University. 

He was born December 5, 1871 (old calendar). After completing the 
gymnasium and his studies at the Physics-Mathematics Faculty of Petersburg 
University he remained at the University on the advice of A. A. MARKOV 
to prepare for scientific work. From that time to his death on May 4, 1941, 
his life, otherwise quite uneventful, was devoted entirely to science and 
teaching at the University and a number of other schools in Leningrad. 

N. M. GÜNTER served for forty-seven years at Leningrad University, over 
thirty years at the Leningrad Institute for Transport Engineers, and over 
twenty years at the Pedagogical Institute. For a number of years he was 
active in teaching university courses for women (Bestushev Academy) and 
at the Leningrad Polytechnical Institute. Günter carried on this broad 
pedagogical work up to the last month of his life even though he was afflicted 
with a serious disease (lung cancer). It' was not until two weeks before his 
death that his suffering forced him to give up his activities. 

Even during these last two weeks Günter's entire interest and conversation 
were directed to questions of science and instruction. He spoke not at all 
of his illness. Just before his death he suddenly had to undergo an operation. 
He was to enter the hospital in two days, and he quickly called a session of 
the Scientific Council of the Mathematical Institute of Leningrad University, 
at which he presented his latest scientific work. This extreme devotion to 
duty and the interests of science were characteristic of the lifetime activity 
of N. M. Günter. 

In special lectures at Leningrad University Günter was the first to 
illuminate a large number of areas of mathematics. He held the first such 
special lecture series in 1904 on the “Theory of Algebraic Forms." A great 
love of teaching was one of Günter's principal traits. His instruction was 
always creative. In preparing a new lecture—no matter whether a general 
or special lecture—he always inserted new ideas and found new approaches 
to the presentation of the material. Günter's lectures developed a special 
appreciation of mathematical exactness, rigor, and clear formulation of ideas. 

A great number of our mathematicians enjoyed Günter's direct guidance 
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and gratefully recall the attention and extraordinary interest he showed 
toward the work of young scientists. While he might sharply criticize the 
work, he was always able to encourage the man and to convince him that 
the difficulties were not insurmountable and direct him toward independent 
creative work. 

One of Günter's characteristic traits was a deep feeling of social obligation 
which was basic to his nature. This revealed itself in all his work as a teacher 
and organizer of scientific work. For many years he was Chairman of the 
Leningrad Mathematical Society. Under his directión the functioning of 
the Society, which until then had been slow and inconsequential, experienced 
a lively stimulus. A journal was founded and began to appear regularly. 

When teaching was halted at Petersburg University in 1905, Günter 
organized the “Free University." One of the instructors was the late A. N. 
KRYLOV who presented lectures on the “Theory of Approximation" which 
were then later published in book form. 

At Leningrad University Günter was also a tireless organizer of scientific 
student clubs and seminars and devoted an immense energy to these 
activities. To all these he contributed sound principles, organization, and 
enthusiasm. Thus, as head of a great scientific school and as a tireless 
organizer of many worthwhile undertakings, he personally made a major 
contribution to the flourishing of the sciences. 

The great success of Günter's pedagogical activity, especially that of his 
special lectures, is mainly due to the fact that it was intimately connected 
with his own intense creative research from which he was never able to desist. 

Günter used to say that the modern scientist is constantly at work from 
morning to night and not only when he sits behind his desk. This applies 
before all to himself. 

At the time he studied at Petersburg University and there began his 
work, the tradition of P. L. CHEBYSHEV, one of the greatest mathematicians 
of the second half of the 19th century and founder of the famous Petersburg 
school of mathematics, was still very much alive. Such well known exponents 
of this school as A. A. MARKOv and A. N. KORKIN were Günter's teachers. 
In his work we thus have the brilliant continuation and development of 
the famous mathematical tradition of the Petersburg school. His later work 
in the field of mathematical physics was closely related to the work of the 
late Academicians A. M. Lyapunov and V. A. STEKLOV in whom the 
mathematical public of our country takes the same pride as in N. M. Günter. 

Günter's early work is concerned with the general theory of ordinary and 
partial differential equations. This work is directly connected with two 
dissertations —his master's dissertation “On the Application of the Theory 
of Algebraic Forms to the Integration of Linear Differential Equations" 
which he presented in 1904 and his doctoral dissertation “On the Theory of 
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Characteristics of Systems of Partial Differential Equations" of the year 1915. 

The general theory of linear ordinary differential equations, especially 
problems of applying algebraic forms to this theory and finding cases in 
which the integrals of the equation appear in the form of algebraic functions, 
was a major topic of interest in the second half of the 19th century. In 
Günter's master's dissertation there is an index of more than a hundred 
works related to the topic of the dissertation. Among these are papers of 
such outstanding mathematicians as FUCHS, SCHWARZ, DARBOUX, HALPHEN, 
etc. In the dissertation, in addition to other questions, the problem of 
integrating a linear equation with rational coefficients was studied for the 
case in which a certain form with constant coefficients constructed from 
unknown particular solutions is known in the form of a function of the 
independent variables. Sufficient conditions were given that the general 
integral of the equation be an algebraic function, and some cases were 
considered in which these conditions are not satisfied. The theory of 
differential equations of second order with a general algebraic integral was 
founded on this basis. The theory of differential equations of third order 
was considered from this same viewpoint. In addition to a number of specific 
new results, general considerations were presented in the dissertation from 
which results earlier obtained by Fuctis, SCHWARZ, KLEIN, HALPHEN, etc. 
follow immediately. 

The work of Günter in the area of the general theory of partial differential 
equations is concerned with three different questions. The first is related to 
the theory of elimination and the general integrability conditions for systems 
of differential equations. One considers an arbitrary system of differential 
equations F; = 0 (i = 1, 2, .. ., N) with several functions uj, Uz, . . ., uy 
of several independent variables in which on the left-hand side the derivatives 
of u, occur up to order n,; if one differentiates these equations several times, 
then from these equations algebraic consequences may be drawn which 
give new relations between the derivatives of u, of order not higher than n,. 
An example of a similar type is afforded by systems of first order with one 
function and the PorssoN bracket. The problem of the character and number 
of such new relations is related to the following problem from the theory of 
algebraic forms: Over a given basis F}, . . ., Fm of algebraic forms of degree 
ng a module is constructed, i.e., the set of all forms of the type 6 = B,F, + 

.  B,F,, where the B, are forms of degree k; it is required to find all 
such linearly independent forms of a given degree and to form all the 
dependence relations of the type ® = 0. This problem was solved by HILBERT 
in 1890. He found that all identities are linear combinations of a certain 
number sọ of such identities. For sufficiently great degree k > ky, he gave 
the number of linearly independent ®. The theorems of HILBERT however 
contained only the existence proof for the numbers s; and kọ. The estimates 
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carried out by his method gave extremely large values for sg and kọ. Günter 
gave a regular procedure for the construction of all these dependencies. 
These questions are very difficult, and many attempts made before Günter 
were fruitless. He was the first to finally settle the problem in a complete 
fashion. 

Günter's doctoral dissertation “On the Theory of Characteristics of 
Systems of Partial Differential Equations” belongs to the second direction 
of his research in the general theory of partial differential equations. In 
this work he presents an analytic theory of systems of partial differential 
equations of a very general form—the so-called RIQUIER systems, and 
studies the following problem usually referred to as the Cauchy problem: 
It is required to find the values of the derivatives of arbitrary order of 
unknown functions u,,..., Up on a given surface Xm = (x, .. ., Xm- D 
when only certain first derivatives of these functions are known. This problem 
is treated with exhaustive completeness. In particular, Günter gave a 
complete classification of the characteristics of RIQUIER systems. 

Finally, it is necessary to mention his work on the analytic solutions of 
the equation u,, = f(x, y, uy, . . ., uy). In this work Günter investigated 
the problem of GounsAT on determining a solution knowing its values on 
two intersecting curves. The study is conducted with great completeness. 
By estimating the coefficients in an expansion of the unknown function 
obtained with the help of difference equations, Günter succeeded in giving 
a criterion for the existence of analytic solutions of this problem. 

Günter's work on questions of mathematical physics is rich in new ideas 
and of broad scope and great diversity. Publication of this work began in 
1922 and continued up to the last year of his life. The first great cycle of 
these publications consists of work which is concerned with a basic nonlinear 
problem of mathematical physics—the CAuCHY problem and the mixed 
problem for the equations of hydrodynamics. In the case of the CAUCHY 
problem the principal result is establishing the existence and uniqueness of 
the solution of the hydrodynamical equations of an ideal incompressible 
fluid in the presence of an external force what has a potential. It is hereby 
assumed that the fluid fills the entire space and that the velocity field is 
initially given. This field is characterized by three continuous functions which 
have bounded derivatives that may have jumps on passing through certain 
surfaces. The existence of derivatives of second order for the velocity field 
at the initial time point is not required. Forming the divergence of both 
sides of the equation of hydrodynamics and applying the Poisson formula, 
Günter eliminated the pressure from this equation and obtained on passing 
to the components of the velocity three nonlinear integral equations for these 
components. The right-hand sides of these equations are the time integrals 
of the components of the gradient of a certain Newtonian potential whose 
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density contains the derivatives of the velocity components in nonlinear 
fashion. In addition to these three equations, there are three more differential 
equations for the instantaneous streamlines which can be written in integral 
form. These six equations are written in LAGRANGE coordinates and the 
method of successive approximations is applied. 

Most of the papers are devoted to the study of the second derivatives of 
the Newtonian potential with weak hypotheses on the density. The results 
of this research were used to study the convergence in the method of 
successive approximations. 

The method of successive approximations for the case of the bounded 
problem, i.e., for the case of a fluid in a vessel which as time goes on can 
be displaced in a given manner and can be deformed such that the volume 
remains constant, is built up in quite another fashion. Here, in addition to 
the initial condition, there is a boundary condition on the surface of the 
vessel. The method of successive approximations rests in this case not on 
the velocity field but rather on the vorticity field which is taken as the initial 
condition at the initial time point. Günter first derived a formula which for 
a fluid in a closed vessel makes it possible to determine the velocity field 
from a given vorticity field. Such a formula had been given by HELMHOLTZ 
for unbounded space. In the case of a closed vessel the derivation of such a 
formula becomes considerably more complicated; it requires the solution 
of a NEUMANN problem and the transformation of the simple-layer potential 
into a double-layer potential, whereby the derivatives of this double-layer 
potential enter in the final formulas. The basis here of the method of 
successive approximations are the CAUCHY relations in which the components 
of the vorticity are expressed in terms of the initial values and the derivatives 
of the Cartesian coordinates of the fluid particles with respect to the 
LAGRANGE variables. As first approximation for the velocity field one takes 
the gradient of the harmonic function which solves the NEUMANN problem 
for the boundary conditions on the surface of the vessel. From this velocity 
field one constructs the instantaneous streamlines; the CAUCHY relations 
mentioned give the first approximation to the corresponding velocity field. 
In this manner one obtains the second approximation to the velocity field, 
and the procedure is repeated. The method of successive approximations 
leads to a velocity field which satisfies the HELMHOLTZ equations which 
follow from the CaAucHv relations. After this there follows an extensive 
investigation in which it is proved that the velocity field obtained is 
dynamically possible, i.c. admits the determination of a scalar pressure 
field from the equations of hydrodynamics. This proceeds from the proof 
of the fact that the velocity field expressed in terms of LAGRANGE variables 
has a derivative with respect to time, and this in turn has derivatives with 
respect to the LAGRANGE coordinates. The existence of these derivatives 
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makes it possible from the HELMHOLTZ equations to conclude the possibility 
of determining the pressure. As for the CaucHy problem, the convergence 
of the method for some finite interval of time is proved. 

There are certain additional complications if it is assumed that the region 
occupied by the fluid is multiply connected. Günter's extensive work on the 
mixed problem was published in the Reports of the Academy of Sciences 
in the form of a huge treatise consisting of six parts from 1926 to 1928. 

The basic problem of hydrodynamics treated in Günter's work is mathe- 
matically related to another hydrodynamical problem which is bound 
historically with Petersburg University. About seventy years ago, P. L. 
CHEBYSHEV suggested as a topic to his young student A. M. LvAPUNOV 
the question of the equilibrium configuration of a rotating mass of fluid 
whose particles interact according to NEWTON'S law. At the same time as 
A. M. LYAPUNOV, POINCARE also occupied himself with the same problem. 
After encountering great difficulties in obtaining a rigorous solution, 
PoiNCARÉ reconciled himself to an approximate solution and stated that 
such a problem, which has an obvious physical meaning, does not require 
a rigorous mathematical solution. In one of his papers A. M. LYAPUNOV 
challenged this interpretation of PoINCARE and said that a problem mathe- 
matically posed must also be solved with all the necessary mathematical 
rigor. In his basic work in the field of hydrodynamics Günter remained 
faithful to this legacy of A. M. LYAPUNOV. 

In order to be able to carry out his work in hydrodynamics, N. M. Günter 
conducted a number of investigations in the field of classical potential 
theory. In this regard he set for himself the task, starting essentially from 
the work of LYAPUNOV, to develope all of potential theory in a systematic 
and rigorous fashion. This is the content of the monograph “La théorie du 
potential et ses applications aux problémes fondamentaux de la physique 
mathématique" whose translation, with some completions, forms the 
content of the present book. 

At the same time as the work on hydrodynamics, in 1925 there appeared 
a paper on a lemma of PorNcARÉ in which Günter established that POINCARE 
had proved this lemma, which is basic to many works in the area of mathe- 
matical physics, only for regions bounded by convex surfaces. In Günter's 
paper this lemma is proved for the first time for the general case of a region 
bounded by a LYAPUNOV surface. The proof requires delicate geometric 
arguments related to subdividing the region into smaller subregions for 
which the validity of the lemma can be established. 

We now pass on to the great cycle of Günter's work which is concerned 
with applying the method of smoothing when operating with functions 
having no derivatives. This work led Günter to new formulations of problems 
in the field of mathematical physics and to a systematic application of the 


A Short Biography 333 


concept of a set function and the STIELTJES integral to the solution of these 
problems in their new formulation. 

In his work on hydrodynamics Günter was repeatedly forced to work 
with functions which did not possess sufficient derivatives in order to be 
able to apply the usual methods for handling the problem. In a number of 
papers Günter made use of the method of smoothing in such problems. 
This method, which found repeated use in the work of V. A. STEKLOv, 
consists in replacing a function by the integral of this function over a 
small interval (x, x + h) divided by the length of this interval. The pro- 
cedure can also be applied in the case of several variables. The function 
obtained in this manner Günter called a STEKLOV function. Günter's first 


work in this direction bore the title “On operations with functions having 
no derivatives" (Reports of the Academy of Sciences, 1924). In this paper 
he was concerned primarily with the solution of the equations rot X = A 
and grad X = A, where A is a given vector. which as a function is continuous 
and X is the vector or scalar sought. It is not assumed that the components 
of the given vector have derivatives. In the paper a necessary and sufficient 
condition for the solvability of the equations is given. If one constructs a 
Newtonian vector potential B using the vector A as density, then for the 
solvability of the first of the equations it is necessary and sufficient that 
div B be a harmonic function and for the second equation that rot B be a 
harmonic vector. In this same paper Günter treated the problem in another 
formulation. He replaced the equations mentioned by the integral equations 
obtained on integrating the equations over some region and applying GAUSS' 
formula. The conditions mentioned above also turn out to be necessary 
and sufficient for the solvability of the integral equations so obtained, 
whereby it suffices that the components of the given vector be assumed to 
be merely bounded and integrable and that the components of the vector 
sought be continuous. 

We have gone into the content of this paper in some detail for the reason 
that it turned out to be the starting point of Günter's fundamental examination 
of the proper formulation of problems of mathematical physics. The method 
of smoothing led him naturally to the general concept of the additive set 
function. In place of this concept he usually employed the idea of a mean 
function, which is the quotient of a set function and the measure of its 
domain. A central feature of the theory is the determination of the totality 
of those regions or sets for which such a function is defined. This also 
subsequently plays a role in the integral of a mean function. Günter employed 
the idea of the mean function for the first time in expanding a given function 
in terms of Korn’s functions. In 1932 in the Publications of the V.'A. 
STEKLOV Physics-Mathematics Institute Günter published a large work of 
about five hundred pages under the title "Sur les intégrales de STIELTJES et 
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leurs applications aux problémes de la physique mathématique". The first 
two chapters of this work contain a systematic presentation of the theory 
of mean functions and the integral calculus of such functions. On this 
basis a theory of integral equations is developed. These investigations carried 
out by Günter have points in common with the work of RADON and Rirsz. 

In a number of papers N. M. Günter later returned to the general theory 
of integral equations with STIELTJES integrals and constructed the spectral 
function for a wide class of such equations using the resolvent representation 
of MITTAG-LEFFLER. These papers have much in common with the well-known 
work of WEYL and CARLEMAN on the theory of singular integral equations. 
In one of his notes Giinter shows that the theory of weighted integral 
equations found in the work of KNEsER and LICHTENSTEIN is a special case 
of the theory of integral equations he developed. In a number of papers 
Günter carried through an exhaustive investigation of kernels of a special 
type—FouRiER kernels—and of integral equations with such kernels. 

We have up to now spoken only about mathematical questions which 
are related to the theory of mean functions. For Günter problems of mathe- 
matical physics were the main stimulus to the development of this theory. 
In the second edition of his book “Leçons sur l'intégration . . . " LEBESGUE 
stressed the role that set functions play in questions of mathematical physics. 
The idea of point functions had heretofore been used since an extensive 
theory of such functions was available, while the corresponding theory of 
set functions had not yet been worked out. 

The use of the concept of point functions led in mathematical physics to 
abstract ideas which did not correspond to the actual phenomena. The basic 
equations of mathematical physics were formulated with the help of these 
abstract ideas. A number of unnatural additional restrictions which one has 
to impose on the solutions of problems in mathematical physics have their 
origin in just this unsuitable formulation of the problem. It is more natural 
instead of speaking of the temperature at a given point to speak of the 
average temperature in a given region; it is more natural to speak of the 
average velocity over a certain time interval than to speak of the velocity 
at a given point of time; instead of the normal derivative at a given point 
of a surface on should speak of the flow through a given region of the 
surface etc. In several small communications Günter illuminated this point 
of view in an extremely clear fashion by a number of examples; these can 
be found in the works “La théorie des fonctions de domaines dans la 
physique mathématique" (Prace matematyczne, 1935), **On the smoothing 
of functions" (Scientific Writings of the Leningrad State University, 1937), 
"On certain formulations of problems in mathematical physics" (Scientific 
Writings of Leningrad State University, 1940). Günter did not restrict 
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himself to new formulations of problems but rather actually solved a number 
of problems of mathematical physics in the new formulation. 

In the major publication of 1932 mentioned above Günter worked out a 
potentia] theory and the solution of the NEUMANN and DiRICHLET problems 
under the new point of view. As an example, we shall here consider the 
DIRICHLET problem. It is assumed that there is given on the surface S of a 
body D a certain mean function (c) of small pieces of this surface. It is 
required to find a function harmonic in D with the condition that its mean 
value on the surface element e, converges to (o) when ce, goes over into 
the small surface element e on S. The problem has a definite solution if 
g(c) is continuous. Here only the boundary conditions are treated from 
the new point of view. We can bring them into the LAPLACE expression also. 
If we displace a region w in the direction / we come naturally to the idea 
of the derivative g,(«) of the function p(w) of the region w in the direction /. 
The sum of the derivatives of second order in three perpendicular directions 
yields the LAPLACE expression 4g(w) of the set function. If v(x) is a 
Newtonian potential whose density is some mean function and if v(w) is 
the mean function of v(x), then as Günter showed the generalized POISSON 
formula holds. In addition to this formula Günter introduced a new 
definition of the flow o(v) through the surface c, a definition which requires 
no derivative of v but includes the integral of the product vK over c where 
K is the mean curvature of c. For this flow Günter set up the formula 
Av(w)w = o(v)o. All this made it possible for him to formulate and 
solve the problem of heat conduction for bounded bodies on the basis of 
the concept of heat flow; this was presented in the last chapter of the work 
of 1932 mentioned above. 

There is a surprising application of potential theory and of the generalized 
LAPLACE operator to the problem of the general form of a continuous linear 
functional U(g(x)) on the space of continuous functions g(x) of three 
independent variables. It was shown by RADON that the problem can be 
solved in the form of the STIELTJES integral of the product g(x)u(w)do 
where u(w) is a certain set function. In his work “Sur les opération linéaires" 
(Phys. Journal of the Soviet Union, 1933) Günter showed that the function 
u(w) can be constructed in the following manner. One applies the functional 
U to the mean value of the Newtonian potential of the region w with unit 
density. One then obtains a certain function of the region w, and the LAPLACE 
expression of this function divided by —47 gives u(w), 

In his last papers Günter applied his general ideas to the investigation of 
the small vibrations of a string. This is based on the formula in which the 
amplitude of the string 1s expressed by the integral of the product of a 
GREEN’S function and the sum of the external and inertial forces. On 
replacing the acceleration by the mean change of velocity and going over 
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to the mean functions of the outer force and the amplitude sought, Günter 
arrived at an integrodifferential equation. This equation he solved under 
hypotheses which are fully justified by the physical meaning of the problem. 

We are now experiencing a transition period in the history of mathematical 
physics. Through the penetration of the ideas and methods of the modern 
theory of functions of a real variable and functional analysis into mathe- 
matical physics our concepts of the formulation of problems, of the methods 
of solving these problems, and of the concept of what constitutes a solution 
of the problem are undergoing basic changes. This metamorphosis of 
mathematical physics is related to the profound new ideas which are 
currently arising in theoretical physics. In this new mathematical physics 
which is now abuilding the work of N. M. Günter will assume its due place. 
Characteristic of this work is the following idea which Günter formulated 
in his last papers. He said that by applying the method of smoothing *'the 
problem which has as its objective the explanation of a phenomenon of 
the external world is partially freed of restrictions which are necessarily 
imposed on it by our limited tools, and nature, once freed of these restrictions, 
begins to reveal her secrets". 

It is not only the scientific, pedagogical, and social achievements of 
Günter which one remembers when one thinks of him. All who were in 
close relationship with him will never forget this man who addressed the 
utmost sincerity and honor to all his work and all his relations with other 
men. N. M. Günter had friends, but his greatest friend was truth. 


V. I. SMIRNOV 
S. L. SOBOLEV 
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